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PREFACE 


Under the title of General Physics this book deals with the prin¬ 
ciples of Newtonian mechanics and their application to the study of 
solids, liquids, and gases. It is intended for those taking Physics at 
Advanced and Scholarship levels, and its outlook is experimental 
rather than mathematical. 

Many students say that they find physics difficult because of the 
mathematics. This is usually self-delusion, and is certainly an 
inversion of the truth—which is that they find the mathematical 
aspects difficult because of the physics. Mastery of the physical 
principles of mechanics is something to be won slowly as experience 
develops ; the mistake is in supposing that it all ought to come 
easily, and in being disappointed when one finds it impossible to 
start mechanics at the point where Galileo and Newton left off. 


My chief aims in this book have been to encourage a proper attitude 
of mind towards the subject, to guide the student's progress along 
the right lines, and to lead him to think carefully about the essential 
physics of a problem before attempting its solution. 

The chapters on the laws of motion and gravitation contain 

simplified versions of Newton's own treatment, based on Prof. 

Cajori's translation of the Princinia Mathematics. Even when 

expressed in the language and^otaSfon of the present time, Newton's 

sayings are not always easy to follow ; but this is surely because he 

is using concepts based on his own experiments, and the reader has 

so much more limited a background for their interpretation. The 

laws of motion may be hard to understand thoroughly, but those 

who make the effort are well rewarded ; and to them mechanics is 

revealed as a limited number of principles founded on experiment- 

rnstead of a vast array of ad hoc rules and formulae for the solution 
ot artificial problems. 


J"" ,‘ a "; ° f c ° nservation ° f ener gy is taken as the starting-point 

tTtTuetw rt SCUSS “T Ct ; friCti0n ’ ^ SimpIe harmonic motion. 

It ,s true that the principle of work for an ideal machine, and one or 
two expressions useful only under ideal conditions, can be deduced 

XT 
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from the laws of motion. But it seemed better to treat the prin¬ 
ciple of work as established with an experimental status equal 
to that of the laws of motion themselves; and indeed this is 
the only possible way of treating the law of conservation of energy 
in a physics course. 

Most of the theory needed for the study of sound at this stage is 
included in the two chapters on simple harmonic motion and wave 
motion. Wave motion is best treated as mechanics, and as a 
topic of general importance on its own, rather than as incidental 
to experimental work in sound or physical optics, where a very 
rudimentary theory often suffices for the task immediately in hand. 

I have tried to explain clearly the important detailed features of 
wave propagation, treating the compression wave and the displace¬ 
ment wave separately in some places, and also dealt fully with the 
establishment of stationary wave systems. The selection of other 
topics for discussion here was determined by their general interest 
from the point of view of acoustics, and by their relevance to the 
material of earlier chapters. 

My thanks are due to Sir Lawrence Bragg for the bubble-raft 
picture reproduced on p. 209, and to Prof. E. N. da C. Andrade for 
allowing me to reproduce the dust pattern shown on p. 350 ; to the 
Cambridge University Press for allowing me to use quotations from 
Cajori’s translation of the Principia Mathematical and from Whit¬ 
taker’s Analytical Dynamics ; to Messrs. Blackie and Son, Ltd., for 
the use of illustrations from Alexander Wood’s Text-book of Acoustics ; 
and to Messrs. Macmillan for permission to use the mathematical 
tables by Frank Castle, included at the end of the book. I must 
also acknowledge my indebtedness to R. W. Pohl s Physical Prin¬ 
ciples of Mechanics and Acoustics (Blackie and Son, Ltd.) for an 
admirably clear discussion of circular motion on which my own 
treatment is inevitably based, and to G. F. C. Searle’s Experimental 
Elasticity and Experimental Physics (Cambridge University Press) 
as sources of reference on elasticity and surface tension. 

Permission to use copyright examination questions was very 
kindly given by the Joint Matriculation Board ( N .) ; the Oxlor 
and Cambridge Schools Examination Board (0. & C.) ; the Ox or 
Delegacy for Local Examinations (0.) ; and the representatives ol 
the Colleges at Oxford (O.S.) and Cambridge (C.S.) whose Open 
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Scholarship papers have been used. These questions have been 
selected for their relevance and variety rather than for intrinsic 
difficulty, and while most of them arc from Higher School Certificate 
and Scholarship examinations, a certain number of School Certi¬ 
ficate questions have been used where they seemed appropriate. 
Partial solutions are in some cases given with the answers at the end 
of the book ; while every care has been taken in checking the 
answers I cannot suppose that they are all faultless, and I shall be 
grateful to receive any necessary corrections. 

Finally, it is a great pleasure to acknowledge the generous assis¬ 
tance of Mr. A. J. V. Gale in seeing the book through the press, and 
to thank him most sincerely for the encouragement he has given me 
at all stages of the work. 


G. R, NOAKES 
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CHAPTER 1 

FUNDAMENTAL DEFINITIONS 
Units and Measurements 

Fundamental units. To measure a quantity, its magnitude is 
compared with that of a standard of the same kind. This standard 
is called the unit of that particular quantity. If U be the magnitude 
of the unit, M the magnitude of the quantity, then its measure N is 
J//C7, or 

M = NU. 

The measure of a quantity is only a number ; the magnitude is 
not completely stated unless the unit is also stated, for the value of 
iY for a given M depends on the size of U. If U l and U 2 be two 
units of different sizes, and and N 2 the measures of a given quan¬ 
tity of magnitude M in the two units, then M = JV, U, , and M = N«U 
soN,U^N 2 U 2y or - 2> 

Xi/N^UJU,. 

For each quantity we wish to measure, a unit must be defined. 
This is, of course, obvious ; but there are two ways of setting about 
it. One is to choose for each quantity a convenient and reproducible 
unit, having no regard to the units of any other quantities ; for 

j • i j. • /• | . ^ column of* mercury of stated 

height is a useful and commonly used unit of pressure. The other 

13 to consider carefully the physical relationship with other quan- 
titles and to use this to define the unit. In this case there is then no 
question of free choice of units ; and we construct a consistent system 
of unite. For example, if pressure is defined as force per unit 
area, the unit of pressure must be that given by unit force aetino 
er unit area The unit of pressure is thus derived automatically 
from those of the “ simpler ” quantities force and area. Thus once 

stend'arfunite^in^ SyStem> ° nly alimited number of 
standard units will be required. For all purely mechanical purposes 

S.in n d d :“‘ UnitS SUffi ° e; these the of 
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The unit of length, the centimetre, is defined as 1/100 of the distance, 
at the melting-point of ice, between two marks on a bar of platinum- 
iridium known as the International Prototype Metre. 

The unit of mass, the gram (sometimes spelled gramme) is defined 
as 1/1000 of the mass of the International Prototype Kilogram, a cylinder 
of platinum-iridium. 

The unit of time, the second, is defined as 1/86,164-1 of a sidereal 
day, which is the period of rotation of the earth with respect to the 
fixed stars. It is often defined as 1/86,400 of a mean solar day, 
which is the average value of the interval between two successive 

returns of the sun to the meridian. 

The consistent system based on these three units is called the 

centimetre-gram-second (C.G.S.) system. 

Other systems in use, based consistently on units of mass, length, 
and time, are the metre-kilogram-second (M.K.S.) system, and the British 
system based on the pound, the foot, and the second, the pound and 
the foot being defined with reference to metal standards. 

Objection may be raised to the selection of mass as one of the 
three fundamental units, since it is very difficult to frame a definition 
of mass itself. Newton’s name for mass, “ quantity of matter , 
as measured by the product of volume and density, is usually 
considered imperfect as a definition. If we say that mass is a form 
of energy, or is the origin of a gravitational field, it is impossible to 
explain these statements in the opening chapter of an elementary 
text-book. And a good grasp of simple mechanics is required before 
the idea of mass as inertia, or passive resistance to acceleration by 
a force, can really be appreciated. Yet everyone will agree that by 
the mass of a body he understands something that he assumes to be 
an unchanging property of that body , unaltered and unalterable by 
any practicable physical change. This assumption implies that the 
preservation of a standard is relatively easy, which commends mass 

as a fundamental unit. 

Derived units. The physical relation, usually in the form of a 
defining equation , connecting a quantity either directly or indirectly 
with the quantities mass, length and time, must be stated before the 
unit on the c.G.s. system can be derived. In some cases, the state, 
ment of the equation here must precede its explanation in the text, 
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this treatment is essential to avoid a diffuse discussion of units 
scattered throughout the book. 

Unit of area. The area of a rectangular surface is given by the 
equation 

area = length x breadth. 

The c.g.s. unit of area is that of a rectangle the length and breadth 
of which are each one centimetre ; that is, a square of side 1 cm. 
This is one square centimetre (written 1 sq. cm., or 1 cm. 2 ). 


Unit of volume. The volume of a rectangular block is given by the 
equation 

volume = length x breadth x depth. 

The unit of volume is thus that of a block, length, breadth, and 
depth of which are each one centimetre, that is, a cube of side 1 cm. 
This is one cubic centimetre (written 1 c.c., or 1 cm. 3 ). 


The litre, the volume of 1 kilogram of pure water at its tempera¬ 
ture of maximum density (4°C.), is a derived unit based on the 
kilogram, but is not a c.g.s. unit. It is the unit of volume on the 
metric system, which is not the same thing. It is now established 
that one litre is equal to 1000 028 cm. 3 . One millilitre (ml.) is the 
accepted and correct metric unit for the graduation of chemical glass¬ 
ware ; it is not another name for cubic centimetre ; though, of 
course, for most purposes the litre is taken as 1000 c.c. 


Unit of density. Density is defined by the equation 

, mass 

density = —j-. 

volume 

As the unit of mass is the gram and the unit of volume the cubic 
centimetre, the unit of density is one gram per cm. 3 , or 1 gm. cm. -3 on 
the c.g.s. system. 


Unit of speed and velocity. The speed of a moving body is its rate 
of change of position with time. The term velocity is used when the 
direction is also specified ; that is, velocity is speed in a given direc¬ 
tion. A body has unit speed when it traverses unit distance at con¬ 
stant speed in unit time ; thus on the c.g.s. system, the unit is a 
speed of one centimetre per second (or 1 cm. sec.' 1 ), while the m.k.s. 
unit is one metre per second. 
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Unit of acceleration. Acceleration is rate of change of velocity. 
Unit acceleration occurs when unit velocity change takes place, at 
constant rate, in unit time. The c.G.s. unit is thus an acceleration 
of one-centimetre-per-second change per second, or 1 cm. sec. -2 , and the 
m.k.s. unit 1 m. sec. -2 . 

Unit of force. Force—that is, any push or pull or weight—is a 
fundamental conception based on our own bodily sensations. My 
hand experiences a downward pull when I hold a stone in it; I 
assume that the same downward force is experienced by anything 
else supporting the same stone. If I stretch a spring between my 
hands, I can feel them being pulled together ; and I assume that the 
spring stretched between any two supports will likewise tend to pull 
them together. When a motor-car in which I am sitting accelerates, 
I feel a more or less gentle push from behind ; and I assume that any 
body that is accelerating must experience a force in the direction 
of the acceleration. Force, like mass, really defies definition in 
simpler terms because its effects are continually part of our ex¬ 
perience. 

A good case might thus be presented for choosing the unit of force 
to be one of the fundamental units, and in the engineering systems 
(ft., lb.-wt., sec., and metre, kgm.-wt., sec.) this is done. But it is 
difficult to preserve the unit in a convenient way, for we regard a 
force as acting in a definite direction along a definite line (possibly 
for a limited period rather than existing permanently); and nobody 
has ever seen or constructed a force, for we observe the effect pro¬ 
duced by a force and not the force itself. Also, dynamical con¬ 
siderations show that we can derive the unit of force from those of 
mass, length, and time—all of which are satisfactorily established in 
reproducible form. The position really is, that, although it is hard 
to explain precisely what we understand by mass, it is easy to make 
and keep a mass which can be labelled as a standard ; an 
although the idea of force is clear enough, we cannot readily pre¬ 
serve a standard force. 

Two possible defining equations exist, by means of which the unit 
of force might be derived. The first of these, and that in fact em¬ 
ployed, is based on the dynamical principles known as Newton s 
Laws of Motion (p. 67). From the Second Law of Motion, it can 
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be stated that the acceleration of a body, its mass, and the force 
producing the acceleration are related by the expression 

force oc mass x acceleration. 

Accepting it now, we can see that it does give a meaning to the 
mass of a body ; for the greater the mass of a body, the smaller the 
acceleration it experiences under a given force. Hence the mass of a 
body is something permanently possessed by that body, which can be 
measured by its inertia, or passive resistance to acceleration by a 
force. The idea of mass in this connection really depends on the 
more fundamental idea of force ; but convenience dictates that the 
unit of force shall be based on the more accessible unit of mass. 

If a force F produces acceleration « in a body of mass m, then 
whatever units arc used, the expression 

Fee ma 

is true. This can be written 


r —mna 


where t is a number the size of which depends on the units chosen, 
ther^t UIUt f0rce be that "’ hlch gives unit acceleration to unit mass, 

1 = k X 1 X 1, so & = 1 ; 

thus the defining equation for the unit of force is 

F = ma. 

The c.o.s. unit of force is that force which gives a mass of 1 gm an 

acceleration of 1 cm. sec.-. This unit is named the dyne. The M K s 

unit of force winch gives a mass of 1 kgm. an acceleration of 1 metre 
sec. is named the newton, and is 10 5 dynes. 

It is found that the force experienced by a body of mass m due to 

larth™ "7 ( "' hiCh " the Vertical fOTCe experiences duet the 
981 cm", eT” .f VeS t " d °— d acceleration of about 
with the latitude") "7 Tbe VaIue of this acceleration varies 

979 cm itc - 1 t t" g ab t OUt 983 , ° m - Sec -' 2 at the poles and about 
is also slightly P ', aCe to P Ia “ 

to speak of the acceleration of a fretly fallingb„ H ’ 7" T W ‘ Sh 
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Thus, the weight of a mass of 1 gm. acting alone on that mass gives 
it an acceleration of g cm. sec." 2 ; as 1 dyne gives a mass of 1 gm. an 
acceleration of 1 cm. sec." 2 , the weight of 1 gm. is a force of g dynes. 
Similarly, the weight of a mass of m gm. is a force of mg dynes. 

Weights provide very convenient means of applying and measur¬ 
ing forces, and the weight of the mass of one grarn, known as I gram- 
weight (written 1 gm. wt.), is a useful practical unit of force for 
measurements restricted to one given place. As g varies from place 
to place, the value of the gram-weight is not constant; the gram- 
weight is called a gravitational unit , whereas the dyne is an absolute 
unit , since it is derived from fundamental units. 

The British system units are the poundal, the absolute unit of 
force, which gives a mass of 1 lb. an acceleration of 1 ft. sec." 2 ; and 
the pound-weight (lb. wt.), which is the pull of the earth on a mass of 
1 lb. 1 lb. wt. =g poundals, where g is approximately 32-2 ft. sec. . 

The other equation which might have been used to derive the unit 
of force is given by Newton’s Law of Universal Gravitation, which 
states that the attractive force F between uniform spherical masses 
and m 2> the centres of which are separated by a distance d , is 

given by mjm 2 

F cc d 2 ' 

It would thus appear possible to define unit force as that experienced 
between two such masses, each of 1 gm., separated by a distance ol 
1 cm This force is in actual fact less than one ten-millionth oi a 
dyne, and there would be little point in selecting a unit so small as to 
be unmeasurable. If, however, we take the constant of proportion¬ 
ality as unity, consider m j as 1 gm., m 2 as 6 x 10- 7 gm. (t e , ™* ss 
the earth) and d as about 6-4 x 10* cm. (the radius of the earth), the 
gravitational force acting on a 1 gm. mass is about 1-47 x 10 sue 
units, which are thus equivalent to 1 gram-weight. We can thus 
think of the gram-weight as being about 1-47 x 10» natural 

gravitational units of force. 

Unit of pressure. Pressure is defined as force per unit area, the 
force supposed acting at right angles to the area. Unit pre^ure 
thus that experienced when unit force (1 dyne) acte over un t area 
(1 cm. 2 ) and is expressed in dynes per square centimetre (1 dyn 

cm. -2 ). 
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Unit of work. When a force moves the body (or the point on a 
body) to which it is applied, it is said to do work. Work is measured 
by the product of the force and the distance moved in the direction 
of the force ; so the defining equation is 

work =force x distance . 

Unit work is done when unit force traverses unit distance in its own 
direction. The c.g.s. unit of work, called the erg, is the work done 
when a force of 1 dyne moves its point of application 1 cm. in its own 
direction. 

The m.k.s. unit of work, called the joule, is the work done when 
a force of 1 newton moves its point of application 1 metre in its 
own direction ; 1 joule is 10 7 ergs. 

Other units of work commonly used are : the kilowatt-hour (kWh.): 
1 kWh. =3,600,000 joules = 3-6 x 10 13 ergs; the electron-volt (eV.) : 
1 eV. = 1-6 x 10 -12 ergs ; and the British unit of work, the foot-pound, 
which is the work done when a force of one pound-weight moves its 
point of application one foot in its own direction. 

Unit of energy. The energy of a body, or system of bodies, is the 
capacity for doing work that the body or system possesses. Various 
forms of energy, and their transformations, are discussed later ; 
some are not commonly measured by mechanical means, but all 
forms of energy can if required be measured in work units. 

Unit of power. Power is the rate of doing work, and the c.g.s. 
unit of power is thus a rate of working of 1 erg per second. This is a 
small unit, and the usual practical unit of power is the watt. One 
wan is a rate of working of one joule per second and is thus the 
m.k.s. unit of power. A larger unit, the kilowatt, is a rate of work¬ 
ing of 1,000 joules per second. 

The British system unit of power is the horsepower (h p ) which 

is a rate of working of 550 ft. lb. per second. 1 h.p. is nearly equal 
to 746 watts. 

Measurements 

Measurement of length. The proper application of a scale 
graduated in centimetres and millimetres enables one to measure 
lengths certainly to the nearest half-millimetre, with a proportional 
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error of less than one part in a hundred if 
the length to be measured exceeds 5 cm. 
Estimation to one-tenth of the smallest 
graduation on any kind of scale should 
always be attempted ; its satisfactory 
execution depends on practice and skill. 

Fractions of a scale division can be 
read with certainty using a vernier. The 
simplest type, to read to one-tenth of a 
scale division (that is, to 1/10 mm. on the 
usual type of scale), consists of a small 
sliding scale 9 mm. long, divided into 10 
equal parts. This vernier scale slides by 
the side of the main scale, and the vernier 
zero, 0, is the reference mark which is 
made to coincide with one extremity of 
the length to be measured. Each vernier 
division is 0*9 mm. long, and so is 01 mm. 
shorter than a millimetre ; two vernier 
divisions are 0-2 mm. shorter than 2 mm., 
three vernier divisions are 0-3 mm. shorter 

than 3 mm., and so on. 

To read the vernier, first note the posi- 
, • tion of the vernier zero, 0 , on the main 

me r s e aSl“ scale, reading to the nearest millimetre 

vernier reading to 01 mm. the low side j n the diagram, the reading 
The setting indicates 2-37 cm. ^ ^ diyision X , which is 2-3 cm., is 

taken although O is clearly nearer the 2-4 cm. mark Then look 
akum the vernier and note the number of the vernier division which 
coincides with some scale division (no matter "); t h‘S “umber 
gives the number of tenths of a millimetre to be added to the m 
Lie reading. In the figure, the seventh vernier division, P, 
coincides wit!, the scale division Y ; OP is 0-7 m^shorter thanjh 
7 mm. of XY, so the gap XO is 0-7 mm., or 0-07 cm, and the tru 

position of 0 on the main scale is (2-3+0*07) cm., or * • cm- 
P The general rule in dealing with instruments equipped with 

verniers (which are rarely graduated in this ^ ^ 

nothing for granted. Examine the scales carefully and war y, 
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ignore all legends until you are quite certain that you understand 
the graduations of both. Then find the difference between one 
vernier division and one scale division ; this is the “ least count " of 
the vernier—in the example above it was OT mm., and the vernier 
could be read to 0-1 mm. Then, when the vernier is in use, the num¬ 
ber of the vernier division coinciding with some scale division (no 
matter which) gives the number of “ least counts " to be added to 
the main scale reading which has been taken to the nearest scale 
division on the low side. It is best to count the divisions, record the 
main-scale and vernier readings separately, and to proceed rather 
like a small child counting on his fingers, until you have had con¬ 
siderable practice with any particular instrument. 


The vernier fitted to the standard type of Fortin barometer is a 
good example on which to master the general principles. The main 
scale is divided into twentieths of an inch ; the vernier is 24 scale 
divisions long, and bears 25 divisions. Each vernier division is 
24/25 of a scale division long, and the least count is (1 - 24/25) == 1 25 
of a scale division, which is 1/25 x 1/20 = 1/500 inch. As in all cases, 
after the setting has been made, the position of the vernier zero on 
the main scale is read to the nearest 1/20 inch on the low side ; look¬ 
ing along the vernier, the number of the vernier division coinciding 
with some scale division (no matter which) is noted. This gives the 
number of l/500ths of an inch to be added to the main-scale reading 
For measuring short lengths, of the order of 1 cm. or less the 
micrometer screw is usually employed. It simply depends on the 
principle that, as one turn of a screw sends it forward by one pitch 
(the distance between successive turns), then a small fraction of a 
turn sends it forward by the same small fraction of one pitch 
In the micrometer screw gauge used for measuring the diameters 
of * ires and other narrow objects, an accurately cut screw, usually 
o , mm pitch, turns in a fixed nut on which a scale A records whole 
turns. (Sometimes the scale A records whole millimetres only 
thoug h the screw has a 1 mm. pitch ; in this case care is needed to 

rnUUmelrel Th ! eading iS °" the fi " t or second half - 

mdhmetre) The screw head bears a scale B graduated to read 

fractions of a turn ; usually there are 50 divisions on B, each division 

indicating 1/50 of 1 mm., or 1/100 mm. The reference marks are the 

circular edge of scale B, and the horizontal base-line of scale A 
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The position on scale A of the edge of B gives the reading to the 
nearest whole turn ; the position on scale B of the base-line of 
scale A gives the number of 1/100 mm. to be added to this. 

Several precautions are needed in use. The friction clutch should 
always be used, so that the same pressure is exerted every time by 
the screw. Before taking a reading, the jaws should be closed, and 
the zero reading noted ; if this reading is positive, its value is sub¬ 
tracted from the observation ; if it is negative (as the screw has 
overshot the mark) its value is added to the observation. Care 
should be taken never to ease the screw back after screwing up for a 
reading ; if it is believed to be screwed up too tightly, open it and 
screw up afresh ; the reason for this is to avoid error due to back¬ 
lash, or slight play between screw and nut. 



Micrometer screw gauge. 



Spheromoter, with legs and screw in contact with a convex spherical surface 
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In the spherometer, a micrometer screw is used to find the 
radius of curvature of a spherical surface. The screw is mounted 
as shown ; the nut is supported on three legs the points of which, 
A r , Y, Z, form the vertices of an equilateral triangle with sides of 
measured length L. The zero reading is taken with A”, Y , Z, and P 
all in contact with an accurately plane surface. If the instrument 
is then placed on a spherical surface and the micrometer screw 
adjusted until point P and X, Y and Z are all in contact with the 
surface, then it can be shown by geometry that 

L 2 h 
r ~ Qh + 2’ 

where r is the radius of the sphere of which the surface is part, and 
h is the distance of P above or below the plane A' YZ. 

Mensuration formulae : The following formulae, not already 
given, should be known. They are used for calculating areas and 
volumes from linear measurements : 

. 1- Triangle : area = \ (base x perpendicular height). 

2. Trapezium: area = \($um of parallel sides x perpendicular height). 

3. Circle, of radius r cm.: 

circumference : 2nr cm. 

area of the surface : nr 2 sq. cm. 

4. Cylinder, of radius r cm., vertical height h cm. : 

area of the curved surface : 2irrh sq. cm 
volume : nr 2 h c.c. 

5. Sphere, of radius r cm. : 

surface area : 47rr 2 sq. cm. 
volume : f-nT 3 c.c. 

Measurement of angles. Angles are commonly measured either in 
sexagesimal measure, when the angle turned through by a radius 
0A in describing a complete circle (or four right angles) is 300 
degrees (°), each degree being divided into 60 minutes (') and each 
minute into 60 seconds ('); or in circular measure, when the complete 
revolution of four right angles is 27 r radians ( c ). 

So 360° = 27r c , 


and 


360 


I radian = =57° approximately. 
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Measurement of angles. 


An arc of a circle of length s subtends 
at the centre of the circle an angle 9 = sjr 
radians. In the diagram, 9 C =arc AB/BO. 
The trigonometrical ratios for 9 are : 

sin 9 = BC/B0; 
cos 9 = CO I BO ; 
tan 9=BC/0C. 

If 9 is small, BC differs little from AB, and 
CO is nearly equal to BO ; so, for small 


values of 9, 

sin 9 is nearly equal to 0 C , 
tan 9 is nearly equal to 9 C , 
and cos 9 is nearly equal to 1. 


It can easily be verified from tables that for angles less than 6° (or 
about 0-l c ), the discrepancies are less than one part in a thousand, 
and for angles up to 0-2 c are still less than 1 per cent. 

Solid angles, as at the vertex of a cone, are measured by extending 
the circular-measure system into three dimensions. An area S of 
the surface of a sphere of radius r subtends a solid angle S/r 2 at the 
centre of the sphere. The unit, called the stereradian, is the solid 
angle which unit area of a sphere of unit radius subtends at the 
centre of the sphere. The complete surface of a sphere subtends 
a solid angle of 4 tt stereradians at the centre. 


Dimensions 

Physical quantities can be divided into two classes : (a) those the 
measures of which depend on the magnitude of the fundamental 
units, and are different in different unit systems ; and (b) those the 
measures of which do not depend on the system of units in use. The 
former are said to be dimensional quantities , or to possess dimen¬ 
sions ; the latter are dimensionless quantities. 

Dimensional quantities. These are in principle measured by direct 
or indirect application of the fundamental units, and their measures 
are expressed in derived units. The powers to which the funda¬ 
mental units appear in the derived units are called the dimensions 
of the quantity, and are written in the following way : 
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Area. As unit area is unit length x unit length, the dimensions of 
area are /A 

Volume. As unit volume is unit length x unit length xunit length 
the dimensions of volume are ZA 

Velocity. As unit velocity is unit lengthjunit time, the dimensions 
of velocity are L/T, or LT~ X . 

Similarly, the dimensions of other quantities can he written down : 

Acceleration has dimensions LT ~ 2 , 

Force ( = mass x acceleration) has dimensions MLT ~ 2 , 

Pressure ( = force Jarett) has dimensions MLT~~jL- or J/L -1 ?’ -2 , 

Work ( = force x distance) has dimensions 

MLT~ 2 x L, or ML 2 T~ 2 , 

Power ( = rate of working) has dimensions ML 2 T~ 2 /T , or ML 2 T ~ 3 . 


Dimensionless quantities. Examples of such quantities are angles 
and their trigonometrical ratios (expressible as a ratio between two 
lengths, and thus quite independent of the unit of length) ; specific 
gravity (a ratio between two densities, which is not only independent 
of the units in which density is being measured, but is actually 
usually measured without any direct density determinations at 
all) ; the efficiency of a machine (the ratio between two quantities of 
work, which will always be the same whatever the units in which 
the work is measured). In each ratio, of course, the same unit 
must be used in measuring the two quantities being compared. All 
pure numbers, logarithms, and indices are dimensionless. 

The full usefulness of this classification will appear later and 
whenever a new quantity is introduced, its dimensions will be 


EIGHING 


The balance. The mass of a body is something usually regarded 
as a permanent property of that body. We can speak of it af “ the 

qua„t,ty of matter possessed by the body ”, which (although it is 
not a perfect definition) emphasises this idea. ° 
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The weight of a body is a force— the vertical pull of the earth 
experienced by the body ; it is something acting on the body, 
apparently from without, and is not an essential property of the 
body. This weight is different for a given body at different places on 
the earth's surface—about 0-3 per cent, greater at the poles than at 
the equator. Transporting a body above the earth's surface to a 
height of 4,000 miles—that is, doubling its distance from the centre 
of the earth—would reduce the weight to one quarter its value at the 
earth’s surface ; at the distance of the moon from the earth, the 
weight would be about 1/3600 of its value at the earth's surface ; 
but in every case the mass of the body would be the same. 

The laws of dynamics and of gravitation state, in effect, that, at a 
fixed place on the earth’s surface, bodies possessing equal masses ex¬ 
perience equal weights, and that the weights experienced by different 
bodies are proportional to the masses they possess. The simplest 
and most convenient way of determining the mass possessed by a 
body is to compare the weight it experiences at a given place with 
the weight experienced at the same place by a body possessing unit 
mass, or a known multiple or fraction of unit mass. This process is 


called weighing. > . 

This is not the only way in which dynamical principles can be 

applied to compare masses. If this point is realised now, there shou d 
be no confusion between muss (the property being measured) and 
weight (the particular effect that happens to be selected to do the 
measurement with). For example, the mass of a gun can be com- 
pared with that of a shot by observing the muzzle velocity ol t e 
shot and the velocity of recoil of the gun (p. 82); the mass o e 
sun can be compared with that of the earth if we know the length o 
the year and the month, and the radii of the orbits of theearth and 
the moon (p. 375); in neither of these cases is weight involved at all. 

To emphasise still further the point we are trying to make, con¬ 
sider an analogy from electricity, namely the IK-te.dtometer .ne o 
of comparing resistances. Here, Ohm's Law shows that, when 
carrying the same current, wires possessing equal resistances , ex- 
■perience equal potential drops across them, and that bodies p 
C fcnt resistances experience potential drops P™P°f °" a 
to those resistances. Now, nobody ever supposes that the poten 
drops are the resistances, nor has it ever been suggested that the 
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name “ potentiometer ” might imply this : the reason is, of course, 
that Ohm s Law is fully understood and explained before the expert- 

"!!f P a ‘ t f m P‘ ed : In com P a ring masses by weighing, the issue is 
prejudiced by the impracticability of explaining fully the dynamical 

aws concerned before the balance is first encountered and by 

bmnT ‘ hc . tcr, \ ' vei 8 llt ■’ to mean “ mass ” exclusively in aU 
branches of science but physics. J 

The common beam balance (see diagram) has a light beam 
carrying three knife-edges A, B, C ; pans of equal mass I are sT 
ported from A and B, and the beam is pivoted on a plane at C • the 
lengths AC and BC are equal: the beam carries a light pointer' (not 
shown), the end of which moves over a scale The U , 

- 421 - * h « 

or, when ^+ P)g ■ = (M + P)g . BC 


A = M . 
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within 0-01 gin. ; another to within 0-0001 gm. The latter is more 
sensitive , though both if constructed as supposed above, with equal 
arms, are true. What makes one balance more sensitive than 

another? . 

All instruments using a rotating pointer make the quantity under 

observation apply a moment (p. 42) tending to deflect the pointer, 

and oppose this by a controlling or restoring moment which increases 

as the deflexion increases, a steady reading occurring when these two 

moments are equal. Great sensitiveness is obtained when the design 

gives a large initial deflecting moment and a small initial restoring 

moment. In the balance, the restoring moment is provided by the 

weight of the beam acting from its centre of gravity, which is below 

the pivot. 



In the diagram, let W l and W 2 be the weights (that is, forces m 
dvnes) acting at A and B , a the length of each arm, w the weigh o 

the beam acting from G, where CG =h. W , is greater than ^ an 
the beam sets in equilibrium deflected through an angle 6 from tne 

horizontal. 

Take moments about C : 

\]\ . a cos 9 = \\\ . a cos 9 + w . h sin 0, 

SO 

( W x - JF 2 ) a cos 0 = wli sin 9 , 

the left-hand side gives the deflecting moment, and the right-hand 
side the restoring moment. 
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Then, 


tan 9 = 


a (^1 - 


wh 


For a given smaU difference {\V 1 - JF 2 ), the term tan 9 will be large 
if a is large, w small, and h small. A sensitive balance thus has long 
arms, a light beam, and the knife-edge C close to the centre of 
gravity of the beam. Here it is supposed that A , B, and C are 
collinear ; if this is not so, the sensitiveness varies with the load. 

In use, the beam swings to and fro through the rest position ; the 
requirements for sensitiveness are also those for a long period of 
swing, which is inconvenient. Air resistance on the pans themselves 
damps the swings satisfactorily with most ordinary balances, but 
many sensitive balances have damping devices. 

Standard masses smaller than 0 01 gm. are difficult to handle so 

a wire rider, usually weighing 0-01 gm., is used ; it is moved along 

the balance arm, which is graduated for the purpose. The moment 

about C of the weight of a rider of mass rat Bin the diagram of p. 15 

is the same as that of the weight of a mass r. DCIBC placed in the 
pan suspended at B. 

nefer h r T™ 77 U " equal len « th ' sa T “ >>, the balance will 

I j /fl™ ’ th ° Ugh the beam ma y set horizontally when un¬ 
loaded if the pans are of unequal masses P, and P 2 so adjusted that 

P l a = P s b. 

The true mass of X can still be found, by double weighing First 

£hafe ,°X + p\a ,‘u '7 counter Poising it with mass il’, 
(a + PJ ga - ( M x +P 2 ) g b y or remembering P x a =P b, 

Xa = M 1 b. 2 ’ 

J/Slarb” 8 * *" the ° ther Pan ' and counter P oising with mass 

Xb = Mtft t 

. . ■ **=*M4. or XW3 m?„ 

this is known as Gauss' method of double weighing. 

, y UmtS> ° 0nsider the measurement of the density 


N.P. 
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of a solid material, provided in the form of a rectangular block. 
The volume, itself a measurement in derived units, needs three 
separate length measurements, the length, the breadth, and the 
depth, and is of course (length x breadth x depth), expressed in cm. 3 . 
The mass is determined by direct weighing; the density is then 
found by dividing the mass by the volume, and is expressed in 
gm. per cm. 3 , or gm. cm. -3 . 

It seems at first a little illogical, if not pedantic, to ascribe derived 
units to a property of a material. One expresses the length of a body 
in terms of a standard unit of length, the mass of a body in terms of 
a standard unit of mass ; so surely the property of a material might 
be expressed in terms of the standard unit of that property, or 
of that property as possessed by a standard material. But, of 
course, the unit of the property is unit density, a density of 
1 gm. cm. -3 . 

Ordinary water, at its temperature of maximum density (nearly 
4° C.) has a density of one kilogram per litre, or very nearly 1 gm. 

per cm. 3 . The ratio of material ^ d of ^ 

density of water 

material relative to water, is called the relative density or specific 
gravity of the material. There is usually some ambiguity as to 
whether the density of water is supposed to be taken at 4° C. or at 
the temperature of the determination, but the possible difference 
involved is small for most purposes. 

Specific gravity is a ratio between two like quantities, and is thus 
a dimensionless number, with no units. Its numerical value is the 
same if both the two densities to be compared are measured in lb. per 
cubic inch, gm. per litre, or any other possible units. It can be 
measured without working out either density directly. For, 

density of material mass of unit volume of material 
density of water mass of unit volume of water 

_ mass of n units of volu me of material 
mass of n units of volume of water 

and can thus be found by weighing equal volumes of the two 
materials, without making any volume measurement at all. Further, 
in the case of liquids, the specific gravity can be found by taking the 
ratio of the heights of two vertical columns, without dping any 
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weighing at all; or by comparing the volumes of equal masses of 
the material and of water, as with an ordinary hydrometer (p. 18G). 


Graphs 


Introduction. In many experiments, matters are so arranged that 
a quantity P is observed or measured under different conditions 
varied by the experimenter. The value of P may depend on several 
factors ; for example, the volume of a gas depends on the mass of 
gas taken, the pressure, and the temperature ; the anode current of 
a triode depends on the filament temperature, the grid voltage, and 
the anode voltage. In exploring such relationships, it is usual to 
vary one factor, Q, at a time and to find how P depends on Q , all 
other conditions being unchanged. 

The results of such an experiment are conveniently expressed on a 

graph, in which values of Q (or some power or function of Q) as the 

independent variable are plotted along the *-axis, and values of P 

(or some power or function of P) as the dependent variable are 
plotted up the y-axis. 

The chief advantages of plotting a graph are : (a) If P is plotted 
against Q, the relationship between them is shown in pictorial form • 
and corresponding values of P and Q other than those actually 
observed can be read off from the graph. 

(6) It is possible to verify a known or expected relationship be¬ 
tween P and Q, and to determine the numerical values of constants 
occurring in it. 

(c) In many cases, if the relationship between P and Q is of simple 
form, and is not known or suspected beforehand, a graph enables 
us to discover the form of this relationship. 


The linear graph. Consider the equation y = ax, where a is a fixed 
number. 

When * = 0, y = 0- when z = l, y=a ■ 

when x = 2,y = 2 a ; w'hen * = 3, y = 3a, and so on. 

The graph of y against z is a straight line, going through the 
origin (see graph, p 20). 6 

po™“ he va,ues of * and * y,x - a ■■ or ' * is p- 
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The gradient of the line, 

. increment of y . 

namely -r— 7 —> is 

J mcrement 01 x 

also equal to a. 

Thus, a straight line 
through the origin shows 
that y is directly propor¬ 
tional to x ; and the con¬ 
stant of proportionality, a, is 
given by the gradient of 
the line. 


Consider the equation y =ax +b, where a and b are fixed numbers. 

When x = 0,y = b ; when z = l, y=a + b; 

when x = 2,y = 2a+b\ when x = 3, y = 3a+b, and so on. 

The graph is a straight line not going through the origin (see graph 
below), for when x = 0, y = b, and when y = 0, cc= -bja; these two 
numbers are called the intercepts on the y-axis and x-axis respective y. 

The relation between y and x is said to be linear ; note that this 

is not the same thing as direct 
proportion, since y\x is not 
constant in value. 

The gradient of the line, 
increment o ty . g equal to a _ 
increment of x 
for increasing x by one unit 
increases y by a units. If the 
line slopes downwards, so 
that y decreases as x in¬ 
creases, the value of a is 
negative. 



l T °meTev U er the graph of y against. is a straight line, this shows the relation 
between the two quantities is Unear, expressible by the eqnahon y - « + *■ 
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_ mu j- increment of y 

l. Tne gradient, .--—— gives the value of a ; if the graph slopes up- 

mcrement of x 6 r r 

wards, a is positive, if downwards, a is negative. 

3. The intercepts on the y-axis and ar-axis respectively are 6 and -6/a. 

4. In the particular case when the graph passes through the origin, and in this 
case only, y and x are directly proportional to one another. 

The straight-line graph is extremely important, for it is the only 
graph that can be identified with certainty at sight ; a curve may 
“ look like a parabola ”, or “ look like part of a hyperbola ’’—but 
the application of a straight-edge will show for certain whether or 
not a graph is a straight line, once it has been drawn. 

Example. The following values of load and effort were obtained 
with a certain machine : 

Load W : 10 lb. wt. 20 lb. wt. 30 lb. wt. 40 lb. wt. 

Effort P : 5 lb. wt. 7 lb. wt. 9 lb. wt. 11 lb. wt. 

Show'that the relation between W and P is of the form P = a\V+b 
and find a and b. ’ 


nn P '° tt " 1 g the « r c a P h : the L M/MX = 0-2. and the intercep 

on the P-axis is 3 units. 1 


Thus the linear graph shows 
that the relationship is that 
stated, and the equation is 

P = 0-2ir + 3. 

It may be objected that the 
values of a and b could have 
been obtained from two read¬ 
ings only, by solving two simul¬ 
taneous equations; but we 
were asked to show that the 
linear relation does hold, and 
in an actual experiment the 
points will probably be found 
to lie close to, but not actually 
on, the line which best fits 
them. By drawing the graph we 
use a// the readings in helping 
to find the line, instead of only 
t^o, and thus in effect average 
the experimental readings. 
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Reduction to the straight line form, when the equation is known. 
The following examples illustrate typical conversions to obtain a 
linear plot: 

1. The period T and the length l of a simple pendulum are con¬ 
nected by the formula T = '2tt yjl; on squaring both sides of this 
equation, ^ 

4t-2 

T 2 = — . 1 ; 

9 

whence if T 2 is plotted as y, and l as x, the graph is a straight line 
through the origin, of gradient 4:7T 2 /g (Fig. a). 




Fig. a 

2. Boyle’s law states that the pressure p and volume v of a fixed 
mass of gas are connected by the equation pv = k, where & is a 

constant; rearranging, 

7 1 

whence the graph of p (plotted as y) against l/» (plotted as x) is a 
straight line through the origin, the gradient giving A- (big. o). 

3. The period T of oscillation of a spiral spring loaded with a mass 

M is given by the formula _ 

where k is a constant for the spring, and 5 its “ effective mass 
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4n 2 

Squaring, T 2 = -j- (M +S); so the graph of T 2 against M is 

linear, the intercept on the M axis being - S , and the gradient being 
4? t 2 /Jc (Fig. c). 

4. The period T of oscillation of a compound pendulum about an 
axis distant h from its centre of gravity is given by 

' hg 

where k is a constant for the pendulum called its radius of gyration. 



Squaring T 2 = -^~ 

9 


fc‘+h 2 


h » and rearranging, T 2 h = — ( k 2 + h*) ; 

whence a plot of T 2 h against h 2 is linear, the intercept on the h 2 axis 
being - k\ and the gradient 4 t r 2 /g (Fig d) 

'si 

Reduction to the linear form when the relation is not known 

k amlTar ^ by the e( l uat ™>> P = kQ» where 

and n are numbers, both of which are unknown. 

Ihen, taking logarithms of both sides . . 

being ifinl the’ intercept 8 on The log ^ngtg 
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Care has to be taken in plotting, since the true logarithms, not the 
conventionally tabulated logarithms, of numbers smaller than unity 
are required. For example, the logarithm of 0-5, read as 1*6990, 
is really ( -1 +0*6990), or -0*3010 ; an intercept may be -2*73, 
which is ( - 3 +0*27) or 3*2700 when four-figure antilogarithm tables 
are used to find k from it. (1) 

The following examples, with 
made-up readings, illustrate the 
method. In each, the first two 
columns are meant to stand for 
actual observations P and Q, sup¬ 
posed related by the formula 

P = kQ n . 

The graph is linear, so the relation is of the supposed form. The gra¬ 
dient is 2*0, and the intercept on the log P axis is 0*477, so k is the 
antilogarithm of 0*477, or 3*0. Thus the relation is P = 3Q 2 (Fig. a). 
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Again the graph is linear, so the supposed relation holds. The 
gradient is -1*5, so n is -1*5; and the intercept on the log P 
axis is -0*3979, which for tabular purposes is 1*6021 ; and k is 
the antilogarithm of this, which is 0*4. Thus the relation is 

P = 0-4Q- 1 * 5 (Fig. 6). 

One variable as an index. In the equation, 

P =a x 10 6 Q, 

taking logarithms of both sides, 

log P = logo +bQ, 

so a straight line results if log P is plotted against Q (not against log Q). 
Many important physical formulae are of the type 

P = ae b Q, 

where e = 2*718 is the base of Napierian or natural logarithms. Taking 
logarithms to the base e is the obvious step, but it is actually simpler as 
a rule to express e as a power of 10 and use common logarithm tables. 
As e = 10° 4343 , the above expression is 

P =a x lO 0-4343 ^, 


2 lvin 8 log P = log a + 0*4343 bQ. 

The gradient of the straight line obtained by plotting log P against 
Q is 0*43436, and the intercept on the log P axis is log a. 

Formulae such as P = ajQe~>Q' yield to similar treatment. For, 
taking logarithms, 


log P = log a + 4 log Q - 0-43436Q 2 , 

or lo g p “ \ ^g Q = log a - 0-43436Q 2 , 

and a straight line is obtained by plotting (log P - i log (?) against Q\ 

Loganthm'c and semi-logarithmic graph paper. Reference to tables 
an be saved by the use of graph paper in which the rulings are 

phots"of t 0 h ga " thm ! call y' 111(6 the graduations on a slide-rule. For 
plots of the type log P against log <?, both axes are so divided and 

he numbers P and <? are plotted straight out on to the paper Ch 

dMded logarithmically and 

d..,drf uniformly o»d f„, l(l , tj . p , |v ,, ,, , g>lli<l Q 
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of it ; this difference vanishes when a 
and b are very close to d, and the line ab 
then becomes the tangent at d. In order 
to measure the gradient of the tangent, 
it is of course necessary to mark off on 
it a considerable length AB, and make 
this the hypotenuse of a right-angled 
triangle ABC with sides parallel to the 
axes. Then the gradient is ACjBC , 

interpreted to scale. 

A most important type of graph is that in which the mdependent 
variable is lime. In this ease, the gradient measures the rate 

of change with time of 
the dependent variable. 

Displacement-time and 
velocity-time graphs are 
discussed later in this 
chapter ; the following 
example shows the gene¬ 
ral method of attack in 
all “ rate of change ” 
problems. 

Example. The fig¬ 
ures represent the tem¬ 
perature of a cooling 
calorimeter at different 
times ; find the rate of 
fall of temperature at time 2 min. 

Time in minutes : 0 1 £ 

Temp, in ° C. : 45-0 33 0 -6- 

The tangent is drawn at the point for I - 2 min .: the grad^f tins 
is ACI jBC, representing 19-5° C. per 3-5 minutes, or 5-6 C. per mmu 

Area between agraph and one aais. Often £‘ 

definite physical meaning. For example if P force an g’ 
moved in the direction of the force, the product PxQ t*?' 
work done ; if P is velocity and 0 is tune, the product P x Q repre 

sents distance travelled. 



2 3 4 

Time in minutes 


3 

21*7 


4 

191 


5 

17-4 


6 

16-5 
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In this case, the area of each 
square of the graph paper repre¬ 
sents, to scale, a definite num¬ 
ber of units of the product PQ. 

If one unit represents, say, a 
force of 5 lb. wt., and one unit 
a distance of 10 ft., then the 
area of one square represents 
5x10=50 ft. lb. of work. If 
one unit represents 10 ft./sec. 
up the velocity axis, and one 
unit represents 4 sec. along the 
time axis, the area of one 
square represents a distance of 
10x4 = 40 ft. 

In Fig. a, representing a constant force of 10 lb. wt. moving its 
point of application, and drawn to the above scale, the area OKLM 
containing 8 unit squares, represents 400 ft. lb., which is the work 
done by the force of 10 lb. wt. moving through 40 ft. 

If the force is not constant, the same rule will hold. For the 
curve OJKL of Fig. b can be imagined to be traced in a series of very 
small steps, for each of which the area beneath the step represents 
the work done. In this figure, drawn to the same scale, the area 
UJLM is nearly 7-5 squares, representing 375 ft. lb. of work ; and 
the area KLMN, 3-5 squares, represents the work done in the 
interval between N and M, which is 175 ft. lb. 


Area repretenting 



Fig. a 



Fig. 6 
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Two important precautions are necessary in area computations: 

(1) The intersection of the axes must be at the origin (0, 0), and this 
must be shown on the paper. 

(2) The area taken must be that between the curve and the correct axis. 

It is difficult, without invoking the calculus, to state a definite rule 

about this ; but a moment’s thought should enable the right choice 
to be made. In the examples quoted, an increase in the force with¬ 
out any increase in distance leads to no performance of work ; 
this force increase would be represented by a vertical line, and 
there is no area between this line and the distance-axis. Thus it must 
be the other area, that between the line and the distance-axis, that 
we require. Reasoning along these lines, once it is realised that a 
decision has to be made and that any area will not do, there should 
be no difficulty about choosing the correct one. 

These two points have been emphasised, as many students 

conscientiously choose scales which utilise the full extent of the 

graph paper for the range of readings to be plotted, and if (0,0) does 

not come within this range the origin is not on the paper. This is an 

excellent practice in many cases, but often causes mistakes when an 

area has to be computed. Many also seem to believe that, provided 

the readings are accurately plotted and the graph properly drawn, 

it does not matter which way the axes are chosen ; examples ol this 

type should convince them that the matter is often important, and 

deserves some really caretul 

thought. 

Displacement-time and vel¬ 
ocity-time graphs. From 
readings of the displacement 
of a body which moves in a 
straight line from a fixed 
| point on the line, at different 

® instants, a displacement-time 

(or distance-time) graph may be 
plotted. The gradient of the 
graph at any instant gives 
the velocity of the body at 
Time in seconds that instant. 
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Example. Plot the displacement-time graph for the following 
motion, and find the velocity after 3 seconds : 

Time in seconds: 0 1 2 3 4 5 

Displacement in 

metres: 0 40 120 360 64-0 1000 


Drawing the tangent at the point, P, for t = 3 sec., the gradient 
ACjBC interpreted to scale is 60/2-5 = 24 metres per second. 

Similarly, from readings of the velocity at different instants, a 
velocity-time graph is plotted. The gradient of the graph at any 
instant gives the acceleration 
(or rate of change of velocity) 
at that instant, and the area 
between the graph and the 
time-axis for any interval 
gives the distance traversed 
during that interval. 

Example. • Plot the velo¬ 
city-time graph for the fol¬ 
lowing motion, and find (a) 
the acceleration at t = 2 sec., 

(b) the distance travelled in 
the last two seconds : 

Time in seconds: o j 

Velocity in cm./sec. : 15 29-5 



1 . .2 3 

Time in seconds 


2 

36 


3 

38 


4 
35 


interpreted to scTltTs S ee 

paper represents 10*1 = 10 cfm, Zk The iJ'klTxI near to 
10 *TstTs' cm. C ° Vered in the last two seconds * 


EXAMPLES ON CHAPTER 1 

vernier tot^'to'o^^T wlCrS “ d ^ ( °> “ 

divided Into degrees and S &£tZ 
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2 A beam balance has arms of length a, and is pivoted a short dis¬ 
tance k above the line joining the pan knife-edges, while the centre of 
gravity is a distance h below this line. If the weight of the beam is w, 
show that the deflection 0 of the beam when the weights m the pans are 

P and Q is given by 

(P-Q)a . 

t&n0 'w(h+k) + (P + Q)k 

In a certain balance, k = 0, a = 12 cm., w= 250 gm., and the length of 
the pointer is 15 cm. It is found that a difference in weight of 0-01 gm. 
causes the end of the pointer to move through a distance of 5 mm. VV hat 

is the value of h ? 

3. Describe a sensitive form of beam balance, giving diagrams and 
pointing out the purpose of its knife-edges and of the method of hanging 
its pans. On what does the sensitiveness and the accuracy of such a 

ba \V?th a balance of which the arms were 10 cm. long, it was found that 
0 010 gm. extra load on one pan deflected the beam of mass 20 gm. 
through^ 0 and that this deflexion was independent of the loads placed 
on the pans. What can you deduce from these measurements. (U.) 

4 Describe how you would measure the specific gravity of a solid 
accurately, and give the theory of the method you use 

Th« densities of ordinary water and of heavy water at 12 • 

respectively 0 999 and 1100 gm. cm.-. Find the proportion by weight 
of heavy water in a sample of water which is found to have a density 
1-035 gm. cm." 3 at this temperature. 

« * at room temperature 

“"MEy of a certain liquk, is 0-800 

gm./c.c. at 50° C. What mass will be expelled from ago c.c.fl ^ 

is exactly full at 0” C., when it is heated up to 50 C.? Assume Q ( 
volume of the flask does not change. 

6. A volume of 50 c.c. of water is mixed with « 
of specific gravity 0-8. The specific gravity of the mixture 
0^93 Find the volume contraction which occurs on mixing. 

7 What are the fundamental units of the c.o.s. system, and how are 

th I,o" ? the units of the following may be der^from the funda- 
mental units : acceleration, momentum, force, p ’ (0 ! & C.) 

8 Describe the construction of a good physical batence, statmg what 

featureiTdeterm i ne the ---^^^roTrcra^a^; andtw 
how you would measure the sens balance were not true, 

you would find the mass of a body even it the Damn (Q & C ) 
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9. Discuss the advantages to be gained by a graphical representation 
ol a set of physical measurements. 

How, after making the necessary experiments, would you plot a set of 
observations (a) on the length of an air column and the frequency of the 
note to which it resounds, (6) on the cooling of a hot body in a constant 
temperature enclosure, so as to bring out as clearly as possible the 
relation between the quantities involved? (Q £ q j 

, Va ‘ UeS were obtained for the period of vertical 


Load M 

25 

50 

75 

100 

125 gm. 

Period T 

O • 

0-96 

114 

1-28 

1-41 

1 -54 sec. 


fed Thf rtettflZr ° f 11,6 SP ™ 8 <md 4 a C °“ fOT ^P-g. 

The^llowhig 1 values ^ 9 the -“‘nation due to gravity. 


h 

5 

1 10 

20 

30 

40 

50 cm. 

T 

By mean; 

2-76 

5 Of ft i 

203 

f lin 

1-63 

__1 

1-57 

l « 

1-60 

1-06 sec. 


were 


° »-uiu values ot k and q 

12. In an experiment with a cooling calorimeter the tenu¬ 
re obtained : 6 eior , the following results 


Rate of fall of 
temperature, r 

5-G 

3-5 

2-3 

1-7 

1-3 

0-8 C. deg. per min. 

Temperature 
excess over air 
temp., 0 

A 





79-4 

56-2 

39-8 

31-6 

250 

18-0 C. deg. 

th~; ng 0 f° f 
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13. A thin wooden beam is supported horizontally upon two knife- 
edces equidistant from its mid-point, at which a fixed load is suspended. 
The separation a; of the knife-edges is varied, and the corresponding 
LprSon ; of the mid-point is observed. The followmg values are 
. ■ % 


Separation x 

400 

500 

600 

700 

80 0 cm. 

Depression y 

0-32 

0-63 

0-99 

A « 

1-72 

2-56 cm. 

_ .ti L 1 m /» n A ' 


11 tne remLiuii j ~ — 

14 Determinations are made of the resistance R and ^be power 
coLumpt?o™m watts IT of a small metal-filament lamp at ddferent 


Resistance R 

1-6 

v_/ 

20 

2-4 

2-9 

3-4 ohm 

Wattage W 

2-2 

6*3 

200 

r W % 

31-6 

* A. 1_ 

63 0 watts 

W - fl Tt 71 - f 


- - — - 

find a and n. 

- I „ I I Q.o I fi-0 I 9-0 X 10 18 sec.- 1 

Frequency v 


30 


40 


60 

50 


60 


Atomic Number N 20 

it^^l^lTt.on between , and N is oTThTform S-AN + B. 
and find the values of A and B. , 

16 Values for the anode current , J for different values of the anode 
voltage V for a diode were obtamed as follows . 


Anode voltage V 


Anode current I 


100 volts 


0-52 


1-27 milliamp. 


iS^Tt the current varies as the I po«of the voltage. 

17. Given certain simplifying ? 

at height h above sea-level may be representeu ny 

Show that the following figured are consistent with this formula, an 
find the values of A and B . 
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Pressure p 

310 

11*5 

2-87 

0-88 x 10 1 dyne cm . -2 

Height h 

10 

20 

30 

40 km. 


18. Andrade's formula for the variation of the viscosity of a liquid 
with the absolute temperature T is rj = Ac b IT. Find the values of the 
constants A and b for water from the following figures : 


Temperature T 

273 

293 

313 

333 

353 deg. abs. 

Viscosity y 

0 0179 ^ 

00100 

00065 

00047 

0-0036 poises 


!9. The following table gives values for the coefficient of viscosity 
oi air at different absolute temperatures T : 


Temperature T 

83 

194 

300 

371 

673 deg. abs. 

Viscosity 77 

i 1. A 1 x. 1 _ - 

5-7 

13 3 

18-4 

22-2 

30-0 x 10 -5 poises 


As'T 

V l+B/T' 

and find the values of the constants A and B for air. 

thf °/rff IacLe 0 d J S x f0rmula r ? latin ? the surface tension T s of a liquid and 

aLu rZT-Cdr e ^Zr e H enSitieS ° f the ,ifiUid and itS -turated 
\apour is l s _ Grf , i\here C and r are constants. 

find the " r6 C0n8Utent with this formula ' 


Surface tension T s 
of water 

71-2 

68-0 

64-5 

61-0 dyne cm . -1 

Density difference d 

0-9957 

0-9880 

0-9776 

0-9649 gin. cm . -3 


3 !; fi^es give the velocity * at different ti 


times ( of a 


Time t 

0 

1 

2 

3 

4 

5 sec. 

Velocity v 

%r 

Plot a veloci 

0 

tv-timA 

| 

3 Of 

1 01 

X 

75 

<-1 X 1 

S5 

«_ _ 1 

89 

91 cm. sec . -1 


iu A i. * i r. t ^ i, Hiiu me a 

the total distance travelled during the 5 


sec. 


sec., and 


N.P. 
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22. The distance travelled from rest, s, at different times, t, by a body 
falling freely are as follow : _ 


Time t 

0 

1 

2 

3 

4 

5 sec. 

Displacement s 

0 

16 

64 

144 

256 

400 ft. 


Plot a displacement-time graph ; find from it the velocity at the end of 
each second of the motion, and plot a velocity-time graph from these 
results. What is the value of the acceleration as obtained from the 
velocity-time graph? 



CHAPTER 2 


VECTOR QUANTITIES 
Vectors 

Many physical quantities are represented by directed numbers, and 
the direction concerned, as well as the actual magnitude, must be 

specified before such a quantity is completely determined. Directed 
quantities are called vectors. 

Examples are : 

Displacement, which is distance from a chosen reference point in 
a given direction. 


Velocity, which is rate of change of displacement, or speed in a 
given direction ; and momentum, which is mass x velocity. 

Acceleration, which is rate of change of Velocity. 


Force, since the effect of a force is directed along a line called its 
line of action ; and weight, which is a vertically directed force. 

A vector can be completely represented by a straight line of 
length representing the magnitude on a chosen scale, drawn in a 

M^Zr Pre r mg that , of the '' ector - "-ith an arrow for complete 

of 3 md ' F " eXam P‘ e ' the dia S ram represents a displacement 

3 d m a n , orth ' east direction from the point A ■ the line AB is 

T l “u g ’ ls , dra "' n ln the appropriate direction, and is arrowed to 
indicate that the sense is A -y B, not B A. 

\ ectors are often indicated in print by an 
arrow over the symbols for the line represent- S' 

mg them (as AB), or by clarendon (or black- S' 

faced) type, as AB, or s. But at this stage it / 

is best always to draw a diagram to depict A / 

he vectors, rather than use special symbols 
to write them. ‘ Representation 

of a vector. 
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Compounding vectors. The resul¬ 
tant of two or more vectors is the 
single vector to which they are col¬ 
lectively equivalent. The process 

of finding the resultant is called 

% \ 

compounding, composition, or vec¬ 
tor addition. The same rule holds 
for all vectors, so we shall consider 
the self-evident case of displace¬ 
ments. 



Resultant of two vectors. 


The resultant displacement from A of a body undergoing two 
displacements, first from A to B and then from B to C is AC (Fig. a). 
Consideration of Figs, b and c shows that for any number of 



(b) 

Displacements in the order 1, 2, 3 or 1, 3, 2 give same resultant 

displacement AD. 



(c) 

Displacements in the order 1,2, 3, 4, 6 or 13,2, S, 4 give same resultant 

displacement At . 
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displacements, the resultant displacement is simply that of the 
finishing point from the starting point; and it is represented by the 
line which makes the figure obtained by setting out the individual 
displacements a closed polygon. The order in which the individual 
displacements occur is immaterial ; indeed, if they take place 
simultaneously (as may occur, for example, to the hand of a passen¬ 
ger which he waves while walking across a moving ship) the result is 
the same, and they can clearly be drawn in any sequence. 

V ith only two vectors, the closed figure formed by drawing the 
resultant is of course a triangle. 

The general rules for compounding vectors are : 

(1) Vectors must be compounded geometrically, not added arithmetically. 

(2) If the vectors are set out in sequence to scale, in any order, the resultant is 
represented by the line completing the diagram as a closed figure. 



t-' 


^ 0gr “ ml f'. If and ^ < see diagram) represent two 
vector P and Q making an angle a with one another, OD, represent- 

mg the resultant P, ean be ealeulated using the <msine formula 

For, OD* = O .42 +AD*- 20A . OD cos (180-a), 

S0 R 2 = P- + Q*-2P.Q cos (180-a), 

or, R‘ = P* + Q* + 2P.Q cos,. 

The angle 6 between R and P is given by 

tanfl = gg- _ < ? 8 '°« 

OE P + Q cos<x' 
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Thus, if OA and OB represent in size and direction two vectors P 
and Q, their resultant R is represented in size and direction by the 
diagonal OD of the parallelogram AODB. 

Resolution of a vector. If P and Q are together equivalent to R , 
then R is equivalent to P and Q together. Thus we can resolve any 
given vector into two others in any two given directions, by working 
the parallelogram rule backwards—starting with the diagonal and 
drawing the adjacent sides in the chosen directions. This can 
always be done, whatever the directions. The most important case 
is when the two directions are at right angles to one another ; the 
two vectors then obtained are called the components of R, or the 

resolved parts of R, in the given directions. 

Thus, given R, to find the components in two directions 1 and 2 at 
right angles to one another, OD is drawn to scale to represent R 
(Fig. a), the rectangle OADB is constructed with sides in the given 
directions, when OA represents P, the component in the direction 1, 
while OB represents Q, the component in the direction 2. 

As OA /OD = cos 9 (referring to the figure), 

P/P = cos 9, or P = Pcos0; 



(&) 

Resolution of R in directions 1 


and 2 not at right angles. 
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and, as OB/OD =AD}OD = sin 0 , 

Q/B = sin 0, or Q=R sin 0. 

It will be noted that if the directions are not at right angles to 

one another, a complete separation into independent vectors is not 

achieved ; for in Fig. 6, Q can itself be resolved parallel to and 

at right angles to P , and has itself therefore a component parallel 
to P. 


Scalars 


Scalars are non-directed quantities, such as mass and volume 
(which are unquestionably undirected), length and area (which are 
usually considered apart from the direction in which they lie, but 
may sometimes be directed), and work and energy. 

Scalars (of the same kind) may be 
added together according to the ordi¬ 
nary rules of algebra. 

Many derived quantities are expressed 
as the product of a scalar and a vector ; 
for example, momentum ( = mass x velo¬ 
city). All such derived quantities are 
vectors. 

The product of a vector and a vector 



F and s. 
F cos Q. s 




( 6 ) 
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may give either a vector or a scalar. Work, for example, is measured 
by the product (force x distance moved in the direction of the force); 
both are vectors, yet work is a scalar. This is because the direction 
of the two vectors with respect to one another , and not with respect 
to any independent reference point, is involved. In the figure below, 
the scalar product of F and s inclined at an angle 9 is ( F cos 9) x s, 

or Fs cos 9. . , 

On the other hand, the moment of a force about an axis (rig. o) 

( = force x perpendicular distance from axis to line of action of 
the force) 

is a vector, since the perpendicular is directed from a fixed reference 
line. The direction involved in the product is that of the axis, as 

indicated in Fig. a. 

Here, the vector product of F and r is 

F sin 9 . r. 


Forces 

A force applied to a body by means of, for example, a pull P m 
string AB held in the hand at A and attached to the body at B (see 
diagram), acts on the whole body; its effect would be the same if 
the string were attached to any other point C in the line P 
duced (the line of action of the force). The lines of action o 
non-parallel forces P and Q applied to a body must meet in some 
point 0 (not necessarily on the body), and the two forces can 

t “: “ ;rr 

prefer,.J .hen fere- >" <" ” „,| y ferre, 

themselves, but also the point 
at which they act. 

Parallelogram of Forces Rule. II 

OA and OB represent in size and 
direction two forces acting at a point 
O, their resultant is represented in 
size and direction by the diagonal 
OD of the parallelogram OADB. 

To verify the rule experi- 
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mentally, the apparatus 
illustrated is used. Forces 
P and Q , applied at O by 
strings over pulleys, are 
balanced by a third force 
S ; S, called the equilibrant 
of the two forces, is equal 
in magnitude and oppo¬ 
site in direction to the 
resultant R. When the 
system is steady, the lines 
of the strings are traced on 
paper behind them, OA 
and OB are drawn to scale 

to represent P and Q, and the diagonal OD of the completed paral¬ 
lelogram drawn. Thus R is calculated, and found to be equal in 

magnitude and opposite in direction to the third force S, so that the 
law is verified. 



Resolution by constraint. A proper explanation of the resolving 
action of constraints such as smooth rails, smooth planes, sails and 
keels involves Newton’s Third Law (p. 67). 

Consider a trolley on smooth rails pulled by a horizontal force 

* afc an an & Ie A0D <*> the rails. As these are smooth, the con¬ 
straining force C of the rails on the trolley acts at right angles to the 
rails ; thus the force acting on the trolley is the resultant of the two 
torces F and C, represented by the diagonal OD of the parallelogram 

OADB. But C is equal 
and opposite to the force 

Y exerted by the trolley 
on the rails ; and as both 
A" and Y are provided by 
F they must be the re¬ 
solved parts X =F cos 0, 

Y =F sin d, where d stands 
for the angle AOD. The 
important point is, that 
though we have of course 
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B resolved the force F acting on the trolley 

into two components at right angles, the 
! resultant force X acting on the trolley is 

| one on ^y t ^ ie reso ^ vec ^ parts—that 

| S<^ parallel to the direction of the constraint. 

\Y Similarly, the resultant force acting on 

\ W N a body of weight W on a smooth plane 

\J ^ x inclined at an angle a to the horizontal 

/ a \ _ A ^ is X, which is the resolved part of the 

Resolution of weight by weight W parallel to the constraining 

inclined plane. . ° , v 

plane, whence A = W sin a. 

When a sailing vessel is tacking against the wind, both sail and 
keel act as resolving constraints. The direction of the sail must lie 
between those of the wind and the keel. If the thrust of the wind is 
equivalent to a force P at an angle a to the sail, that normal to the 
sail is P sin a, and this is the only effective component; the keel 
now acts as a rail-constraint, and if p is the angle between the normal 
to the sail and the keel, the resolved part P sin a cos p in the direction 
of the keel is the resultant force producing motion. The forces 
P sin a sin p corresponding to 
the C and Y of the inclined 


Resolution of weight by 
inclined plane. 


plane (above) do not act in the 
same line, (since Y is at the sail 
and C at the keel) but give a 
couple (p. 48) causing the 
boat to heel over. The larger 
the keel, the more effective the 
constraint and counterweight 
it affords (it will be remember¬ 
ed from Arthur Ransome’s 
stories that Amazon, with her 
centre-board, could sail closer 
to the wind than Swallow 
with her permanent six-inch 
keel). 



Moment of a force. The mo¬ 
ment of a force about a point 


Action of sail and keel. 
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(representing the intersection of a 
possible axis of rotation with the 
plane of the paper) is the tendency 
of the force to turn the body to 
which it is applied about that 
point. It is measured by the pro¬ 
duct 

(force x perpendicular distance 
from the point to the line of 
action of the force.) 

Moments are clockwise ^ or 
anticlockwise k \ 


O 



Representation of moment 
by an area. 


In the diagram, if OA represents a force P, the moment about the 

point X is P x d, where d is the length of the perpendicular X Y from 

X .°n t( > OA. As the area of a triangle is i (base x perpendicular 

height), the moment is represented to scale by twice the area of the 
triangle OX A . 


The definition of the term resultant implies that the moment of 
the resultant of a set of forces about any point must equal the sum 

of the moments of the individual forces about that point_for 

otherwise the resultant is not their complete equivalent. This can 
be proved as a corollary of the parallelogram rule ; for the moments 
of P, Q, and B (see below) about the point X (chosen on DA produced 
tor convenience) are each twice the area of the appropriate triangles 
OAX, XOB, XOD ; and it is easily proved that 

area XOD = area XOA + area XOB. 

Thus, although moment is a 
vector product”, moments about 
a given axis can be. compounded 
by writing down the moments of 
individual forces, and then taking 
the sum of the moments. For this 
purpose clockwise and anticlock- O 
wise moments are considered as of 
opposite algebraic sign (for ex¬ 
ample, anticlockwise + ; clockwise 
-) and the algebraic sum is taken. 
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AC B C A b| Q 




p-of 

p 


Q 

' 

'P + Q 

• 1 


Resultant of parallel forces. 


Parallel forces. The magnitude of the resultant of a set of parallel 
forces acting on a body is found by taking one sense as positive and 
the other as negative, and finding the algebraic sum. The line of 
action of the resultant must be parallel to those of the individual 
forces, and is determined by using the fact that it must be such that 
the moment of the resultant about any point is equal to the algebraic 
sum of the moments of the individual forces about that point. 

Thus for P and Q acting at A and B in the same sense (see diagram), 
the resultant is (P + Q) passing through a point C on AB such that 
(taking moments about A) t 

(P + Q)xAC = Q*AB. 

Similarly, if P and Q are in opposite senses, the resultant is (P - Q) 
and its line of action passes through C where 

{P-Q) xAC = Q*AB. 


Centre of gravity. A body can be subdivided into smaller portions 
almost as finely as we wish, and each of these small portions, taken 
alone, experiences a force towards the centre of the earth which 
is the weight of that small portion. The force which we call 
the weight of the whole body is really the resultant of a very large 
number of forces, namely, the weights of the individual particles 

comprising it, which we can regard as parallel. 

For each position of the body, this resultant has a definite lin 

action which can (in theory at least) always befoundbyappLvg 
the principle that the moment of the resultant weight about any 
point equals the sum of the moments of the individual weig a ou 
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that point; and all possible lines of action of the total weight pass 
through a point called the centre of gravity of the body, which can be 
defined as follows : 

The centre of gravity of a body is that point, fixed with respect to the body, 
through which the line of action of the whole weight always passes, for all positions 
of the body. 

The term centre of mass is also used, and perhaps more appropri¬ 
ately , if the line of action of the weight always passes through the 
point, it is just as if the whole mass were concentrated at that point ; 
and this effective concentration is not confined solely to the weight, 
since for most dynamical purposes the body acts as if the whole mass 
were concentrated at this point. 

The position of the centre of gravity (often abbreviated as C.G.) of 
a completely symmetrical body made of uniform material is deter¬ 
mined by symmetry. Thus the centre of gravity of a thin uniform 
rod is at its mid-point; of a triangular sheet at the point of inter¬ 
section of the medians ; of a disc and a sphere at their centres ; of a 
cylinder half-way along the axis, and so on. If the body ^’sym¬ 
metrical only about one axis, the centre of gravity must lie some¬ 
where along this axis. If the body is composed of two portions of 
which the centres of gravity are at H and K, the centre of gravity G 
of the whole must lie in the line HK ; for if HK is vertical the 
moments of the individual weights about any point in the line are 
zero, as also must be the moment of the total weight. 

The position of the centre of gravity of a composite body, or one 
that can be conveniently divided up into a limited number of simple 
J“metrical parts, is found as shown in the following examples 4. 

beTreat^ r T7 ^ wWch this subdlvision h impracticable can 

of mat) r CalcuhlS , methods ' but bel °ng rather to the province 

mathematics, though of course the same physical principles are 

view fhe ;, H0W 7 er n in i raCtable the “^thematlal ^ttf 

tbe sha P e of a body may be, and whether it is uniform in 
^ ^ the — * ^ - always b^d 

u^:r P ^ o 0 f 0 r ity of the ^ 

Let unit area have unit mass, and hence unit weight. Divide the 
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figure into three rectangles, with centres of gravity at P, Q,,a.nd R. 
8 units of weight act from P, 16 from Q, 36 from R and the total 
weight of 60 units acts from the C.G. X y at distance * from the point 
0, the mid-point of the left-hand edge, which we will take as reference 
point. The figure is symmetrical about the line OPQR, and 

must lie on this line. 

The distances concerned are : OP = 1 in., OQ = 5 in., OR = 11* m -» 
OX =x in. 

Take moments about O, 

8 x OP +16 x OQ + 36 x OR = 60 x OX, 
so 8 x 1 +16 x5 +36 x 11-5 = 60*, 

502 = 60*, 

and x = 8-37 in. from O. 

Fv ample A retort stand consists of a thin uniform rod of mass 

soSrs I..;?™ ™ mf" 

1000 inn. and dimensions 20 cm. x 15 cm., at a distanc 
from one of the shorter edges. Find the pos.t.on of the C.G. 
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Take 0 (see diagram), 
the mid-point of one of the 
short edges, as reference 
point. The rod is placed 
on the line of symmetry 
of the base passing through 
0, and the figure repre¬ 
sents a vertical section 
through this line; by sym¬ 
metry, the C.G. lies in the 
plane of the figure. 

Take co-ordinate axes, 

OX, OY as shown; the 
problem is to find the co¬ 
ordinates of the C.G. with 
respect to these axes. Let 
G be the point, with co¬ 
ordinates x, y. The total 
weight, 1500 gm. (not in¬ 
dicated in the figure) acts 
from G. 

With the stand vertical 
as shown, take moments 
about O. The centres of 
gravity of the rod and the 

base, P and Q, are 5 cm. and 10 cm. respectively from OY, so 

1500x = 1000 x 10 + 500 x 5 = 12,500 

x = 8-33 cm. 

sSSSSwr 

dotted lines. The distances c/p and Q from t ^ *5 

0 cm. respectively. V Ir ° m are cm - and 

Taking moments about O, 

1500y = 500 x 25, 

y = 25/3 = 8*33 cm. 

Thus the co-ordinates of G are 8-33 cm., and 8-33 cm. 

“> »»»'» a™. .M,h 

- - * % 



so 
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that no single force can be found 
to replace them. Clearly, the forces 
indicated in the diagram must 
affect the body to which they are 
applied, for both tend to rotate it 
in an anticlockwise direction. 

^ A pair of equal parallel forces, 
acting in opposite senses, and not 
in the same line, is called a couple. 

Take moments about any point 


C in AB (see diagram) ; the moment of P at A about C is P x AC ; 
the moment of P at B about C is P x BC ; the sum of the 


moments about C is 

Px (AC + BC) - P x AB *) . 

The same result is obtained for the sum of the moments of the two 
forces wherever the point C is taken, whether on AB, or anywhere 

else in the plane of the figure. Always it is P x AP^) , or 

(one force x perpendicular distance between the two forces). 

This is called the moment of the couple. AB is called the arm of the 
couple. 

If the point C is kept fixed, and the lines of application of the 
forces are moved about in the plane in any way that preserves the 
same value of AB, the moment of the couple about C (and hence 
about any point in the plane) is unchanged. 

A couple has several other important properties, the chief of which 
are summarised below : 

1. A couple tends to produce pure rotation ; and whenever a body rotates, or 
tends to rotate, a couple is acting, or can be considered to act. 

2. The moment of a couple is the same about any point in the plane of the lines 
of action of the forces, and is measured by the product : 

(one force x arm of couple). 

3. A couple can never be replaced by a single force (but can be replaced by any 
other couple of the same moment). 

4. The resultant of a set of two or more couples is a couple, of moment equal to 
the sum of the moments of the individual couples. 



COUPLES 

5. A couple can never be balanced by a single 
force (but can be balanced by any other couple of 
equal moment and opposite sign). 

These facts, which are usually encounter¬ 
ed at a more advanced stage in Mechanics, 
should be grasped and understood now, 
otherwise the student will never grasp the 
real working of even the simplest rotating 
device. 

Experience suggests that the difficulty lies, not in understanding 
these statements, but in believing them, for in so many everyday 
examples we find rotation apparently resulting from the applica¬ 
tion of a single force—and it is unfortunately possible to solve the 
majority of elementary problems from this superficial point of view. 

Take, for example, the starting handle of a motor-car. It is 
grasped and pulled, with a force as P at A in Fig. a. But when the 
force P is applied at A an equal and opposite reaction P at the bear¬ 
ing B is called into play, and this reaction, together with the force 
at A, comprises the couple that rotates the crankshaft. 

Again, the steering-wheel of a motor-car is designed on the 

assumption that a couple will be applied to it by simultaneously 

pulling with one hand and pushing with the other (Fig. 6); but if 

one hand only is used, a couple is likewise employed—the other force 
being the reaction at the bearing. 

But, it may be asked, one can kick a football, or strike a golf ball 
and set them spinning in spite of an earnest desire to the contrary— 
and no reaction can be invoked here. How is this? In such cases, 
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when the body as a whole is accel¬ 
erated, a force really intended to 
act through the centre of gravity 
is unskilfully aimed; yet the centre 
of gravity is accelerated, and so we 
can suppose that the misdirected 
force is after all effectively applied 
there. 

In the diagram, if P is the ap¬ 
plied force acting at A , we can put 
in two equal and opposite forces P 
at G y the centre of gravity. Since 
these obviously cancel one another out, we have not added or 
taken anything away from, the original conditions. But we now 
see that there is the equivalent of a force P acting through the centre 
of gravity G , and a couple of moment P x d, where d is the per¬ 
pendicular distance between G and the line of action of the applied 

force. 

Thus, a single force applied to a rigid body along a line not passing 
through the centre of gravity of the body is equivalent to an equal and 
parallel force passing through the centre of gravity, together with a 
couple of moment equal to the product of the force and the per¬ 
pendicular distance of the centre of gravity from its actual line ol 
action. The line of action of the force may similarly be supposed 
transferred to pass through any point, accompanied by the appro¬ 
priate couple. 



Velocity as a Vector 

Resultant velocity. At first, the suggestion that a body may. 
possess several independent velocities sounds confusing, for we 
never see a body moving in several directions at once. But what 
we observe is a resultant velocity ; and if we consider for e X ampK 
an aircraft travelling at a certain velocity relative to the ( 

“ airsneed ”) while the air itself moves as a wind with a certain 
velocity, then the velocity of the aircraft relative to the ground (its 
“ groundspeed ”) is the resultant of these two velocities. 

Example. The airspeed of an aircraft headed due north^is 
200 m.p.h., in a south-west wind blowing at 40 m.p.h. 
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magnitude and direction of the velocity of the 
aircraft relative to the ground. 

In the diagram (in which the top of the page 
represents north), if OA represents the airspeed, 
and OB the wind velocity, the resultant R is repre¬ 
sented by OD. Using the cosine formula, adapted 
as on p. 37, 

R 2 = 200 2 + 40 2 + 2.40.200 . cos 45°, 
i? = 230 m.p.h. 

The tangent of the angle AOD between R and 
due north is 

40 sin 45°/ (200 + 40 cos 45°) = 0-124, 
whence R is directed 7° 6' east of north. 

A similar type of problem occurs with sound. 
The velocity of sound is its “ airspeed ”, and the 
actual velocity in a wind between source and ob¬ 
server is the “ groundspeed 

Example. An observer is 5 miles due south of 
a siren ; the wind blows from west to east at 60 
m.p.h. The velocity of sound is 1100 ft. per sec. 
Find the time taken for the sound to reach the 
observer. 



By construction (see diagram), the velocity is the diagonal OD of 
the parallelogram OADB, of which adjacent sides are represented 

O S8f.ps. A O y R°numf?' P ' h ' = 8 ? ft nP Cr SeC-) and 

-P er sec )- Ihe direction 

/ / ot OB is not given, so the figure is 

/ / constructed by first laying off OA t 

/ / artd then with centre .4 and radius 

/ / representing 1100 ft. per sec. describ- 

3/ ? / l 1 . 1 ® an arc to cut the north-south line 

- | / through O at D. The scales are rather 

$/ I / ul-matched, and it is probably best to 

/ / calculate ; if v be the velocity be- 

/ / tween source and observer, 

/ . J »=>/ll00 2 -88 2 = 1096 ft. per sec., 

B “ and the time taken is 5 x 5280/1096 

= 24 09 sec. 
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Velocity-change problems. A body moving in a 
given direction may acquire, either suddenly or 
gradually, a velocity in another direction due to the 
action of a force in the second direction. For ex¬ 
ample, a cricket ball struck in a direction at right 
angles to its path (say towards “ point ”) suffers a 
change in velocity in the direction of the blow. Its 
subsequent velocity, in the direction of “ third 
man ”, is the resultant of the original velocity and 
the velocity-change applied at the moment of im¬ 
pact (see diagrams). 

Or, a body projected horizontally with a certain 




Velocity- velocity u cm. per sec. suffers a continuously acting 
change vertical acceleration g 6m. per sec. per sec., so that 
» \ after t sec. it has acquired a vertical velocity cm. per 

I sec., without any alteration of the original horizontal 

* velocity u. The actual velocity of the body at time t 

II sec. is then the resultant of the indepe ndent ho rizon- 
5 I \ tal and vertical velocities ; that is, Ju 1 + gH 2 , at an 

angle to the horizontal the tangent of which is u/gt. 

The case of a body describing a circular path at uniform speed 
combines the features of both the previous examples; for it ex¬ 
periences a velocity-change at right angles to its motion, just as the 
cricket ball did ; and this velocity-change is operating continuously. 
Before considering this in detail, it is well to call to mind some 
familiar examples of bodies describing circular paths, and reflect 
that this circular motion is only possible if there is some means o 
applying a force steadily towards the centre of the circle— it may be a 
string, or road friction, or rails and flanged wheels, or (as in the solar 
system where the planets describe orbits which are in most cases very 
nearly circular) gravitational attraction. That is, although the speec 
is constant, in every case the velocity is changing, and there is a 
continuously operating velocity-change directed at right angles to 
the path and towards the centre ; this is due to an externally applied 

force acting towards the centre of the path. 

Consider a body moving with uniform speed v cm. per sec. in 
circular path of radius r cm. Let us find the velocity-char g 
occurring in a short time interval r seconds. 
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Circular motion as a velocity change. 

Let P and Q (see diagram) be the positions of the body at the 
beginning and end of the interval and let the lines labelled v, v 
represent in length and direction the velocities at P and Q. What 
velocity-change V applied to v at P gives as resultant v at (?? 

Construct a parallelogram of velocities, with OA representing the 

velocity at P, and OD as diagonal the resultant velocity, that at Q 

The side OB then represents that velocity which, compounded with 

the velocity at P, gives the velocity at Q ; it is the required velocity 
change, V. J 

Now OA and OD are parallel to the tangents at P and Q • thus 
the angle AOD is equal to the angle between these tangents, which 
also equals PCQ. Hence the angle BDO is equal to the angle PCD 
and the triangles BDO and PCQ are similar. 


So 


OB PQ 
OD~QG" 

v = pq 

v r ’ 


or, 


V = 


v.PQ 


Now if r is a very short time interval, the straight line PO i 
nearly equal to the distance P<? along the arc, wlil is ^ 


very 


Thus 


V = 


v. tv t ’ 2 


= —. T. 

r 


This is the change in velocity in time r, directed towards the centre. 
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The rate of change of velocity is F/r, or v 2 /r, directed towards the 
centre. 

Hence, a body describing a circle with uniform speed experiences an accelera- 


v- 


tion towards the centre of the circle of magnitude — , where v is the speed, and r 
the radius of the circle. 

Relative velocity problems. The essential thing to realise in deal¬ 
ing with problems on relative velocity—that is to say, the velocity 
of one moving body as it appears to an observer who is also moving 
is the observer's point of view. He supposes himself to be a fixed 
reference point, that is, at rest. We can achieve this for him, on paper, 
by giving him a velocity equal and opposite to his actual velocity. 
The relative velocity is then preserved unchanged if we also give the 
same velocity (the observer's velocity reversed) to the observed. 
The observed body now has two velocities, and the resultant of these 
is the velocity of the observed relative to the observer. 

Example. A ship A steaming at 10 knots due east sights another 
vessel B sailing at 20 knots due north. Find the velocity ol B 

relative to A . . 

Bring A to rest, by applying a velocity of 10 knots due west. 

6 Now to keep the relative 

As velocity 


A s velocity reversed 


10 knots 



velocity unchanged, apply the 
same velocity to B ; find the 
resultant of the two velocities 
of B, namely, its own 20 knots 
due north, and the 10 knots 
due west we have applied. 
This is represented by OD in 
the figure, and is calculated to 
be 22-4 knots, in a direction 
26° 34' west of north. 

Example. To an observer 
travelling at 30 m.p.h. in a 

north-easterly direction, a ship 

appears to be travelling at 15 
m.p.h. due north. Find the 
true speed and course of the 
ship. 

Here (p. 55) we first apply 
to both observer and observed 
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the observer’s velocity reversed. Drawing the parallelogram for the 

ih m i i,h n i whlch is f resultant ) is drawn in as the 
diagonal OB, the side OA giving the true velocity. The answer 

by calculation, is 41-97 m.p.h., in a direction 30° 22' east of north! 


EXAMPLES ON CHAPTER 2 
1. Explain the rule for the compounding of vectors. 

A man walks 600 yards on a compass bearing of 47° then 

ftHttas WS2l« 

w prji S’ tent ioo» po ^ s h Lt t b e r 8le 

^ : n l S " 90 °' Fi " d “' e * -h fo-eequaui lg” 

twoglen'X^ons? b> ’ a force components in 
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A roller weighing 500 gm. is placed on a smooth slope inclined at 30° 
to the horizontal. Find the effective force acting down the slope, and at 
right angles to it. 

4. What do you understand by the moment of a force about a point, 
and the moment of a couple? 

A cord, nailed to a point P on the edge of a pulley of radius 20 cm., is 
pulled with a force of 500 gm. wt. in a direction making 40° with the 
tangent at P. Find the moment of this force about the axis of the 
pulley, the moment of the couple acting on the pulley, and the magni¬ 
tude of the single force which, applied tangentially at the rim, would 
give rise to a couple of the same moment. 

5. Find the resultant of each of the following sets of parallel forces : 

(а) 7 lb. wt. and 15 lb. wt., in the same sense, their lmes of action 

being 11 ft. apart. . . .. f „ 

(б) 12 kgm. wt. and 8 kgm. wt., in opposite senses, their lmes of action 

being 1 metre apart. „ . ' , 

(c) 5 lb. wt. at A, 7 lb. wt. at B, and 6 lb. wt. at C, all uii the> same 

sense, and 9 lb. wt. at D in the opposite sense, where AB - 2. It., BKj -o 
ft., CD = 2 ft. 

0. Show that a single force applied at a point X can be replaced by an 
eciual force acting at another point Y, together with a couple. 

Tt a certain ir^tant, a uniform beam AB which is 2 metres long «rd 
weighs 6 kgm. is at an angle of 30° to the horizontal ® x P ®™ n< ™ 

parallel forces of 3 kgm. wt. and 4 kgm. wt. acting v . ertlca11 /"P ™™ ™ 
A and B. Find the resultant force acting on the beam, and, if t his 
regarded as equivalent to a force acting through the centre of grawt } 
the beam together with a couple, find the magnitude of t I 

7 A boat travelling at 3 metres per second sets course across a 
stream flowrngT" mitres per second’. Find the resultant veloc.ty of 

the boat. . 

8. A car travelling at 20 m.p.h. due north 

at 20 m.p.h. due west. Find the change m velocity. If the time xa 

is 3 sec., find the average acceleration. 

9. A cricket ball bowled at 40 ft. per secand on a 

60 ft. per sec., at 120° to the ongmal path. Find the change in > 

10. Show that a body describing a circular path of radius r^vuth speed 

v experiences an acceleration ti’/r towards t ic cen re o ^ ^ 
of M ^ ^ ° f 

the moon towards the centre of the orbit. 

1 1 ■ is A c b a3° f brfh™ , Sp t ^mn of ? ma^edc field to describe a 


sec 


Cir Ca!c a ui a aS the^Zrn of each particle towards the centre of the 
circle. 
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12. If masses of 1, 2, 3 and 4 lb. are placed at the comers of a square of 
10 in. side, taken in order, calculate the position of the centre of gravity. 

(O. & C.) 

13. From a thin square plate A BCD of uniform density, and with centre 
E and sides of 8 in., the triangle AED is cut out. Determine the position 
of the centre of gravity of the figure which is thus obtained. (O. & C.) 

14. A plank of uniform material and cross-section weighs 100 lb. and is 

10 ft . long. It is supported at one end and at a distance of 3 ft. from the 
other end. Find the greatest load that can be placed at the end which 
overhangs without upsetting the plank. (O. & C.) 

15. A telescope consists of four concentric tubes, each 10 in. in length, 

their masses being 4, 3, 2 and 1 lb. Find, by calculation, the position of 
the centre of gravity. (O. <S: C'.) 

16. A BCD is a square of thin uniform cardboard, of 10 cm. side, from 

which a square AXOY of 5 cm. side is cutaway. Find, by a graphical 
construction or otherwise, the position of the centre of gravity of the 
remainder. v ^ 

1 /. Explain the terms moment of a couple , centre of gravity. 

Explain carefully why a body, pivoted so that it can swing freelv, 

comes to rest with the centre of gravity vertically below the point of 
support. 1 

Four forces, P = 10 lb. wt., <? = 7 lb. wt.,i? = 121b. wt„ and 5=8 lb. wt., 

■act m vychc order in the same sense along the edges of a wooden 

square of G-inch side; find the moment of the couple required to keen 
the body from rotating. 1 


18. Two forces, one of GO lb. wt. and the other of 80 lb. wt., are applied 
at the same point, the angle between their lines of action being 48° 

win! SlZ6 n th r e ‘f FeSult ? nfc and the an S le line of action makes 
t the smaller of the two forces. Explain your method fully. (O.) 

verify ?t te by experimeS 1 ° f ““ P araUdo ^ am °ff °««• How would you 

Explain why, although two given forces can have only one resultant 

co^ e o n nent r s SUltant *" “ r “° ,v « d ” man y dkrent pai^ n ‘f 

(°.) 

De^Hhl lain 7 hat , iS nt by resolvin 9 a force in a specified direction 
Describe and explain how you could determine experimentnllv thl 

water id* the 

water being 4° C. These signals L receivTby^olS" 6 and B 
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25 miles apart, the intervals between the arrival of the two signals being 
16i sec. at A and 22 sec. at B. Find the bearing from A of the ship 
relative to AB. The velocity of sound in water at t° C. =4,756 + IP ft. 
per sec. 

22. Define relative velocity. 

A boatman, whose speed of rowing is w, crosses a river of width b to a 
point at a distance c upstream and returns. Find the time of the double 
journey if the speed of the stream is V. (C. S.) 

23. Two bodies, A and B, are moving with constant velocities in 
different directions. Show how to find the velocity of B relative to A. 

The upper part of the wind-screen of a car is 12 inches wide from top 
to bottom and overlaps the lower part by 1 inch. If the car is travelling 
horizontally at 30 m.p.h., and rain is falling vertically at 10 m.p.h., 
what is the maximum angle to the vertical of the upper section of the 
wind-screen so that no rain enters the car? Assume that the normal 
position of the screen is vertical, and that the upper section 1S P^ ot ® d 
about its top edge. 

24. Two bodies, A and B, are moving in different directions. How 
may the velocity of B relative to A at a given instant be determined. 

To a man in a car moving due eastward with a velocity of 20 miles per 
hour the wind appears to be coming from a direction 60° east of south. 
When the car moves with the same speed due westward the wind appears 
to come from a direction 30° west of south. Find the velocity and true 

direction of the wind. ' 
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CHAPTER 3 

THE LAWS OF MOTION 
Motion in a Straight Line 

We shall, during this chapter, use the term “ body ”, and describe 
experiments on a body of very substantial size. But we shall not 
have to consider its dimensions, and shall really be considering the 
motion of a certain point—the centre of gravity (or centre of mass) of 
the body. Vector considerations also will be in the background 
only; for we are restricting the present inquiry chiefly to cases of 
motion in one fixed straight line. 

Uniform velocity. A body moves with uniform velocity when it 
undergoes equal changes in displacement in equal successive inter- 
vals of time, however short these intervals may be. 

If »is the uniform velocity (in cm. per sec.), then the displacement 
5 (m cm.) after time t sec. is given by 

s = vt. 


Uniform acceleration. A body moves with uniform acceleration 

"r" 1 i 7 erg0 7 ec * UaI c J lan 8 es in velocity in equal successive 
mten als of time, however short these intervals may be 

sec 1 tb 0 ”' P er , SeC - persec ' ) is the uniform acceleration, « (cm. per 
sec.) the initial velocity, „ (cm. per sec.) the final velocity after 

hme see., then from the definition of acceleration, the gain in 
velocity in t sec. being at cm. per sec g 


V =u +at. 


( 1 ) 


The velocity-time graph (see p. 60) is thus a straight line sloninrr 
upwards as shown if « is positive, and sloping dofynwlrd’s IfTf 
a negative acceleration or retardation 

Remembering that the displacement is given by the area beneath 
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s = \ (u +v)t.(2) 

That is, displacement is ( av¬ 
erage velocity x time), where 
the average velocity is the 
mean of the initial and final 
velocities. 

Or, regarding it as a rect¬ 
angle and a triangle, 

s =ut + £at 2 .(3) 

These equations, embody¬ 
ing all the information that 
the graph can give in this 
connexion, clearly contain 

all that is necessary for the solution of any problems. But supposing 
we are asked to calculate the velocity of the body after it has attained 
a given displacement 5 . Calculation of t from (2) or (3), and subse¬ 
quent substitution in (1) will solve the problem^ But it is convenient 
to perform this elimination of t once for all, and to remember the 
equation giving v in terms of a and s. 

Rearranging (1), v-u =*at; 

■ rearranging (2), v + u=2s/t; 

multiplying the two left-hand sides and the two right-hand sides, 



Velocity-time graph for uniform 
acceleration. 


(v-u){v + u)=2as, 

( V 2 _ u*) = 2a*, 

v 2 = u 2 + ..W 

whence . . 

It should be pointed out again that the equations 1-4 we sunf, y 
the algebraic equivalents of the velocity-time graph for umform 
acceleration. It is useful to commit them to memory and itjs 
most essential to remember also that they are not apphcabte te a 
types of motion, but hold only for uniform acceleration, and when 

the motion is rectilinear. f , d 

These equations of course apply to the vertical motion of a b^y 

subjected only to the action of its own weight, when the appropriate 

valie for g is the uniform acceleration a of the formulae. 

Laws of motion ; Galileo. Galileo (1581-1&42) investigated 

motion of falling bodies and projectiles, and concluded . 
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(1) that a body falling freely, under the action of its weight alone, 
falls with uniform acceleration, and that all freely falling bodies 
have the same uniform acceleration ; 

(2) that a body set moving on a smooth horizontal plane which 
supported its weight would continue moving with uniform speed in 
a straight line ; 

(3) that if a body is projected in any direction, the action of the 
weight is unaffected by the initial speed, and the motion is that 
obtained by compounding the two independent motions. 

These conclusions embody the first two laws of motion (p. 67) ; 
for in (2) and (3) we find the first law (the 4i principle of inertia ”), 
that a body does not of itself accelerate, and that acceleration is 
produced by the action of weight; while the fact that all freely- 
falling bodies have the same acceleration, so that weight is pro¬ 
portional to mass, is consistent with the second law. 

Projectiles. The horizontal and vertical motions of a body pro¬ 
jected in any direction and at the same time able to fall freely Under 
gravity are independent. The projectile, though air resistance does 
in practice prevent the realisation of the ideal conditions supposed, 
offers a good demonstration of the first law of motion, and this led 
Galileo to the conception of inertia. Neglecting air resistance, and 
reckoning the upward direction to be positive for displacements, 
velocities, and acceleration, 

Horizontal acceleration = 0. 

Vertical acceleration = -g, 

If the initial velocity is u at angle a to the horizontal, then 
resolving u horizontally and vertically, 
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Horizontal velocity at time t — u cos a, 

Vertical velocity at time t =u sin cc-gt. 

The vertical velocity becomes zero when t = u sin <x/g, which thus 
gives the time to the greatest height. We can use equation (1) of 
p. 59 to show that it will take as long to fall from the greatest height 
as it took to get there ; hence the total time of flight is twice this, or 

2u sin a/g. „ 

The actual velocity at time t is as represented at P in the iigure, 

namely v at an angle p to the horizontal, where the horizontal and 
vertical components are compounded to give 

v = Ju 2 cos 2 <x + (u sin a — gt) 2 

and - tan = {u sin a - gt)/u cos a. 

For the displacements at time t , 

Horizontal displacement , x = ui cos a, 

Vertical displacement , y = ut sin a - \gt 2 . 

When y=0, (=0 or 2» sin «/<?, which is the total time of flight as 
already indicated. The range on a horizontal plane is found by 
substituting this value of t in the expression for x, when 

2 u 2 sin a cos a u 2 sin 2a 

9 ~ 9 . 

The maximum value of the range for a given initial velocity u is 

found when sin 2a = 1, so a =45 and then x — u jg. 

The equation of the path is found by eliminating t between i 

expressions for x and y, giving 

y = x tan a - ^ 

which is the equation for a parabola. 

o^t^ fdtush 14 EEEd‘52 

“ 1225 — traced out on the 
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(a) Fletcher's trolley. 


paper indicate the distances travelled in one vibrator-period • thus 
the average velocity over a given vibrator-period is found by 
ldiiig the length of the chosen wave by the time of this period, 


The trolley is pulled along by a string attached to a mass hanging 

mon \ 1? pu ey ' Without « oin £ into father details at ? thf 
oment, it is reasonable to suppose that the trolley when released 

xpenences a resultant force in the direction of its motion"and tha 

this force win not vary as the trolley pursues its path. 

Fig. 6. Meas'ure*the'distances^^iKi^ aPPea ™- < ' 

rrr g h thC Star [ mR P ° int ^ at ™ convenient^dac^after 

the trace has become sharp enough. P ier 

The average velocity over successive “ waves ” is then 

AB/t, BC/t, CD}t, ... etc. 



(6) Vibrator trace. 
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The gain in velocity between adjacent “ waves ” is 

{BC -AB)It, (CD-BC)It, ... etc. ; 

this is the acceleration in cm. per sec. gained per r see., and the 
acceleration in cm. per sec. gained per sec. is 

(BC-AB) (CD-BC) 


r 2 


y ... etc. 


These figures are found to be the same, within the limits of experi¬ 
mental error, so the acceleration is uniform—a fact that can be 
ascertained without actually working out the acceleration since the 
differences between successive “waves” are all the same. Hence, 
a body moving under the action of a constant force experiences uniform acceleration. 

The following example illustrates the calculation of the acceleration. 

Period of Vibrator : 1/5 sec. 


Length of 
successive 
“waves” 

Average 

velocity 

Gain in 
velocity 
in 1/5 sec. 

Acceleration 
in cm. per sec. 
gained per sec. 

AB 6-3 cm. 

BC 6-7 cm. 

CD 7*1 cm. 

DE 7-5 cm. 

EF 7-9 cm. 

31-5 cm./sec. 

33*5 cm./sec. 

35-5 cm./sec. 

37-5 cm./sec. 

39-5 cm./sec. 

| 4-0 cm./sec. 

| 4-0 cm./sec. 

J 4-0 cm./sec. 

I 4-0 cm./sec. 

• 

20 cm./sec./sec. 

20 cm./sec./sec. 

! 20 cm./sec./sec. 

20 cm./sec./sec. 


Verification of the equations for uniform acceleramon.^u^^ 
trace obtained as above, the equations 2, 3, and 4 o pag 
verified. Thus, to test * =«/ +take the nndpomtsXand}° 
the “waves ” AB and EF : a is XY, u is AB/r, is fe and a has 
been calculated. Substitution in the formula shows its applies- 

bility. 

Relation between force and acceleration for ^ody of toed mass. 
Turning again to the Fletcher Trolley, it is essential, sme q 

to measure the actual accelerating force, to overcome friction. A.s 
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effect of friction. The procedure for overcoming friction must thus 
be followed each time the mass is changed. 

Keeping a fixed mass in the pan, traces are taken with different 
numbers of cylinders in the trolley, and the acceleration is worked 
out for each. The total mass of the trolley and suspended mass is 
written down each time. A graph of acceleration against 1/mass is 
found to be a straight line going through the origin (see graph), 
showing that for a fixed accelerating force, the accelerations pro¬ 
duced in different masses are inversely proportional to those masses. 

Thus, 

for a fixed force, acting on different masses, acceleration is proportional to 
the reciprocal of the mass. 


The dynamical equations. Let F stand for the magnitude of 
the force acting on a body of mass m, and producing acceleration a. 

Then, as a oc F if m is constant, 

an d a oc 1/m if F is constant, 

a oc F/m, 

or> F oc ma. 

Writing this as an equation, 

F = kma, - 

where k is a numerical constant the value of which depends on the 
units chosen for measuring the quantities. If we define unit force a 
that force which produces unit acceleration m unit rna.^t • 

In the c.o.s. system, the absolute unit of force is the dyne, whi 
gives a mass of 1 gm. an acceleration of 1 cm. per sec. per 
the corresponding British unit, the poundal, gives a mass of 1 lb. an 
acceleration of 1 ft. per sec. per sec. (p. 5). So, provided the forces 
are measured in dynes (or in poundals), we can write 

F =ma. 

mv -mu, or m(v-u) units. As u = « + at. then .- -“)/'■ 

F =m(v - u)/t, 


so 
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or, rearranging, Ft = m(v-u). 

The quantity Ft is called the impulse of the force ; its units are 
sec. dynes (or sec. lbal.) ; the units in which momentum is measured 
are also thus sec. dynes (or sec. lbal.). 

In words, if we are measuring all our quantities in absolute units, 

Force = mass x acceleration 

Impulse of force = change in momentum. 

These two equivalent statements contain the fundamental principle 
known as Newton’s Second Law of Motion. 


Mass and weight. The weight of a body of mass m gm. when acting 
alone on that body so that it falls freely, is found to give it a uniform 
acceleration g cm. sec.-*. So, using force = mass x acceleration , 

weight = mass x acceleration of gravity , or 
weight = mg dynes. 

Similarly, in British units, for a mass of m lb., when g is m 
see. | 

weight = mg lbals. 

jTri ° f “ 0ti ° n - TheSe lawS ’ the axioms which the 
whole of dynamics is founded, are usually worded as follows : 

strUThVT' ^ b ° dy C ° ntinUeS “ itS StatC ° f rCSt ' or of “““o™ motion in a 
straight line, unless acted upon by an external force. 

aec T d! S ration” UiVaient t0 *"* M “ that causes 

*'“ nd LaW - Rate ° f Cha °^ ° f momentum is proportional to the applied force 
and takes place in the direction of the force. 

th Jt^ll Umma ^ S 7 thC information illustrated experimentally using 
the trolley, and of course leads to the equations 5 g 

Ft = m{v-u) and F = ma, 

in absolute units. 

Third Law. Action and reaction are equal and opposite 

a vs rs - * 
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Action and reaction are equal and opposite and act on different bodies. 
This is, perhaps the most difficult of all principles to understand 

thoroughly and to apply. 




The “ Principia Newton’s formulation of the laws of 
motion has been criticised from two points of view. The first is, 
that the “ quantity-mass ” of his definition below is an obscure and 
unnecessary concept. The second is that they say in three instalments 
what might well be put in one comprehensive statement; this is 
justified, but it must be remembered that the first two laws had 
been known for fifty years, since the time of Galileo, and that the 
third law was Newton’s own extension of an existing frontier. It 
should be realised that the laws are really one, and can only be 

applied as a whole. 

They form the opening chapter of the “ Philosophiaea Naturalis 
Principia Mathematica ”, which was first published in 1686. This 
was translated into English in 1729 by Andrew Motte, and a revised 
translation was edited by Prof. F. Cajori (University of California 
Press and Cambridge University Press, 1934). The following quota¬ 
tions are from Cajori’s version, and show the clearness of Newton 
own expressions, which emphasise the experimental basis of Ins 
statements. The laws are preceded by definitions, which themselves 
imply some of the axiomatic content of the laws. 


Definition L „ T . • .7, 

The quantity of matter is the measure of the same , arising from 

znsity and bulk conjointly. _ ic nuadruole in 

Thus air of a double density, in a double space, is^uad^ie 

uantity ; in a triple space, sextuple m q^ 3^ t hat are con- 
; to be understood of snow, and fine d p that a re by 

ensed by compression or liquefaction, and of ^ boches that y 

5R 2 rSB* ^— 

■ompare masses by comparing weights , it * 

‘ weight ” is an appropriate synonym for mass . 


NEWTON’S “ PRINCIPIA ” 



By the examples given, the concept named “ mass ” seems fairly 

clear. It has been said that the definition of mass in terms of 

density (which we now define as “ mass of unit volume ”) is logically 

unsound, but relative density is an idea which had for long been 

familiar, and it is in this sense that the term density is chiefly used 

by Newton. Thus (Book III, Prop. X) in discussing the density of 

the earth and the planets, he compares them with one another 

and with water. We can, using this definition alone, obtain masses 

bearing any chosen ratio to one another, if we have homogeneous 

materials of uniform and constant density available. For the masses 

of different specimens of any such material are proportional to their 
volumes. 


Newton appears (Book III, Prop. VI, Cor. Ill and IV) to have had 
a simple “ kinetic theory ” picture in his mind, and to have con¬ 
sidered the possibility that different materials were all made of solid 
particles of the “ same density ” (with “ inertias in proportion to 
them bulks ) but differently spaced. A similar question concludes 
the 1717 edit,on of his “ Opticks To-day we might say that the 
Newtoman quant,ty-mass ” of a body is something that represents 

contains Th .I* 0 ™ 8 ( ° r ° f al1 the sub - atomic particles) that it 
r.‘, Th ‘ S IS . the se , nse ln ' vhicb ‘he term mass is understood 
by the chemist who works with both balance and burette, prepared 

to use either the inertia or the volume of a body as a means of 

estimating ,ts “ quantity”. This quantity is a constant for the 
bodj cs long as no part of it is removed 

to possess because we are Dhvsirnll g hlch " e s "^ ose b °dies 
The term «■ mai % ° f thdr inert ia-masses. 

in physics means inertia-mass ; whether or 
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not it is always constant for a given body is a question that experi¬ 
ment alone can answer. 

The pendulum experiments referred to are described under Pro¬ 
position VI of Book III of the “ Principia Having proved earlier 
(Book II, Prop. XXIV) that if pendulums of the same length are 
found to swing with equal times, the quantities of matter in each must 
be proportional to the weights, Newton made pendulums of which 
the bobs w r ere hollow boxes, of similar dimensions so as to experience 
similar air resistance. Equal weights (as found by weighing ) of 
different materials were put in the boxes ; and it was found that (at 
least to an accuracy of one part in a thousand) the periods w'ere the 
same, showing that the masses were equal. 

“Definition II. 

The quantity of motion is the measure of the same , arising from the 
velocity and quantity of matter conjointly .” That is, momentum is 

mass x velocity. 


“Definition III. . . 

The vis insita or innate force of matter is a power of resisting, y 
which every body , a* much as in it lies , continues in its presen Me, 
whether it be of rest , or of moving uniformly forwards m a right line. 


** Definition XV. 

An impressed force is an action exerted upon a body, in ordeir to 
change its state, either of rest or of uniform motion in a right line. 

“ This force consists in the action only and reniamsno' “ 

the bodv when the action is over. For a body maintains } 

SSMS- * «.*««.«*• ST 

different origins, as from percussion, from pressu , 
petal force.” 

The celebrated definitions of absolute time ,vhich “ •own 

nature flows equably without relation to a11 ^ th ^ ien f 0 ,,ow, 
of absolute space, “ always similar and .movable. then “ 

reckoned by absolute time in abso Spa °^ ch . ^ile absolute 
motion of this kind could never be detected as sue , 
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rotation could be discerned by observing the centripetal force main¬ 
taining it. (This means that the laws are laws of relative motion.) 

The operation of the laws of motion should lienee be unaffected 
by rectilinear motion of the system in which the observations are 
made, or of the observer within the system. This again is a matter 
that only experiment can decide ; and the experimental work 
ot recent years has shown that it is true only if the relative 
velocities concerned are small compared with the velocity of light. 
But the theory of relativity does not conflict with Newton’s laws 
for relative velocities which are within the range of any ordinary 
observation, and Newton’s laws are now regarded as statements of 

experimental relations which are true as limiting eases of a more 
general law. 

theSlows Statement ° f the laWS ’ and h!S 0Wn -Planations of them, 
“ Law I. 

“Law II. 

aZt SSsS r lhe mo, r force > 

pressed. lection of the right line in which that force is im- 

d0Ub t ' e W ' ril1 *«««»*, double 
impressed ^together and aWnc^ ™ T "i, hether that force be 
And this motion and a >*ccessively. 

generating force) is addfd to or suht™ ? , 1>e " a - v " ith the 

according as they directly conspire wffl^n fr ° m r*' f ? rmer motion, 
each other ; or Obliquely 3 when tl eH COntra T to 

-uwm"" * E iisa zz 

sS 
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pressed by the stone. If a horse draws a stone tied to a rope, the 
horse (if I may so say) will be equally drawn back towards the rope ; 
for the distended rope, by the same endeavour to relax or unbend 
itself, will draw the horse as much towards the stone as it does the 
stone towards the horse, and will obstruct the progress of the one as 
much as it advances that of the other. If a body impinge upon 
another, and by its force change the motion of the other, that body 
also (because of the equality of the mutual pressure) will undergo an 
equal change, in its own motion, towards the contrary part. The 
changes made by these actions are equal, not in the velocities but in 
the motions of the bodies ; that is to say, if the bodies are not 
hindered by any other impediments. For, because the motions are 
equally changed, the changes of the velocities made towards con¬ 
trary parts are inversely proportional to the (masses of the) bodies.” 


The first two laws are, then, clear restatements of definitions or 
experimental truths already agreed to about the motion of “a 
body ”. The third law states how all this is relevant to the practical 
problem of one body acting on another. Newton proceeds to deduce 

as corollaries of these laws : 

(1) The parallelogram of velocities rule. 

(2) The rules for the composition and resolution of forces. 

(3) The law of conservation of momentum : “The quantity of 
motion, which is obtained by taking the sum of the motions directed 
towards the same parts, and the difference of those that are directed 
to contrary parts, suffers no change from the action of bodies among 
themselves.” This is deduced, using his argument, on page 84. 

(4) The common centre of gravity of a system of bodies not sub¬ 
ject to external forces is either at rest, or moves uniformly in a 


straight line. , 

(5) The motions of bodies within a given space are the same 

whether the space is at rest, or moving uniformly without rotation 

in a straight line. u _, 

(6) The relative motions of a system of bodies are unaltered if 

each is given the same acceleration in the same direction. 

The laws are also applied to the motion of simple machines, and 
is deduced that in the absence of friction the mechanical advantage 
of a machine (p. 139) should equal the velocity ratio 
Newton emphasises several times that the three a 
on experiment, and he follows by describing experiments (first 
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performed by Wren and others) which he did with a pair of pendu¬ 
lums 10 ft. long to test the equality of action and reaction, by observ¬ 
ing that momentum was conserved on collision. The experiments are 
of the same type as that described on p. 83, but it should be noted 
that Newton made his measurements with much greater care than 
we should use in a demonstration, and corrected scrupulously for the 
effects of air resistance. He used “ unequal as well as equal bodies ”, 
and this raises an interesting point; if it is only possible to compare 
masses by “ the changes of the velocities made towards contrary 
parts being inversely proportional to the masses of the bodies ”, it is 
doubtful whether anything more than self-consistency can be taken 
as demonstrated. Again, that mass is proportional to weight follows 
from the first two laws, and if we use this to compare masses by 
weighing we compare the forces they exert on some other body and 
thus invoke the third law ; but if Newton is using his “ quantity- 
mass , which means that the masses of, say, two lead spheres are 
proportional to their volumes, then this difficulty disappears. 

These extracts from the “ Principia ” may well conclude with 

Newton s account of his investigation of the behaviour of different 
materials on impact. 


‘ Bl J t to prevent an objection that may perhaps be dllcged against 
the rule, for the proof of which the experiment was made as if 
rule did suppose that the bodies were either absolutely hard or at 
£ast perfectly elastic (whereas no such bodies are to be found in 
Nature), I must add, that the experiments we have been describing 

i^ofi" 8 dCp l nd !!’? T™ that q ualit .V of hardness, do succeed as 
well m soft as in hard bodies. For if the rule is to be tried in bodies 

not perfectly hard, we are only to diminish the reflection in such a 
thetheorv^fw” 88 ^ ^ antit J' of the elastic force requires By 

this may be affirmed with more certainty of bodies pe fecUv elasS 

uss trsrf - f ■££ 

parts of bodies are bruised by their impact or suffiff P T the 

tension as happens under ^strokes 7a hammer 

sw sfis&s « Eis s 

’ raaae U P tightly, and strongly compressed. For, first 
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letting go the pendulous bodies, and measuring their reflection, I 
determined the quantity of their elastic force ; and then, according 
to this force, estimated the reflections that ought to happen in other 
cases of impact. And with this computation other experiments 
made afterwards did accordingly agree ; the balls always receding 
one from the other with a relative velocity which was to the relative 
velocity with which they met as about 5 to 9. Balls of steel returned 
with almost the same velocity ; those of cork with a velocity some¬ 
thing less ; but in balls of glass the proportion was as about 15 to 16. 
And thus the third Law, so far as it regards percussions and reflec¬ 
tions, is proved by a theory exactly agreeing with experience.” 

The result here stated, that the relative velocity after impact is 
proportional to the relative velocity before impact, is known as 
Newton's experimental impact law. 


Some Problems on the Laws of Motion 
First it is necessary to be clear as to the exact meaning of the 
terms, “ reaction ” of Law III, and “ external force ’ of Laws I and II. 

A body experiences a iveight, which is the pull of the earth on that 
body. The equal and opposite reaction to this is the pull of the body 
on the earth, acting at the earth’s centre of gravity. If its weight W | 
is the only external force acting on a body, that body of course is 
accelerated dowmvards. If the body rests on a table or the floor or 
other support, it may remain at rest because another external force 
the upthrust F t of the floor—is acting, and because it happens that 
this exactly balances the other external force—the body s weight. 
We may call F f a reaction, but we deduce its value by applying 
Law I and Law II to the body, not by applying Law III to the 
system body-floor ; W j and F t both acting on the body are two ex¬ 
ternal forces, and not “ action and reaction ”, nor need they m general 
be equal and opposite. They will not be equal and opposite it 
the body is accelerating, as may happen if the floor is the floor o 
a lift in motion, for then the resultant of F f and W j (either 
{F - in i or (W - F) X ) is the external force that accelerates the body. 

Action and reaction are equal and opposite, and act on 
bodies. The floor experiences a downward force F * , which l «• m aU 
circumstances equal and opposite to the upthrust F\ on the body . If 
we wish to consider the behaviour of the floor tins » « 
force acting on it. If we consider the body and floor together as 
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single system, then the two forces F f and F | cancel one another 
as internal forces ; that is, they are forces arising within the system 
between its parts, and not external forces impressed on tlie system 
from without. But theweight W j of the body is still an external force, 
and always will be, except in cases where we are considering the 
motion of the earth in the solar system, when the attraction between 
the earth and a fragment of its surface do cancel out as internal forces. 

It may seem that, if F | and F | cancel out as equal and opposite, 
it is futile to consider them at all. This is quite true, unless we are 
concentrating on either the body or the floor. But if we are con¬ 
sidering the motion or rest of the body, we must consider only the 
forces that act from without on the body, and we must take care to 
consider all the external forces of which F | is one. 

It will be easier to understand the real point of the foregoing 
after one or two examples have been considered. 

Laws of motion applied to the trolley. Let M gm. be the mass of a 
trolley, actuated by the weight of a mass m gm. on a string over a 
light “ frictionless ” pulley (as on page 63). 

The forces acting on the system from without are the weight of the 
trolley, M gm-wt., acting downwards, and the upthrust of the 
plane on the trolley, which is equal and opposite to this ; and 

the weight of the suspended mass, which is not opposed, and is 
m gm. wt. = mg dynes acting on w. 

The total mass accelerated is (M + ?«) gm. 

Using the equation F = ma, 

mg = (2I +m)a. 


Then 


a = 




“ - (J/^) cm * P er sec - per sec. 

Her e the system has been treated as a whole, and the external 
force acting on the system (the weight of the hanging mass) has 
been the only force it is necessary to consider. 

If we Irish to consider the motion of either m or if separately it 

stitoT""* t0 takC mt ° aCC ° Unt the tension in the string. This 

e uafand" a V ,pward force of T d J™s on the mass m; an 
equal and opposite reaction, the effect of m on the strina t 

m,tted through the string as a tension round Z ^Tu'd' SS 

to if horizontally. Considering the two bodies separate^ . “ 
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Form, mg-T = ma, ...(1) 

For M, T-Ma .(2) 


Now, as both bodies have the same acceleration, eliminating T be¬ 
tween equations (1) and (2) gives as before, 


mg 

g = ; T > - ? —r cm. per sec. per sec., 
(M +m) 

while substituting for a in either equation gives 

T = \ dynes. 

(M +m) 


Equations (1) and (2) can also be considered with reference to the 
Third Law. It is often said that the product (mass x acceleration) of 
an accelerated body is a “ kinetic reaction ”, or a reaction due to the 


inertia of the body. 



Atwood’s machine. 


This concept is of great use in some more 
advanced work, where it often appears rather 
as a mathematical device ; the reaction is 
real enough, but it does not act on the body. 

The reaction to the pull T of the string on 
the trolley is an equal and opposite force T 
exerted by the trolley on the string. Action 
and reaction are equal and opposite , and act on 
different bodies. 

We can say quite correctly, when applying 
the Second Law, either : 

(a) considering the trolley, an external force 
T gives an acceleration a-> such that 
T = Ma ; or, 

(b) considering the string, the inertia of the 
trolley M gives a reaction T <- on the string, 
such that Ma = T. This reaction is experienced 
and felt if we try to accelerate the trolley 
by hand—and is the basis of our concept of 
inertia. But it does not act on the trolley 
from without; it is directed onto an externa 
agent from the trolley. 

Laws of motion and Atwood's machine. The 
diagram illustrates the principle of Atwood s 
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machine, an apparatus which has the same essential features as the 
trolley (p. 63). Two masses M y M, of equal value, are connected 
by a light string passing over a light “ frictionless M pulley. A small 
rider m rests on one of the large masses ; this is so shaped that 
it can be removed by a platform placed at any chosen distance 
from the start of the motion. The idea is that after the removal 
of the rider, the velocity acquired while it has been causing acceler¬ 
ation persists steadily, and can be measured, whence the acceleration 
can be calculated. Thus, with means of applying a known force 
to a system of known mass, and of measuring the acceleration, the 
laws of motion can be investigated. Details of the experiments 
possible with this machine will be found in the text-books on Prac¬ 
tical Physics ; here it is only proposed to show how the laws of 
motion are exemplified by it. 

As with the trolley, the system can be treated as a whole, when 
the external force is the weight mg dynes of the rider, and the 
acceleration is found (using F = ma) to be 

mg 

° ~ 221 + m Cm * per sec - P er sec * 


Or, the tension T djmes in the string leads to 

(J/ + m)g-T = {M+in)a, 
and T - Mg = Ma, 

giving the same result for a when T is eliminated, 
be calculated by eliminating a. 


and enabling T to 


The man in the lift. The previous examples applied the laws to 
motion relative to the room. An external observer will apply them 
similarly to the motion of a man in a lift. The passenger may also 
apply them to Ins observations of motion relative to the lift. ' Both 

mot o m n entS c g on V s e d COnSiStent "?“*■ ^ IaWS are «*"■ of relate 

of a Uft whieb 8 “ an , W standin 8 the floor 
ol a lift "Inch is moving with acceleration a cm. per sec ner sec 

Ut iTd™« be th SUrr0Um ! ingS ' rcckoned as positive if upwards^ 

Xr -Z p ,8? " P “" i — (~ 

““ir ”• dj ~ “ d **-■ 
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(R-mg) = ma 
R = m (g+a) 


(mg-R) = mb 
R = m (g-b) / 


(mg-R) = 0 
R= mg / 


Experiences of an observer travelling in an accelerated lift. 


Using F = ma, 

(R - mg) = ma, 

so R = mg + ma=m(g + a) dynes. 

If a is negative, say ( -b), then R is m(g -b) dynes. 

If a is zero, that is, the man is either at rest or moving with uni¬ 
form velocity, then R =mg. 


The laws in the accelerating lift. What will be the experience of 
an observer in the lift, who takes the term “ rest ” to mean rest 
with respect to the lift ” ? He drops something, and finds that it falls 
freely with acceleration (g+a) instead of g cm. sec.- 2 . Applying the 
laws of motion, he says its weight is mass x (g + a) dynes. His own 
weight becomes m(g+a) dynes. Thinking in terms of statics, he 
regards the upthrust of the floor on his feet as the external force 

applied to balance his weight and keep him at “ rest . 

Similarly, if the acceleration of the lift is b cm. sec.- 2 downwards, 
his “ 0 ” becomes (g-b); and his weight m(g-b) dynes j. In 
particular, if b =g, he will observe no acceleration of a freely fa g 

body, which will appear to be weightless. irv 

Problems on the behaviour in the lift of a pendulum, ry 

barometer, or an Atwood’s machine or other device <ire^con¬ 
veniently solved from the point of view of the observer m t^ hft by 
using in place of g, his observed value for the acceleration relative 
to him of a freely falling body. This is one of the few cases in which 
it is wise to abandon the viewpoint of the “ fixed ” external observe . 


MOTION IN A CIRCLE 


Motion in a Circle 

A body describing a circle with uniform speed. Consider a body 

of mass m gm. describing a circle of radius r cm. with uniform speed 
v cm. per sec. 1 

The acceleration of the body towards the 
centre 0 of the circle is 

v 2 /r cm. per sec. per sec. 

Using F = ma, the body must be experi¬ 
encing a force 

v 2 

F = m- dynes towards the centre 0. 

Thus, in order to maintain the motion of 

the body in a circular path, an external force m ®»/r dynes must act 

upon the body from without, and this force acting on the body is 

directed towards the centre of the circular path (Newton's “ centri- 
petal force ”, p. 71). 

There must also, of course, be no resultant external force in the 
direction of the path, which is at each instant tangential to the 
circle. So the centrally-directed force must be the only force, or must 

Without ^ ° f ^ thC f ° rCeS ’ aCting Up ° n the bod >’ from 



Note carefully the steps of this argument. We know the body 
has an acceleration towards the centre of the circle ; we know that 
the force responsible for this acceleration is in the same direction as 
.e acceleration ; so the force acting on the body is directed towards 

udeof [h ° f^ CirCle ' 2 ThC SeC ° nd Law g-'es the malt 

ch-cle aS ,r abS0 ’ Ute units - towards the centre of the 


.scribintit,; ! n , ° an p0ssibl .v act the body de- 
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a force mv 2 /r towards the centre of the curve; the rails experience 
an equal and opposite reaction mv 2 [r directed outwards from the 
centre of the curve. 

Part of the confusion to which this matter gives rise is due to 
faulty analysis of our own experience. If we hold a stone on a 
string, we exert an upward pull, which we can feel. As explained 
on p. 74 this is not a reaction to the weight of the stone, but a 
deliberately applied external force which, together with the weight, 
maintains the stone at rest. If we whirl the same stone round so 
that it describes a circle, we exert an inward pull, which we can feel. 
This is not a reaction to any action of the stone, but a deliberately 
applied external force which is not balanced, and which maintains 

the circular motion. 

A second cause of difficulty is, that some problems (as, for example, 
on the stability of a vehicle) are readily solved by the methods of 
statics (p. 104) for which the first requisite is that the body concerned 
shall be at rest. This is conveniently achieved by supposing that 
the external force responsible for maintaining motion is annulled by 
an equal and opposite force for the sake of the problem—that is, the 
motion is “ arrested ” by the application of an imaginary force mv 2 \r 
acting outwards. There is no objection to this, except that in simple 
problems it is an unnecessary artifice ; but we cannot have it both 
ways. If a force mv 2 /r acting outwards is applied to the body its 
revolution ceases ; so long as it is moving in its circular path the 
resultant external force acting upon it is nw 2 lr directed towards the 

centre of the orbit. 1 

These points are considered in greater detail on p. loo. 


Law of Conservation of Momentum 
Interactions between the members of a system produce accelera¬ 
tions in the individual members, but the system as a whole - 
• closed system ’’-that is, not acted on by any external forces 

unaffected by them, as the First Law Mot ‘,° n "‘f^lsee diagram) 
Consider as the closed system, two bodies A and ( 8 J 
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of these forces will not be constant over the whole interval, but we 

can represent it by the average value F, being sure that as action and 

reaction are equa and opposite at eacl, instant, the average values 
are also equal and opposite. fa 

The force experienced by A due to B, is F dvnes ^ ■ 
the force experienced by B due to A, is F dynes -> ’ 

The impulse experienced by A is Ft sec. dynes • 
the impulse experienced by B is Ft see. dynes ’ 

By the Second Law, 

the change of momentum of A is Ft sec. dynes or 
Ft sec. dynes taking the direction as positive ■ 

The t ?T S0 ' nomentum B is Ft sec. dynes 

The total change of momentum of the system A and B together in 

the -> direction, is (Ft-Ft)= 0. ' ° er ’ in 

The same argument, based entirely on the Laws of AW 

not necessarily involving the nature of the bodies or the actuaUype 
Of interaction, must apply to any kind of inw. *• i * 

For any closed system, the total momentum of all th* • 

is unaltered by any interactions between those parts TU"is' 
servation of Momentum. P ‘ Ti ^ s the Law of Con ' 

membersfdo ^ ^ 

and reaction which are internal for^for the * 1 * 1 ^ ^ aCti ° n 

The Law of Conservation of Momentum i«* n 3 
extension of the Laws of Motion, for“L so ^ " 


N.P. 
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(i) The exact nature of the interaction need not be specified ; 

(ii) the actual value of the force involved in the interaction between 
two bodies is not required ; and 

(iii) this Law is universally applicable wherever the Laws of Motion 
are themselves relevant. 


The shot-and-gun problem. A gun of mass M gm. fires a shot of 
mass m gm. The velocity of the shot is v cm. sec. -1 —>, and that of the 
recoil of the gun V cm. sec. -1 . Before firing, the total momentum 
in the -> direction is zero. After firing, momentum of shot is mv ; 
momentum of gun is M V<- or — M V-> ; so, as the total momentum 
in the -> direction is unchanged, mv - MV — 0. 


Experimental test of the Law of Conservation of Momentum. The 
ballistic balance (or ballistic pendulum) consists of two rectangular 
platforms, A and B (see diagram), each carried by four strings of 
equal length, so that they are effectively two pendulums constrained 
to swing in the same plane. Each carries a pointer which moves 
over a horizontal scale. Two points about the apparatus, both 
involving theory which is dealt with later, should be noticed now. 

(1) The period of a pendulum of given length is the same whatever 
the arc of swing, if this is not too large ; thus both platforms, when 
pulled aside and released, take exactly the same time to reach the 
lowest part of the swing. Hence, if they are pulled aside to different 
distances, and released simultaneously, they both reach the zero, , o 
the scale together, and collide there. We know exactly where they will 


collide if they are released together. 

(2) It is shown later (p. 124) that the horizontal velocity, v, with 
which a pendulum-bob moves at the bottom of itc> swm® w F* - 
portional to the square root of the vert cal heigh , A. hrough 
which it has descended, for «* = 2 gh. If 1 « the ength of the 
string, and z the horizontal distance through which .he bob is 
displaced prior to release, then h (2 1 - h) = *», by the geometry of the 

aside to a horizontal distance the velocity with which it encoun 
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ters the other at 0 is proportional to ; conversely, if after impact 
the platform swings out to a horizontal distance x 2 before coining 
momentarily to rest, the velocity with which it set out from O is 
proportional to x 2 . 

The collision-surfaces of the two platforms may be fitted with 
needle-points so that on colliding the two adhere, or may be faced 
with rounded metal studs so that they rebound after collision. 

Let M l be the mass of the left-hand platform A and its load, 
M 2 the total mass of the right-hand platform B. Both are pulled 
aside by means of a cotton thread, which runs through two loops in 
the frame, and is pulled tight. The distances x and y of the indexes 
of A and B from the scale zero are recorded. The thread is burned 
through ; the platforms collide at 0, and if the surface is prepared 
for this purpose, they stick together ; the pair swing out to the right 
to a distance z. 

As horizontal displacements are proportional to velocities at the 
lowest point of swing, x, y, and z can be taken to represent (in un- 
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stated units) the horizontal velocities of A and B before collision, 
and of the combined AB after collision. 

Let the positive direction be that outwards to the right of 0 . 
Before impact: 

momentum of A = M x x units -> ; 

momentum of B — M 2 y units ■<—, = — M^y units -» ; 

So, total momentum of the system in the -* direction is 

{M x x-M&) units. 

After impact: 

momentum of A and B together = {M X +M 2 )z units —>. 

If the Law of Conservation of Momentum is true, 

(M x x - M&) - [M 1 + M 2 )z = 0. 

Changing the collision surfaces so that rebound occurs, the hori¬ 
zontal displacements x' and y' of A and B after collision can be 
observed. Suppose, as will often happen in an experiment, that 
these displacements are on opposite sides of 0, say x' to the left 
and y' to the right. 

In this case, the momentum of the system before impact, reckoned 

as before, is {M x x — M$) units , 

After impact, momentum of A is M x x' units i* umts * 

momentum of B is M^y' units —>. 

So, total momentum after impact is 

{M#' - M x x') units 

and, if the Law of Conservation of Momentum is true, we should find 

{M 1 x-M 2 y) - {M^y' -M^') =0. 

or, rearranging this expression, {y+ y , )/{x+ x') =MJM 2 . 


As mentioned on p. 73 our view of this experiment depends on 

whether or not we are able to evaluate the ratio Jf^f* 

ently. If we suppose that this can be done, then the law of con 

servation of momentum has been demonstrated. 

Some teachers approach the matter in this way . . if 

laws of motion, we can find MJM 

assume the laws of motion, we can find ^ 

balance ; the two values for MJM 2 agree, so 
consistently when we apply them. 
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Comments on the Laws of Motion. Sir Horace Lamb (following 
Clerk Maxwell) says that the real evidence for the correctness of 
these fundamental principles lies in their self-consistency. They 
cannot be tested singly, only as a whole, and Lamb suggests the 
following imaginary chain of operations : 


1. Suppose we have the means of applying a constant force. 

2. We observe this gives a certain acceleration to a body A. 

3. We observe this gives different accelerations to different bodies 
B,C, .. . , etc. Hence we are aware that the bodies differ in some 
respect which we call mass. 

4. By finding two bodies to which it gives the same acceleration 
we obtain equal masses. If masses are additive as scalars (and here 
we are assuming Newton’s definition really), we can make multiples 
of 2, 3, . . . times the mass of A. 

5. And then show that the accelerations produced in different 
bodies by the same force are proportional to 1/mass. 


Sir Edipund Whittaker, in “ Analytical Dynamics of Particles and 
Rigid Bodies ” (Cambridge University Press), states the laws of 
motion in the following form : 

“If any set of mutually connected particles are in motion, the 
acceleration of any one particle is the resultant of that which it 
would have if it were perfectly free, and the acceleration along the 
lines joining it to the other particles which constrain its motion 

To several particles A, B, C ... numbers m At m n , m c are to be 
assigned such that the acceleration along AB due to the action of B 
on A and the acceleration along BA due to the action of A on B are 
m the ratio m R : m A . The ratios of these numbers are invariable 
physical constants of the particles. Only the ratios are determin¬ 
able by this law ; it is convenient to take some definite article A 
as standard, calling it the unit of mass, and then to call the ratios 
™cl m Ai etc., the masses of the other particles X. 

The ratio ™Blm A is in fact equal to the ratio weight of BI weight of A. 

w° f t j e i C< J mp ° Und P article formed by uniting two or more 
particles ^ ^ ^ GqUal t0 the SUm ° f the masses of the separate 

^ an accelera tion represented by a vector/is induced 

force du r eto e thk maSS ™ ? any ag , enCy ’ the Vect0r m f is caUed the 
iorce aue to this cause actmg on the particle.” 

It thus appears that there are three simple direct mechanical ways 
ol comparing the masses of two bodies A and B. 
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(1) = volume of A/v olume of B, 

which follows from Newton’s definition, and is only true if they are 
of the same material (or of the same density). 

(2) m A lmj} = acceleration of .^/acceleration of A, 

which follows from the laws of motion, and is only true if they are 
experiencing the same force (or equal forces). 

(3) m A \m B = weight of .4/weight of B } 

which follows from the laws of motion and of gravitation, and is only 
true if they are at the same place on the same planet. 

That all three methods do give the same value for the ratio is, of 
course, what ordinary experiments all reveal. And if the equivalence 
of the ratios (2) and (3) is held to demonstrate the consistency ot 
Newton’s laws, reinforcement by the ratio (1) surely justifies his 

■ “ quantity-mass ” concept. 


EXAMPLES ON CHAPTER 3 
(Take g as 981 cm. sec. -2 or 32 ft. sec. -2 .) 

1. Prove that for uniformly accelerated motion in a straight line, the 
distance s covered in time I by a body moving with initial velocity u an 
with uniform acceleration f is given by 

s=ut+$ft 2 . 

the motion and calculate from the graph (or otherwis ; ^ & C.) 

travelled by the lift. 

2. State Newton’s Laws of Motion. ... « collide. Show 

ho^r^^^ ^ s-* - 

momentum. . , „ at a distance of 9 ft. 

A body of mass 15 lb. is placed on a l^nffover the edge with a 
from its edge, and is connected by a eleration of the two bodies, 

th 3 Scribe an experiment to show that the acceleration of a body is 
proportional to the force acting on i . Calculate the force exerted 

on^hTmant^eirof W «ffTg 

(6) downward, with an acceleration of 2 ft. per sec. pe 
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4. Distinguish between the average velocity of a moving body and its 
actual velocity at a given instant. 

Draw the shape of the velocity-time graph for a body moving with 
uniform acceleration and deduce from it the distance travelled by the 
body in a given time. 

The speed of a train is reduced from (50 m.p.h. to 30 m.p.h. in 880 yd. 
If the retardation remains constant, how much further will the train 
run before coming to rest? (O. & C.) 

5. Define acceleration. How is it related to the magnitude of the force 
producing it? How would you demonstrate this relationship? 

A barrel weighing 100 lb. is being pulled up a smooth plane inclined 
at 30’ to the horizontal by means of a rope which is parallel to the sur¬ 
face of the plane. If the tension in the rope is 130 lb. wt., what is the 
acceleration of the barrel? (O. & C.) 


G. State Newton's Second Law of Motion, and show how it can be used 
to define a unit of force. 

A balloon and contents of total mass 2000 lb. are falling freely with an 
acceleration of 2 ft. per sec. 2 . Find the change in the vertical motion 
after 125 lb. of ballast have been thrown out. Neglect air friction. 

(O. & C.) 

7. What do you understand by the acceleration due to gravity? 

How may the acceleration due to gravity at different places be com¬ 
pared ? x 

From a balloon ascending with a vertical velocity of 1G ft./sec., a 

f W ?i C u h r 1 ea , < ; heS th f £ round in 10 sec - fleeting friction, 
find the height of the balloon when the stone is released. (O. & C\) 

betwe^n^hem^’ accderation ' and state any relationships 

A train of mass 100 tons, initially at rest, is subjected to a steady 
driving force of '00 lb wt. for 2 minutes, and subsequently to a steady 
retarding force of 200 lb. wt. Draw a velocity-time graph for its motion 
and determine the total time during which it is in motion and the dis¬ 
tance travelled in this period. (O & C j 

fo.L™ a f ::^N”LalTM:?'r o/ and sw h °"- 

If a force of 10 lb. wt. acts steadily on a mass of 1 ton how lorn? will 
elapse before the mass has moved 14 ft., if it starts from rest? (O. & C.) 

TwJi hat d ° y ° U understand by uniform acceleration ? 

oofZtrTe th ° ^ * 

a l^gM rO o P M n 600 y ft 8 Find°th« ** ?\° ft ', per sec ' releases a b °mb at 

(O.) 
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11. State Newton’s Laws of Motion. . _ ,. 

A wooden block, of mass 5 lb., is pulled along a rough horizontal table 

by means of a string parallel to the surface of the table, which passes 
over a light frictionless pulley at the edge of the table and carries a 
weight of 3 lb. The resistance offered by the surface of the table to the 
mofion of the block is 2 lb. wt. Calculate the acceleration with which the 

block moves. 

12. Two masses, each of 200 gm., are attached permanently to the 
cord (or ribbon) of an Atwood’s machine, so as to hang on opposite sides 
o? the pdley. Calculate the acceleration of the system when a rider o 
mass 10 gm. is placed on one of the permanent masses. 

13. A trolley trace [similar to that of the figure of p. 63] ^ taken 
with the spring making one complete vibration in 6 - second. Starti g 
with JSTJ distance from the beginning of the trace, the 

following measurements were taken : 

Measurement AB AC AD AE 

Distance in cm. 10 0 18-5 25-5 31 0 35 0 37 5 


AX VV V ^ ^ — 

Show that the retardation is uniform, and find its value. 


(O.) 


14. Explain what is meant by ““''fw^body which starts 

■TbS;~s",u‘s..... wfs 

acceleration of 20 ft. per sec. pe h find (a) the time taken 

the first 5 secs, of its motion, and from thegraph^hndl > (0 .) 

to travel 100 ft., (6) the velocity after it has travelled 

15. What is meant by uniform a™**™ 1 '™! falling body moves with 
Describe an experiment to show that a freely lauinfe 

uniform acceleration. nf mass 490 gm., are attached to 

Two metal cylinders, A a £ d ® ac a ligh t frictionless pulley as 

thering> (ii) t0 tr <- 

the next 50 cm. after the removal of the rider OTofmotio n respectively 

16. Explain how Newton’s ' measur ed. Show that the 

define force and f 6 ,"'“ y “'" d 'i^of conservation of momentum, illus- 

tratfng a yoin a answer by two practical examplM. wound 

tF A chain hanging vertically and weighing 3 l^pert ^ coiled on the 

-—* - *** at the po 
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where it first makes contact with the drum, varies with the length of 
the unwound chain as the last 40 ft. are being wound up. Use the 
diagram to deduce the total energy required for this operation. Show 
on the diagram how much of this is potential energy, and explain what 
fcyin the remainder of the energy takes. (N.) 

17. Sketch (a) a velocity-time graph and ( b) a distance-time graph for 
a body moving with uniform acceleration. Explain how the distance 
travelled in a given time can be found from the first graph. 

Starting from rest a body slides down a smooth inclined plane. It 
acquires a velocity of 8 ft. per sec. after travelling 2 ft. What is its 
acceleration and what is the inclination of the plane to the horizontal? 

(O. & C.) 

IS. Show that, under certain ideal conditions, the path of a particle 
projected near the surface of the earth is a parabola. Find the range of 
a particle projected from the surface of the earth with velocity v at an 
angle a to the horizontal. What factors affect the result in practice? 

An aeroplane flies at a height h at a constant speed u in a straight 
horizontal line, so as to pass vertically over a certain gun. At the 
instant when the aeroplane is vertically over it, the gun fires a shell 
which hits the aeroplane. Neglecting the effects of the atmosphere, 
deduce the minimum muzzle velocity of the shell and the correct angle 
of elevation at this velocity. (O. & C\) 

19. A coach is slipped from a train travelling uniformly at CO miles per 

hour when the train is one mile from a station. If the coach is uniformly 
retarded so as to stop at the station, where is the train at the moment 
the coach stops at the station? (C. S.) 

20. An aeroplane flying horizontally at a uniform speed drops a bomb 

at a target one mile away horizontally. The bomb when it strikes the 
target is moving in a direction making an angle of GO 0 with the hori¬ 
zontal. Find the height and speed of the aeroplane. (C. S.) 

21. Describe the ballistic balance (or ballistic pendulum), and explain 
how you would use it (a) to compare the masses of the suspended bodies, 
(6) to verify Newton’s experimental impact law. 

22. In an experiment with the ballistic balance, the angular displace- 
ments from the vertical of the strings supporting A are a before and B 

after collision, both to the left ; for B the corresponding angles are 0 and 
<f>, both to the right. 


Show that the ratio 


mass of A 
mass of B 


■ v . d> 

sm- + s,n| 

T7 

sin - + sin | 


an 


of the relative velocity after impact to the relati\ 
impact. 


find the ratio 
velocity before 
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EQUILIBRIUM 


A body at rest or in uniform rectilinear motion with respect to the 
surroundings, which we suppose to be fixed, is said to be in equilibrium. 

Considering the body for the moment as equivalent to a single 
massive particle located at its centre of gravity, it follows that if it 
is at rest there can be no acceleration of the centre of gravity in any 
direction, and hence no resultant force in any direction. It would 
be easy to say that equilibrium is simply a state in which no external 
forces act on the body ; but we cannot imagine a body on which no 
external forces act. What happens must be that the external forces 
acting must together combine to give a zero resultant. 

However, the external forces acting on an actual body are not 
(except in certain important particular cases) necessarily concurrent, 
and it is only rarely that their lines of action will all pass through the 
centre of gravity. But it has been seen (p. 50) that a force applied 
anywhere on a body can be regarded as applied at the centre ol 
gravity if it is supplemented with an appropriate couple to com¬ 
pensate for this shift. Let us suppose this done, and again examine 
the body, still in equilibrium with no angular acceleration (p. 155). 
The moments of the introduced couples must just balance one another. 
Any point can be regarded as a possible axis about which rotation 
might conceivably occur, but does not. So the algebraic sum of the 
moments about any axis of all the external forces acting on a body m 


equilibrium must be zero. 

Whenever equilibrium occurs, these two conditions 

(1) resultant force zero, 

(2) resultant moment about any axis zero, 

must always be satisfied by the external forces. The.secondl really 
includes the first, for if a body rotates about any fixed axis not 
passing through the centre of gravity, the latter must necessarily be 
displaced by a resultant force ; absence of resultant moment abo 
any axis therefore implies that the resultant force must be zero. 

90 
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The foregoing should be thoroughly understood before any attempt 
is made to solve problems on equilibrium. It is not pretended that 
such problems are ever easy, for as a rule they require concentration 
on two things at once, namely, the essential physics of the problem 
and the mathematical calculations resulting therefrom. The 
former is bv far the more difficult to achieve : and the student is 
recommended to think carefully what is happening, to consider the 
problem in terms of the principles outlined above, and to bring his 
own common-sense to bear on it, before writing down any equations. 

Two simpler cases will be considered in detail before discussing 
the general problem of a body at rest under a number of external 
forces. 


Two Forces 

Equilibrium under only two forces. For a body to be in equili¬ 
brium under two external forces : 

(a) they must be equal and opposite, otherwise they have a 
resultant which is not zero. (They can not be the “action and 
reaction of Newton s Third Law, of course, since action and 
reaction in that case act on different bodies.) 


(b) they must have the same line of action (though directed in 
different senses along it), otherwise they would, if satisfying (u), 

constitute a couple, and so their resultant moment about any point 
would not be zero. 

Consider the very important practical case of a body held at rest 

by an external upward force U. By (a), this must be equal in 

magnitude and opposite in direction to the other external force 

acting on the body, namely, its weight W ; and by ( b) the line of 

action of U, like that of W, must pass through the centre of gravity 
G, ot the body. J 

This can be achieved in two ways. The first (see p. 92, Fig. a) has 
the external upward force applied at a point 0 vertically above G bv 

Ittlched t 6 n y rT Sm ° 0th P ivot at 0 “ hanging it from a string 
attached to O. In this case, if the body is displaced slightly from the 

equiUbnum position, W and V are no longer colhnear, and form a 
said to “f, reSt ° re equiUbrium - Eq-^briuni in this case is 

In the second way, V is applied at a point below the level of G. 
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Restoring 



In Fig. b is shown a case satisfying both conditions for equdrbnum 
but (if 0 is a smooth pivot) a very small displacement causes IF a d 
U to form a couple which increases the displacement. This equ 
brium is called unstable. If we say, as is usual that unstable equ 1 - 

brium exists when the condition can be destroyed by ^ sma “ a 
ment the question arises, how small ? Mathematically, the test lor 

unstable equilibrium is an infinitesimal displacement but in aU 
practical cases a small finite displacement is needed. If ' ve ca " 
a lower limit to the displacement required to destroy equi > 

this's a so an upper limit to the range of displacements for * 
equilibrium is not" unstable-in other words, we are dealing with 

limited stability, and not instability. 



STABILITY 93 



Fig. c represents a body resting on a horizontal plane surface. 
Contact between the body and the plane takes place at a limited 
number of points, at each of which there is some contribution to the 
resultant upthrust V, the line of action of which passes through G. 

the body is slightly displaced, the only points of contact lie in the 
edge B and V is at once transferred to pass through B, so that V 
and IF constitute a couple. The body will return to the original 
position when released if the displacement has not taken G up to, 

to the ri b? f°rl r rtl , C n 6 thr ° Ugh the ed 8» B '*° passed 
to torn in th H l } thr ° Ugh B ' then the bod V continues 

ZEZ ScS of the d,spIacement until a ^w- 

brilim b an d d y “ “ reStS With . itS base ° n the pIane is in stable equili¬ 
brium and we can assess the degree of stability ; the greater the 

angle through which it must be displaced beLe equfhbrfum i 
destroyed, the greater the stability. 4 ,s 

For a symmetrical body, if A is the height 

of G above the base, and 2b the width of 

the base, the angle 6 through which it must 

be displaced before G is above B is given 

by tan e=b/h (Fig. d). We can speak of 

the situation of a body for which b is large 

and h small as being more stable than that 

of one for which 6 is small and h large • but 

we can scarcely call the latter strictly 

unstable. When G is actually vertically 
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above B , the conditions for unstable equilibrium obtain ; but in this 
case, unless the edge B has a finite area, equilibrium is not practicable; 
while if the area is finite we get equilibrium of a precariously limited 
stability. 

A further case is possible, in which the point of application of U 
is transferred so that after displacement U still acts through G ; for 
example, a sphere, cylinder or cone of uniform material on a 
horizontal plane surface, or a body supported on a smooth pivot 
passing through the centre of gravity. Here, the body neither 
returns to the original position after a small displacement, nor 
proceeds to a new position ; it stays displaced. This is called neutral 

equilibrium. 

Determination of the position of the C.G. of a thin sheet. Several 
small holes are pierced in various positions round the edge of the 
sheet, and the body is suspended from a suitable smooth pivot 
through one hole A ; a plumb-line of fine thread is attached to the 
same pivot. Both are allowed to swing freely, and come to rest. 
The direction of the plumb-line is marked on the sheet.. As the sheet 
is in stable equilibrium, the centre of gravity is vertically below the 
support, and thus somewhere along the plumb-line trace. Ihe 
process is then repeated, using a second hole B, about a quarter of 
the way round from the first. The two lines intersect at the centre 
of gravity, which must he on both. As a check, one or more 
additional suspension points can be taken, giving furt er es, 
of which will pass over the centre of gravity. 
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Three Forces 

Equilibrium under three forces. If three external forces maintain 
a body in equilibrium, we can imagine that two of them (P and Q) 
are replaced by their resultant R, so that the problem can be con¬ 
sidered in terms of only two forces, namely, this resultant R and the 
third force S. 

The resultant R of any two of the forces must thus be equal and 
opposite to the third force, and must act in the same line. From this 
it follows that the lines of action of the three forces must all lie in 
the same plane, for otherwise R cannot act along the same line as .S'. 

The lines of action of all three forces must either all be parallel, or 
ehe pass through one point. 

^ If P and Q are parallel, their resultant R is parallel to them ; so 
S, acting along the same line as R, must be parallel to P and Q. 

If P and Q are not parallel, their lines of action must intersect at 

some point 0 ; their resultant R must also pass through 0 (see p. 

40) ; but the third force S is equal and opposite to R, so its line of 

action must also pass through O. Thus all three lines of action are 
concurrent at 0. 

The two cases will be considered separately. 


Three parallel forces. The condition for the resultant force to be 

zero is that the algebraic sum of the forces must be zero ; that is any 

one force is equal and opposite to the sum of the other two ’ 

The condition for the resultant moment about any point to be zero 

is that the algebraic sum of the moments of all the forces about any 
point in the plane shall be zero. 


Example. A uniform beam AB, 12 ft. long weMrim? 50 lb 

^ th f T d A and at a P° int C which is 4 ftfrom B Find 
the reactions of the supports at A and C 

i. of »*"•«« ««»« 

all the forces acting on it; thus 

we put in the weight, acting h- 8' _j 

through the centre of gravity , 6' -1 

G at the middle of the beam, lx 1 Y 

and the upthrusts at A and C A (~ —^— I _ 

., _ ; we do not A I AC 1B 

consider the downward thrusts so ih 4 ^ 
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by the beam on the supports at A and C , for these act on the sup¬ 
ports and not on the beam. 

Let X and Y be the upthrusts at A and C in lb. wt. 

Then, by the first condition, 

X + 7 = 50. lb. wt. 

Taking moments about A, 

moment of 50 lb. wt. at G = 50 x AG ^ =300 lb. x ft. J . 

moment of Y at C = Y x AC =8 Y lb. x ft. . 

So the algebraic sum of the moments about A is 8 Y - 300, which is 
zero. Hence Y = 300/8 = 37-5 lb. wt., and X =50 - Y = 12-5 lb. wt. 

Three non-parallel forces. Consider the three forces P, Q, S in 
equilibrium, their lines of action intersecting at one point O. 

S must be equal and opposite to the resultant R of P and Q, 
represented by the diagonal OD of the parallelogram of forces OADB 
(see diagram) ; and as OD completely represents R, DO must com¬ 
pletely represent S. If we sacrifice the convenience of being able to 
represent the actual point of application of the forces, we can use 
half this parallelogram to represent P, Q, and S ; either of the tri¬ 
angles OAD or OBD will do this. Whichever of them is taken, it will 

be seen that the arrows all follow the same way round. 

Thus, three non-parallel forces in equilibrium can be represented in size and 
direction' (though not in actual point of application) by the three sides 



Triangle of forces. 
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of a triangle taken in order (that is, with the arrows following consecu¬ 
tively round). This is the triangle of forces rule. 

The condition for the resultant moment to be zero is auto¬ 
matically satisfied. For (p. 43) the moment of R about any point 
is equal to the algebraic sum of the moments of P and Q about that 
point; and as S is equal and opposite to R, the moment of £ about 
any point must be equal and opposite to the sum of the moments of 
P and Q about that point, brom the point of view of the solution of 
a problem, therefore, the moment condition gives no information 
not already available in the triangle rule, for it simply restates the 
essential data in another form. Thus, the triangle rule alone enables 
any problem on three non-parallel forces in equilibrium to be com¬ 
pletely solved ; but the use of the zero-moment condition gives a 
useful alternative approach. 


Problems on three non-parallel forces. The first essential is to read 
the problem carefully and note : 

(i) the body whose equilibrium is in question ; 

(ii) that only three forces act on that body ; 

(iii) exactly what these forces are : 

(iv) the point through which the three lines of action pass • this 

may be obvmus, or may have to be determined by finding the point 
at which two of the lines of action meet. 

Failure is usually due to misconception of the problem ; once 

stuldnol" 8 haVe bCCn Pr ° Perly th ° Ught ° Ut ' difficult >’ 

wi n t e " pe f n f ced f udent " m P--»'se and consider whether it 
1 be simpler to solve by taking moments ; or if, using the triancle 

' tnan 8 ,e 1S t0 be solved trigonometrically. In both these 
cases diagrams need only be drawn with the accuracy sufficient to 
ustrate the working. It is best at first, though, to acq“ ne 

Lst be n S U lEri Cal S ° ,Uti0nS ’ " hen tW0 Carefu! d * a 8 rams 

forces acting on the body must be shown, and 


N.P. 
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(2) The force triangle for the point O. A scale is chosen, and, start¬ 
ing with the known force, a triangle is constructed with its sides 
parallel to the forces of the space diagram. The force triangle may 
be superposed on the space figure, or drawn close by the side of it, 
constructing the parallel lines with straight-edge and set-square. 
The sides of the completed triangle should be arrowed in the direc¬ 
tions of the forces they represent, as a check that the triangle has 
been correctly drawn with the sides taken in order. The lengths o 
the sides then represent the magnitudes of the three forces. 


Example. A small ball, weighing 500 gm., is suspended by a 
thread from a fixed support; a horizontal force A is applied to the 
ball, so that the thread is inclined at an angle of 30 to the vertica . 
Find the value of X, and also the tension in the string. 

The ball is in equilibrium under three forces : its weight, 500' gm. 
wt., acting vertically downwards; the horizontal force X ; and the 
tension T directed along the string These all meet in a point O. 

The diagram shows the completed exercise. It wihben^edtht 
the force triangle is started with the known ioTce LM irimtthe 
point N is found by drawing from L and M respect^eiy lmes paranel 
to the other two forces. The sides MN and NL represent Aand ^ 
respectively, and these are measured and interprete g 

the chosen scale. ,,, T/r , f qn° 

Solving the triangle LAIN trigonometrically, as UNtoM - ta , 
and LiljNL = cos 30°, it is seen that X -BMUZ-m 
and T =2 x 500/^/3 = 577 gm. wt., to three s^ficant^ 

Alternatively, referring to the space diagra 1 , y t ^ us has n0 
about P (through which T passes and about 

moment), 
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X x PQ r ) - 500 x OQ J = 0, 

whence X is determined ; and taking moments about Q (through 
which A' passes, and about which it thus has no moment), 

TxQR' r ) -500 xOQ J =0, 

so T is calculated. 

It will be seen that, as OQ/PQ = tan 30°, and QR/OQ = cos 30°, 
the calculation is the same essentially as if the force triangle were 
solved trigonometrically. If the question had asked for the deter¬ 
mination of either T or X alone, instead of for a complete solution, 
this would have been the quicker method. It is a useful practice to 
look over the finished problem, after it has been solved graphically, 
and note the points that would have been selected to take moments 
about if this alternative had been used. 


Example. A uniform beam AB, 3 feet long, weighing GO lb., is 
hinged to a wall at A, and held horizontally by a string attached at 
B and joined to a point C in the wall 4 ft. vertically above A . Find 
the tension of the string and the reaction of the hinge. 

Considering the equilibrium of the beam, the three forces acting 

are: the weight, 60 lb. wt., acting vertically downwards through 

the mid-point G ; the tension T in the string, directed along BC * 

and the reaction R of the hinge on the beam, the direction of which 

is to be determined. Hinges are so designed that they can prevent 

motion in any direction at right angles to the axis of rotation, and 

hence the reaction may be in any direction required to preserve 

equilibrium with the other forces. But the lines of action of the 
weight, of T, and of R must 

all meet in one point; that is, 

the line of action of R passes 

through the point O at which 

the string BC and the vertical 

line through G intersect. 

The diagram shows the 
graphical solution. It has 
been necessary here to draw 
the space diagram to scale, so 
as to get the directions correct. 

As before, the force triangle 
for O has been drawn to scale 
starting with the known force. 

By calculation, it is seen 
that the force triangle LMN 
and the triangle CAO of the 




Space diagram drawn 
to scale. 


Force triangle 
for O. 
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space diagram are similar, whence 


T 

60 


LN 

LM 


OC 

CA 


25 




so that T = 37-5 lb. wt. ; similarly R = 37 5 lb. wt. 

To solve by moments, taking moments about A gives an equationlor 
T t while, taking moments about B, an equation for R is found. 1 e 
appropriate perpendicular distances are obtained from the space figure. 

Lami’s Theorem. In both the preceding examples, the triangle, 

having been drawn, was easily solved by calculation. In one case 

the properties of a right¬ 
ly X angled triangle were used, 

<x in the other case similar 
triangles. Lami’s Theorem 
is a rule for applying the 
“ sine formula ” to solv¬ 
ing the triangle without 
actually constructing it. 
The diagram represents 
the space diagram for 
three forces P, Q, S in 

equilibrium at 0 ; a is the 
angle between Q and S, 

R that between S and P, and y that between P and Q. In ‘ h ®J 0 "® 
triangle for O, with LM representing P, MN representing Q, 
representing S, « is the exterior angle at , P that at L, and y that 

at M. By the sine formula, 

LM MN _ NL _. 

sin (180° - a) _ sin (180 °- P ) sin(180°-y) 

whence, as sin (180° - <*) = sin a, etc., 

_ Q _ g_ 

sin a sin fi sin y 

or, each force is proportional to the sine of the angle between the other two forces. 

General Conditions for Equilibrium 

no longer operate ; for 


Lami’s Theorem. 
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(1) the lilies of action need not necessarily all lie in one plane ; we 
shall, however, restrict discussion to the case when all the lines of 
action are coplanar ; 

(2) if the forces are not parallel, the lines of action need not 
necessarily pass through one point. 

Any number of parallel coplanar forces acting on a body give 
equilibrium when 

(1) the resultant force is zero ; that is, the sum of the forces acting 
in one sense is equal to the sum of the forces acting in the opposite 
sense, or the algebraic sum of all the forces is zero; 

(2) the resultant moment is zero ; that is, taking any point in the 

plane, the algebraic sum of the moments of all the forces about that 
point is zero. 


Any number of non-parallel coplanar forces will not, in general, 

have their lines of action concurrent. But we can, as on p. 50, 

consider each force displaced so that the line of action passes through 

a chosen point, provided an appropriate couple is introduced to 

compensate for the shift. Suppose this done for all the forces, so that 

we have a set of non-parallel forces the lines of action of which all 

pass through one point 0, together with a compensating couple for 
each force. 

Consider the forces acting at O first. For equilibrium, their 

resultant must be zero : we have seen (p. 37) that the resultant of a 

set ot vectors drawn successively to scale is given by the closing side 

v Inch completes the figure as a polygon. If the resultant is zero 

th.s closln g side is zero ; that is, the forces must themselves be 

represented in size and direction by the sides of a closed polygon 
taken in order. 1 Jo ’ 

This is the Polygon of Forces rule : any number of non-parallel forces 
acting at a point and producing equilibrium can be represented in size and 
direction by the sides of a closed polygon, taken in order 

Thus the forces P, Q, R, S, T acting at O are represented to scale 
in size and direction by the sides UK, KL, LM, UN, NH of the 
closed polygon HKLMN (p. 102). 

a„dit S m n H 0t n 1W T- COnVenient t0 app,y this co "diti°n graphically 
and it may be put in another form. Choose any two axes X and ¥ 

at right angles to one another; suppose the'forces make angled 
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Polygon of forces. 


a, P, y> 8. € > respectively with the 
into its two components along the X 
can conveniently be marked off along 


X-axis. Resolve each force 
-axis and the Y-axis; these 
the axes for reference. Thus, 


along the X-axis : 

Component of P is P cos a, represented by ab 

Q Q cos p, bc 

R R cos y, ^ 

S S cos 8, 

'T T 7 cos e. ^ 


/ 




d b c 


Resolution along two axes at right angles. 
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Starting from a, and marking each component off, we end up 
again at a , so the algebraic sum of the components is zero. Similarly, 
along the }'-axis : 

Component of P is P sin a, represented by gli 


Q Q sin 0, hk 

R R siny, . kl 

S S sin 8, lm 

T T sin €, mg. 


Marking off from g, we return to g at the end, so the algebraic sum 
of the components is zero. 

Ihis must inevitably happen for any closed figure, whatever the 
number of sides. So the zero-resultant condition of the polygon rule 
can be restated in this form : 

Take any two axes at right angles to one another, and resolve each force into 

its components in these two directions. Then, for each of these directions 

separately, the algebraic sum of the resolved parts of all the forces in that direction 
is zero. 


Tlie condition that the resultant moment about any point must 
be zero, must now be considered. First, for the forces now collected 
at O as the resultant itself is zero, the algebraic sum of the moments 
of the forces at 0 about any point in the plane must be zero ; for 
algebraic sum of the moments of a set of forces is equal to the 
moment of their resultant about any point. But there are the com- 
pensating couples to consider. If there is to be equilibrium the 

the nhT SUm ° f n 6 m0ments of thesc tuples about any point in 
the plane is zero. Or, remembering that each force at 0 together with 

Its couple IS exactly equivalent to the force itself in its aetuaUine of 

;• Xt tu ofan the ^ a »° ut 

~-- - 

(1) the algebraic sums of the resolved parts of all the forces 

in each of any two directions at right angles 
are separately equal to zero ; and, 

(2) the algebraic sum of the moments of all the forces 

about any point in the plane is zero. 
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Necessary and sufficient conditions. It should by now be evident 
that the essential physics of equilibrium for coplanar forces is 

summed up in the two statements : 

(1) resultant force zero, 

(2) resultant moment about any point zero, 

with the understanding that (2) must essentially include (1). We 
have seen the conditions that must necessarily hold with two, three, 
and any number of coplanar forces ; but the minimum number of 
conditions required to ensure the satisfaction of (1) and (2) will be 
sufficient to enable us to describe the equilibrium completely and to 
solve any practicable problem. In other words, it must be remem¬ 
bered that the necessary conditions contain a wealth of information, 
and that if we try to employ all possible data aU the time, we shall 
have more at our disposal than suffice for the task in hand. 

For example, for equilibrium with three non-parallel forces, the 
forces must necessarily be coplanar and concurrent; must necessarily 
be represented by a closed triangle ; and must necessarily have the 
moments about any point giving an algebraic sum zero. But the 

sufficient conditions are 

either concurrence, and the triangle rule 

or, lying in one plane, and the moments condition. 

ditions includes complete and separate sets of conditions that 

^°With ^anjf number'of fcwces, acting in any direction in the same 
plane, while a necessary condition is that for "^ ^^f an the 
far axes in any directions, the sums of f e ^IneC offiy one 

fuT/a* X^aXhUe 3 — 

vidth^esolutionfmoments are taken about on,y 

^SThfnLsary and sufficient conditions can be stated: ^ 

(11 Choose one pair of directions at right angles to one anoth . 
JIZZt all the forces in each of these two directions - zero. 
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(2) Choose one point in the plane. The algebraic sum of the moments of all the 
forces about that point is zero (see diagram (a)). 



(a) One set of necessary and sufficient ( b) Another set of necessary and suffi- 
conditions for equilibrium. cient conditions for equilibrium. 


Another set of necessary and sufficient conditions can be found. 
Consider any three points A, B, C, not in the same straight line. If 
the algebraic sum of the moments of all the forces about each of 
these three non-collinear points is separately zero, then there must 
be equilibrium. For certainly not more than two of these points, 
say A and B, can lie on the line of action of the resultant; so that 
if the moment of the resultant about C , which is not on its line of 
action, is zero, the resultant must itself be zero. Hence we have, as 
an alternative useful set of necessary and sufficient conditions, 

Choose any three points, not in the same line, and take moments about each of 

these points. Then for each point, the algebraic sum of the moments of all the 
forces is zero (see diagram (6)). 


There is a third set: that the algebraic sums of the resolved parts 
along any line is zero, and if the algebraic sums of the moments 
about two points in that line separately equal zero. 


Principle of Moments. It appears that the necessary and 
sufficient conditions for equilibrium are included in the moments 
condition which m ,ts most general form, is known as the Principle 
of Moments, This states that, when a body is in equilibrium under 

t.hLTI COpl ;T r forCes ’ then about an ’J point in the plane, 
the algebraic sum of the moments of aU the forces is zero. P 


Experimental Verification of Equilibrium Conditions 
Three non-parallel forces. A light sheet of thin plywood is held 
by stangs attached at suitable points to three spring' balances (see 
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Triangle of forces demonstration. 


It is found that: 

(i) The lines of the three strings all lie in one plane—that of the 
sheet; equilibrium with the strings not coplanar can only be 
achieved by the intervention of a fourth force. 

(ii) The lines of action of the strings, produced on to the sheet, all 
meet in one point 0 (Note : this is not the centre of gravity of the 

sheet). 

(iii) Reading the balances, and noting forces P, Q, and S, the 
lines on the sheet can be used as a space diagram ; constructing 
from this a force triangle, it is found that the lines representing the 
three forces P, Q, and S in size and direction do form a closed triangle 

with the arrows following round. 


Any number of forces in any direction. The polygon of f 01 ;®® 8 
rule, for forces acting at a single point, can be tested wit e 
apparatus illustrated. When the system has settled into equa.bnum^ 
the lines of the strings are traced on the paper behind them, andla 
space diagram for the point at which they meet is drawn ; from this 
a force digram is constructed to scale starting with one force P 
and working steadily round the space diagram. The lines ^pre^ 
ing the individual forces in size and direction form a completed 


polygon. 
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I lie Principle of Moments , that when a body is in equilibrium 
under any number of forces in one plane, the algebraic sum of the 
moments of all the forces about any point in the plane is zero, is 
often tested in a rather half-hearted way. Figs, a and b show 
two experiments with a pivoted bar, in which it is found that, 
taking moments about the pivot, the sum of the clockwise moments 
jalances the sum of the anticlockwise moments (or the algebraic 
sum of the moments of the forces not passing through the pivot 
a bout that pivot is zero). The objection to this is that, unless one is 
ier\ careful, the existence of the upthrust at the pivot and the 
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Principle of moments demonstration. 


weight of the metre-stick also passing through the pivot are ignored ; 
it is true that their moments are zero as they pass through the pivo , 
but they are external forces acting on the stick and will have to be 
considered if moments are taken about any other point. Also, fixing 
one’s attention on an actual pivot about which there is no rotation 
tends to obscure the fundamental point, that any point in the plane 
is a possible imaginary pivot about which there is no rota iom 
The best way of demonstrating the principle is with a light ply¬ 
wood sheet held in equilibrium by measured f ” ces . a ! sh °'™ h ^ r 
lines of the strings are marked on the sheet, and it is; foundl that for 

any chosen point 0, the algebraic sum of the moments (P x Op), 
is zero, within the limits of experimental error. 


EXAMPLES ON CHAPTER 4 

Lplain^^y ^ ncreases 

thread of mass equal to that of the glas t b can be balanced 

mercury is flush with one end of the tube t > Calculate the 

on a horizontal pivot situated 12 cm. from that ena. (Q & C ) 

length of the mercury thread. . . _ ax is. 

2. Explain what is meant by, th ® 'moments. 

Describe an experiment to illustrate the law ot m 
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A uniform ladder 16 ft. long and weighing 100 lb. rests on a horizontal 
floor. A man lifts one end of the ladder until it is inclined at an angle of 
30° to the floor, the other end remaining at rest. Calculate the force 
necessary to maintain the ladder in this position, assuming that the 
force is exerted at right angles to the ladder, (O. & C.) 

3. Explain the term moment of a force. State the conditions under 
which a rigid body remains in equilibrium under the action of three 
coplanar forces which are not parallel. 

A uniform ladder of mass 200 lb. rests on a pavement against a smooth 
wall at an angle of 60° to the horizontal. A boy of mass 100 lb. climbs 
up the ladder, which is prevented from slipping by a force of 100 lb 
applied honzontafly at the foot of the ladder. By what fraction of 
the ladder s length can the boy ascend before the ladder slips ? 

(O. & C.) 

4 - AVhat is meant by the moment of a force about an axis’ If a 

number of parallel forces in one plane act on a rigid bodv, what are the 
conditions for equilibrium ? tne 

A uniform rod of length L, and weight II' lb., will balance on a fulcrum 
fulcrum en< V, f a T?r ht * “ lb - is hun « from tha ‘ «d. and on a 

areXvaluelTi and n f l ' , ? * "' e ‘ 8ht ° f 8 U hung ° n “ lat 

"A m^ a f Ct ^ r iK° fthree C °P' anar fom^: y h "ha~paraT br,Um 

s£? - - mzz 

incline^cms^o'^tli^horizonLd^are^O^smd^O ^ 0 Sm0 *? b planes/whose 
proportion of the weight of the sphere supported b%cT£ianI. md 

n -c . . (O. & C.) 

/. Explain what you understand bv force tenxi™ *,», • 

A straight uniform rod BC of length 5 ft’ S f equill ^ rium ' 
pended from a peg A by two threads AB and ^ 10 b ' 1S sus ’ 

angles to one another. The rod rests in eonil.h^^ b,C1 are at n 8 ht 
to the horizon. equilibrium at an angle of 30° 

<“> of the 

moments'cd'ar^twoYorc^atjouTa^oin^irrtheir sum of th “ 
“Lift r R uIt r‘ aboutp 6 ,s equaI to the 
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through B. Calculate (a) the inclination 9 at which the rod will rest, 
(6) the magnitude and direction of the reaction at the hinge. 

(O. & C.) 

9 Distinguish between (a) the moment of a force about an axis, and 
(6) the work done by a force. State the units in which these quantities 

are measured in the c.G.s. system. . , 

A uniform box-lid AB, hinged at A, and of mass 20 lb., is held at an 

angle of 30° to the horizontal by inserting a prop CD at right angles to 

AB. Given that the distances AB and AC are equal, find the thrust in 

' (O. & C.) 

the prop. v 

10. State the conditions of equilibrium of three coplanar forces acting 

at different points of a body. , .. , 

A uniform rod AB of mass 2 lb. rests in equilibrium with its ends on 

two smooth planes which are facing each other and inclined at 60 and 

30° respectively to the horizontal. By construction or otherwise, find 

the reactions between the rod and the planes. w 

11. State the conditions of equilibrium of a number of coplanar forces 

"^AmasTof 15(Hb. hangs by two inextensible strings AC and BC in¬ 
clined at 60° to the horizontal. A horizontal pull of 50 lb. wt is also^ap¬ 
plied to the mass in the plane ABC Fmd the tens.oj» m the » 
Calculate also for what value of the horizontal pull the stringy BO 

becomes just slack. 

12 What conditions must be sat isfied in order that three non-parallel 

^^pendulum^ob 1 weighing ^OO^grn^is^uspende^froma 

Find P the sLTand direction^ the least force required to pul. the bob 

aside so that the thread makes an angle of 30 to the vertical. 

13. State the conditions which must hold if three non-parallel forces 

acting on a body maintain it in captive balloon 

It is found that during a gale the mooring ™ tension in the cable is 
is at an angle of 20° to the vertical, and[thatthe te^sm he net 

200 lb. wt. Find the horizontal force exerted by the *m (Q } 

vertical upthrust experienced by the balloon. 

14. State the rules for finding the magnitude and line of action 

resultant of a system of coplanar parallel forces. ^ hoW you 

Explain the term centre of gravity. Des * card of irregular 

would find experimentally the centre of gravity ot a tmn 

^Twooden stool , ft. 2 in. high consist* of % £*£ 

ZTrL'Z “of^he ”s I* lb- Find the height of the centre^ 

15. Describe a force diagram ™®*od bj you were provided 
weight of an object (between 1/2 and 3/2 kgm.) y 
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with a piece of string, a kilogram weight, a sheet of paper, drawing 
instruments, and the necessary stands. 

An aeroplane has to fly 100 miles due west while a 30 m.p.h. win'd is 
blowmg from the north-west. If the plane can travel at J50 m.p.h. in 

m. l a n’-!! ( i graphically or otherwise, the direction in which the pilot 
must point the machine and how long the journey will take. 

(N.) 
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WORK AND ENERGY 

Work is done when a force moves the body to which it is applied. 
It is measured by the product (force x distance moved in the direction 

of the force). . 

Usual units for measuring work and then- values are : 

1 erg : the work done when a force of 1 dyne moves its point of 

application 1 cm. in its own direction ; 

1 joule : which is 10 7 ergs ; 

1 kilowatt-hour (kWh.) : which is 3,600,000 joules ; 

1 cm.-gm. : the work done when a force of 1 gm. wt (g djmes) 
moves its point of application 1 cm. in its own drrection. This 

equals g ergs. 


British System units are : 

1 foot-pound (ft. lb.) : the work done when a force of 1 lb. wt. 
moves its point of application 1 ft. in its own direction, 

and the corresponding absolute unit, 1/g foot-pound, or 

Problems are often posed in other possible 
example, the foot-ton and kUogram-metre) ™ in 

names. In Physics we endeavour to w ° r * “ “ hat may be called 
terms of absolute units (either ergs or ]OU e vitat ional units— 

laboratory problems; and m British System grav 
foot-pounds-for practical problems on machines etc 

Force inclined to direction of motion. If a ^ direction AB 
direction AC inclined at an angle 8 to the co^ ^ 
in which the body moves a distance s done : (a) F can 

Two methods can be used to measu which. F cos 8, 

be resolved into two components (Rg .■ *). « her of which, 

moves a distance s in its own direction, and tne 
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F sin 9, does not produce any motion ; or (b) the displacement s can 

be resolved into two displacements, 5 cos 6 in tlie direction of F, 

and s sin 9 perpendicular to F (Fig. b). Whichever way we think of 

it, the work done is Fs cos 9 units ; that is, the scalar product of F 
and 5 . 

Work done by a varying force. If a graph of force F against distance 

5 is plotted, the area of the space between the graph and the s axis 

foi any interval represents the work done during that interval 
(p. 27). 

(u) Force F proportional to displacement s . This is a very im¬ 
portant practical case, applying to all elastic displacements in which 
Hooke's Law is obeyed. Here 

the graph is a straight line 
through the origin (see graph); 
if therefore a force F slowly 
applied gives an extension .r, 
the work done is represented £ 
by the area of the triangle OA B, 
which is \AB x OB = \Fx. 

This is at first a little difficult 
to realise, for it seems as if 
surely a force F has moved a 
distance x ; but what actually ° 
happens in this case is that 

H 

n.p. 
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the spring, wire, cord, or whatever is being stretched, exerts 
and experiences, at any displacement s, only just that force 
needed to produce such displacement; the remainder during 
stretching being exerted by the hand or whatever means is adopted 
to apply F gradually. More precisely, we are supposing that the 
motion proceeds by a series of small departures from successive 
equilibrium stages. 

(b) Work done by an expanding gas : Suppose for a moment that 
a certain mass of gas is enclosed in a cylinder of area of cross-section 
A , exerting on its walls a pressure p. The force exerted on the piston 
is pA , and the work done when the gas expands to raise the piston a 
distance x is pAx units. But Ax is the increase in volume ; so 
the work done by the gas expanding at constant pressure p is 
(pressure x volume change ) units. 

We can plot a graph of force per unit area (pressure p) against 
displacement x area or volume change, and this again will show the 
work done as the area between the graph and the “displacement” 
axis. The same will be true even if the gas does not expand at 
constant pressure—if, for example, Boyle's Law holds (p. 222) or 
the adiabatic equation (p. 234). However p changes, the work done 
during an expansion by the gas is represented by the area as indi¬ 
cated in the diagram. 


A 



Expansion of a gas. 


CO 

Co 



Volume 

Work diagram. 
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Work done by a tangential force producing rotation. In the 
diagram, the force F is applied always tangentially to the circum¬ 
ference of a wheel of radius r pivoted at the centre. 

Let the wheel turn through 0 radians, so that F moves through a 
distance s = r9 in its own direction. 

Then, work done by F = Fs = Fr6 

— (moment of force about axis x angle turned through in radians). 


Work done by a couple. \\ hat really happens in the case above is 
that bodily translation of the wheel is prevented by a reaction F 
(dotted arrow) at the bearing, so that a couple of moment Fr is in 
reality acting. As the reaction, passing through the bearing, does 
not produce any motion, it does not do any work ; so the total 
work done by this couple is that already noted, namely, Fr6 units. 
But the moment of the couple is Fr, and it is true in general to say : 

icork done by couple = (moment of couple x angle turned through in 

radians). 

Thus, lf C=F r is the moment of the couple in dyne-cm„ and 8 the 
angular displacement in radians, the work done is C8 ergs. 


Work done by a varying couple. If a graph of couple against 
angukr displacement is plotted, the area of the space between the 

wo tV“ d J he disp , laccmcnt axis for an >’ int *rval represents the 
" °rk done durm g that interval. In the important case when the 
couple ,s proportional to the angular displacement, the graph is a 
straight line through the origin, like that on p. 113 ; and the work 
one by a couple C in producing an angular displacement 8 is then 
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Work done by a belt drive. Let F x and F 2 be the tensions in the 
two portions of the belt (Fig. a). Then the work done by F 1 in 
turning through 0 radians is F{r6, and that done by the wheel 
against F 2 is F 2 rd. The net work done on the wheel is {F 1 - F 2 ) rd 
units. 

Work done against a brake. If a single brake, for example, a 
cart wheel brake, applies a tangential frictional force F (Fig. b) then 
the work done by the wheel against the brake in turning through 
6 radians is Frd ; in the case of a belt brake, in which the tensions in 
the two parts are F x and F 2 , this is {F 1 — F 2 } t6. 


Energy 

What happens to the work done? In all practical examples, some 
(and in many cases all) of the work done in displacing a body is 
apparently lost for ever. If we exert a force of 1 lb. wt. to.pus 
pile of books a distance of 1 ft. along a horizontal bench the work 
we do goes in “ overcoming friction ”, and our foo -pound of work 

once done has gone for good ; further, if we want to get the book 

back to their original place we must do another 

Later it will be seen that this lost work can be traced and strictly 

accounted for-but it is no longer available to us as work. 

SSI 

in raising it This can be tested experimentally in a variety 

and can be done at any time we choose ^ rf stored 

Imagining the lifted body o e ra possesses 

work, which can be released at will, it is said that the body p 
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energy, or a capacity for doing work. It is not quite true to say this is a 
property of the body alone, for obviously the system (earth + body) 
between them share responsibility for the weight. 

Many other similar examples of recoverable work will come to 
mind ; for example, the work done in deforming the mainspring of a 
watch is recoverable as work done driving the mechanism ; work 
done in compressing air in a cylinder is recoverable when the air is 
allowed to expand again ; work done in extending the elastic of a 
catapult is recoverable as work done in accelerating the projectile, 
and so on. In all these cases, the system concerned is said to possess 
“ potential energy ”. 


The Potential Energy of a system is the capacity for doing work possessed by the 
system on account of the relative positions of its parts. 

The utilisation of this energy demands a rearrangement of the 
parts of the system, and the amount of work obtainable depends on 
the extent of this rearrangement. The potential energy made avail¬ 
able when the system moves from arrangement A to arrangement B 
is the work done when the system moves from arrangement A to 
arrangement B, and is equal to the work which must be done on the 
system to move it from arrangement B to arrangement A . 

For example, if we take a body of mass m gm. and lift it vertically 
through a height h cm. above the bench, we do mh cm. gm. of work 
on it, or mgh ergs of work on it. The potential energy in this 
arrangement of the earth-body system, considering only the possi¬ 
bility of the body returning to the bench again, is 


mgh ergs. 

Again, if we extend a spring by the application of a force F d 3 'nes 
through a distance x cm., assuming Hooke’s Law (p. 202) holds the 
work done on the system is \Fx ergs ( P . 113); this is the potential 

energy m the stretched spring, for this is the work that should be 
made available when it contracts again. 

There is another important possibility. Suppose you take a mass 
ot 1 lb. in one hand, apply a considerable vertical force on it fora 
short distance say 16 lb. wt. for 1 ft.-and then release it. It sails 

I"!"" 8 >te own accord to rise and do work in “ raising its 
weight Your dealings with it end the instant it leaves the hand 
he work that is being done in raising it can only come from a 
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reservoir of work that the body itself possesses as it leaves the hand ; 
or the body possesses energy because it is moving. 


The capacity for doing work, possessed by a moving body on account of its 
motion, is called Kinetic Energy. 

The kinetic energy of a body can be calculated from the amount of 
work the body can perform while being brought to rest, or from the 
amount of work expended on it while it was being set in motion. 

Suppose the body, of mass m gm., rises to a vertical height h cm. 
on being projected upwards with a vertical velocity of u cm. per sec. 

The work actually done by the body before it comes momentarily 
to rest is equal to the work done in raising it h cm. vertically, and 
is mh cm. gm., or 

mgh ergs. 

Now, using v 2 = u°~ + 2as, putting v = 0, and remembering that 
a = -gem. per sec. per sec., then u 2 = 2 gh ; and gh = u 2 \2. The work 

done raising the body is thus : 

bnu 2 ergs. 

This is the kinetic energy with which it starts off; and clearly, how- 
ever this energy is afterwards employed, any body of mass m with 
velocity u cm. per sec. has kinetic energy \mu 2 ergs. 

Thus, in absolute units , the kinetic energy of a body is 


l mass x ( velocity ) 2 . 

A further point arises here. At the top of its flight, the body still 

has energy-potential energy of mgh ergs ; as it returns, it acceler¬ 
ates, losing potential energy and gaining kinetic energy. d 

at the start it has lost all its mgh ergs of potential energy g 
W ergs of kinetic energy, where u*=2gh, as before 

presumably be expended in performing work in damaging 

slighTy and settfng it vibrating. The whole operation can be 
regarded as a series of transformations thus . 

work -akinetic energy ^potential energy akinetic energy-* work. 

Throughout this argument we have assumedAlktaetilfenergy 
principle, that energy is conserved. “ e “ S ^ it ; that 

of the body is equal to the work expend,±* the flight 
the potential energy of the body-earth system P 
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is equal to the kinetic energy of the body at the start ; that the 
kinetic energy at the end of the downward journey is equal to the 
potential energy at the top ; and that the work done by the body in 
being arrested is equal to the kinetic energy destroyed. All experi¬ 
ments support these assumptions, when due allowance is made for 
energy dissipated (to an extent which in this example is quite 
small) in ways yet to be discussed. 

To sum up, it appears that when work is done it can only be used 
in one of two wavs : either 

(а) in “ overcoming friction ” (see p. 120), or 

(б) in producing energy, which may be either 

(i) potential energy , if a system in equilibrium is disarranged 

to a new equilibrium position, or 

(ii) kinetic energy, if a body is set in motion. 

It will be found that all cases that can be included in (6) merely 
delay the true settling of the account, namely (a). 


Further consideration of potential and kinetic energy. When we 
speak of the potential energy of a system, we usually have in mind a 
particular change in its configuration which it is proposed to employ 
in order to do work. A lump of m gm. of coal, held h cm. above the 
bench collaborates ” with the earth to yield mgh ergs of work 
"hen drops to the bench. But a more usual way of obtaining 
work from coal is to burn it, for coal possesses chemical potential 
eneigy, thus liberated. Here we take a system of combustible organic 
molecules and atmospheric oxygen, and obtain work by a rearrange¬ 
ment of the parts-chiefly into molecules of carbon dioxide and 

t^tonThl h I 8 *' 8 hCat ' a ‘ ld * hiS heat is the intermediary be 
of useful wtr iCa P " ° f the C ° al a ” d the Performance 

. **® DOe the defi nition of potential energy really covers energy due 
to the arrangement of atoms in molecules, to the arrangement of 
electrons m the outer parts of an atom, or to the arrangem n of 
protons and neutrons within the nucleus of an atom 

* f "”“ "' k -- w«v.d *.?.■ rx* k T,» 
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energy. Considering the case of a gas, in which the molecules are 
free to move about in all directions with very great speeds, it is 
supposed that the average speed and hence the average kinetic energy 
is greater at high temperatures than at low temperatures. To raise 
the temperature of a given mass of gas, heat must be supplied ; the 
result is that the average kinetic energy of the molecules is increased. 
We suppose that this increase in the molecular kinetic energy is 
identical with the heat supplied (not just numerically equal to it, as 
we find if the same units are used for both measurements). Heat 
is molecular kinetic energy. In the case of a solid, though the atoms 
and molecules are not free to move in all directions, yet they can 
vibrate ; and the kinetic energy they possess is due to their vibra¬ 


tions about their mean positions. }> 

It can now perhaps be seen how “ work done overcoming friction 
fits into the general scheme of energy transformation. Friction 
between two dry solid surfaces may be due to a temporary engage¬ 
ment of minute surface projections, either by mechanical contact 
or by molecular forces (but see page 126). Relative motion 
between the two surfaces may cause vibrations of these minute pro¬ 
jections, in much the same way as happens when the hand is drawn 
across the teeth of a comb ; these vibrations themselves constitute 
an access of heat to the surface layers.. So, when work is done ove - 
coming friction, and heat is developed, we really have a conversio 
of work into Secular kinetic energy , which is the one form mo 
difficult to confine in a closed system, and the one form that is-most 
difficult to utilise for the performance of work again. 


Conservation of Energy 

The Law of Conservation of Energy. All physical events can be 
regarded as transformations of energy from one form to another 

.1 f"- - b “ dy " fCi.”.. 

was derived by a series of chemical changes Iro b 
either directly or via the flesh of a herbivorousmnma 1 ^ 

tables built up their store of energy from that rad.a y 
and the continuous supply of solar radiation is furnished y 
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destruction (or conversion) of mass as protons and neutrons combine 
to form helium nuclei. The chain of energy conversions can thus 
be represented : 


In sun In plant 



Again, the electric lighting of a factory may be supplied by a 
dynamo driven by a river, the source of which a few miles away is 
several hundred feet higher than the factory. It is fed by ‘the 
generous rainfall of the surrounding hills, and the chain of energy 
conversions, starting again with the sun, is : 


In sun 
mass 


latent heat of 
evaporation 


heat 


radiation 



mechanical potential 
energy of cloud, derived 
via the motion of large 
air masses from solar 
radiation 


mechanical potential 
energy of precipitated 
rain on hill-tops 

k i 

kinetic energy of river 
! 

electrical energy 
|> 

light and heat 


Simikriy, all other physical changes can be analysed and (with 

ola Xr I" r C T “ W ' liCh the ener ®' is outside the 

back to the sair 'T™ " S > the CnCr ®' be traced 

oack to the same prime source, the sun. • 
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but the experimental and theoretical work of recent years demon¬ 
strates that mass itself as such can really be annihilated ; in its place 
other forms of energy appear. Note that we are not speaking of the 
mechanical energy possessed by a mass of material that can be 
increased or diminished by suitably varying its velocity or position, 
but of the energy that is furnished in exchange for the mass when 
that is destroyed. Again, the permanence of the mass possessed bv 
a body was insisted upon earlier ; this is, of course, true in its 
simplest sense for all bodies normally encountered—the box of 
“ weights ” in the laboratory is certainly not radiating itself away. 
But it is still true in its wider sense, for if mass is destroyed, it 
reappears in another form. 

Energy cannot be created or destroyed. When conversion of energy from one 
form to another occurs, the energy that disappears from one form reappears in 
exactly equivalent amount in the other form. 


This is the Law of Conservation of Energy. 

The term “ exactly equivalent ” perhaps needs explaining. When 
a body falls to the ground, the kinetic energy gained is exactly equa 

to the potential energy lost, and we can write 

P.E. lost = K.E. gained. 

As an equation, that is arithmetically true, for both are measure 
in the same units. But heat, for example, is commonly measure ^ 
heat units ; mass is measured in grams. The ‘ rate of exch g 
between heat units and energy units, and between maas unh and 
energy units, must be determined before we can write down equations 

involving these forms of energy. It is found that: 

one caiorie (the quantity of heat which raises the tempera ure 
1 gm. of water through one centigrade degree) is equivalent 

nearly 4-2 x 10 7 ergs, and 

amount in another form. 

L.. - ■"» 
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seek to follow the energy conversion past this particular link ; but in 
practice our wishes in the matter have no effect on the inevitable 
sequence. To take the case of the falling weight: some of the 
potential energy is imparted as kinetic energy to the molecules 
of the surrounding air, and thus dissipated ; we can write down that 
“ w °rk is done overcoming air resistance ”, but there is no easy way 
of conserving this heat energy for measurement ; and the kinetic 
energy of the weight on reaching the ground is slightly less than the 
potential energy with which it started. 

This kind of thing always happens, and in applying the law of 

conservation of energy to problems we must distinguish between 
three sets of conditions : 

{a) When the energy dissipated is relatively so small that it can be 
neglected , as in the above example ; then almost the whole energy 

of the system concerned is preserved throughout as mechanical 
energy, and we can use the equation 

K.E. + P.E. = constant. 

(b) When the energy dissipated is an important part , or possibly the 

whole, of the initial energy , and we write this down as external work 
done, using the equation 


energy change = work done. 

(c) When the dissipated energy is not negligible, and at the same time 
,S not the mam subject of mquiry. For example, a body sliding down 
a rongb incline expends some of its potential energy in overcoming 
inc ion ; its kinetic energy at the bottom can be calculated only if 
we know from previous experimental measurements what allowance 
to make for the work done against friction. When two ordinary 

theTJ A e, SOl Tu kinCtiC 0nergy is ex P 0nded in Reforming 

the bodies during the act of contact; we cannot calculate the kinetic 

r^uTth tCT COlll , Si ° n Un ’ eSS " 6 experimental informat on 
about the energy-loss ,n a collision between bodies of the materials 

ncerned. It is often said that the law of conservation of energy 
Ztrue The P 10 ° f ^ ; this is ' of quite 
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Simple energy problems. _ 

(1) A pendulum bob is drawn aside so that it is A cm. vertically 

above its lowest point, and released. Find the velocity with which 

it passes through the lowest point. 

Here it is legitimate to neglect the work done against an- resistance. 
Let the mass of the bob be m gm., and the final velocity v cm. per sec. 

Then, P E. lost = mgh ergs ; 

K.E. gained = \mv 2 ergs. 

So, as P.E. + K.E. is constant, 

\mv 2 =mgh 
and v 2 = 2 gh, so 

v = j2gh cm. per sec. 

(2) A vehicle of mass 1000 kgm. is travelling at 10 metres per sec. 
Find the average resistance that must be applied to arrest it in a 

distance of 20 metres. 

Let F be the resistance in dynes. 

Work done by vehicle against resistance 

= F x20 x 100 ergs = F x 2 x 10 3 ergs. 

K.E. lost by vehicle = \ x 1000 x 1000 x 100 2 ergs. 

= 5 x 10 9 ergs. 

As energy change = work done, 

F x 2 x 10 3 = 5 x 10 9 

F = 2-5 x 10 6 dynes. 


Friction 

When two solid surfaces in contact move, or tend to move 

motion. Friction always opposes motion. 

Three cases arise : relatively small ; 

(1) The applied force.tending to cause motion is relat y 

of a,. rr::::z r " ? “ ■*» 

A «s- - 

in tills case exert, called the limiting fiction. 

u u. 
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the force of sliding friction. The resultant force in the direction of 
motion is the difference between the applied force in that direction 
and the force of sliding friction. 

The usually accepted “ laws of friction ” applicable to dry solid 
surfaces can be summarised as follows : 

(1) When the surfaces are at rest, friction can take any value up 
to a certain maximum value called the limiting friction, F L . 

(2) For a given pair of surfaces, the limiting friction F L is pro¬ 
portional to the normal force R between the surfaces, at right angles 
to the plane of contact. The ratio F L /R is called the coefficient of 
statical friction, between the two surfaces, 

(3) With all ordinary surfaces, the limiting friction is independent 
of the area of the surface, within wide limits. This is to be expected, 
since close contact can only occur at a limited number of points, and 
the extent of the non-touching area will be immaterial. If the area 
of contact is so small as to cause obvious indentation of one surface 
this rule (“ Amontons’ law ”) cannot be true. 

(4) When motion occurs, the sliding frictional force, F, is pro- 
portmnal to the normal force R between the surfaces. The ratio 
/'//e is called the coefficient of sliding friction (or the dynamical 
coefficient of friction), /x, between the two surfaces ; 


p = 


HR 


<2™ f °; din " y surfaces ’ the .sliding friction is independent 
thin wide limits of the area of contact, and is also independent of 
the speed within limits (“ Coulomb’s law ”). 

We shall not concern ourselves much with friction between surfaces 

wher S e f g ,’ ° f cases ° f statical equilibrium 

Where friction ,s involved it is rarely limiting ; again, experiments 

to determine p L ready measure a local value for the particular parts 

of a* “ constant” T^T’ F* ^ irregularities ™ake it less 

stated , finally, the chief practical concern with friction is i 
on opposer of motion that is actually occurring and r 

■*«— -.«..»» zi • zzz 
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motion. Hence, sliding friction is by far the more important in 
practice. 

Facts and theories of friction. Amontons (1699) stated that the 
frictional force between two surfaces is proportional to the normal 
load and independent of the area of contact. He also believed that 
the coefficient of friction between all dry surfaces had the same value, 
1/3 whatever the nature of the surfaces, and supposed that the 
mechanism of sliding consisted of lifting the slider over minute inter- 
locking projections, the process being like moving the slider up a 
number of little inclined planes, presumably of slope sin 1/d. 

Coulomb (1779) found that the frictional force is proportional to 
the normal load, and independent of the velocity of shdmg ; but he 
worked with relatively small loads and discontinued measurements 

when either surface showed signs of scratching. 

Since the coefficient of friction is known to depend on the natu 
of the sliding surfaces, Amontons’ mechanism is verydifficuhto 
accent Ewing, Ravleigh, and others have suggested that the sur- 
face layeraf a -lid is more like a fluid, and that fnctmn has 

its origin in molecular cohesive forces ; that is, it is as if the surface 
layers adhere, and the adhering layer is then “d ela^tmaU^ 
But molecular cohesion would be expected to be 

number of molecules involved, or to the area of actual contact. 

w “. u .r<J Tit* £ 

,w—•'-“S 

the area of the scratched track or by on a steel 

resistance between the surfaces. Ana normal 
surface is found to scratch an of 3x10 s^cm ^ ^ 

load of 400 gm. wt„ giving a stress of gm V lasti _ 

r surface 

must be deformed. Is there actually ^ oircular 

This can be tested by measuring th' load of W. 

h!Z7*S lTshow b e y d a th P atirth 0 e deformation is elastic, then 

o = M [WrlYf, 

where 7 is Young’s modulus for the materia, of the deformed plane. 
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But if plastic flow occurs, the sphere sinks until W/tt(z 2 = S, the stress 
required to give plastic flow, whence 

a = (WIttS) 1 ' 2 . 

It should be possible to distinguish between these formulae bv 

measuring the electrical conductance (the reciprocal of the resistance), 

w nch is proportional to the area of contact and thus to a 2 • the 

conductance should be proportional to W 2 » for elastic deformation, 

and to W for plastic flow. Experiments suggest that the latter is 
nearer the truth. 

With this information, it is possible to explain Amontons' law, and 
also to see why the coefficient of friction is different for different 
materials. Whatever the nominal area of contact, the real area 

W1 toth 1 "h 10 ' 5 t0 ,0 ' 6 * he n0minal area > is P r °P° r - 

taonal to the load, as the material flows plastically to ensure this • 

^rffic^nith'“7 f0rCe8 at the PlaCeS ° f intimat<? C ° ntact bind tha 

urfaces with a force proportional to the real area and thus nro 

portional t° the load ; and shearing of this intimate layer requires a 
force proportional to the load. * “-quires a 

What happens at sliding? Investigations of metal surfaces bv 
owden and his collaborators show that sliding i* nnt r ^ 
but a series of intermittent sUcldngs and shpoLs such ’ 

Xt: r t hen the finger is dra ™ ai °^ thence :v:*z 

Sna^f tL r Pera r *** may be 80 “"Arable as 

these welded junctions are then sheared alid severed Theeff ’ 

maximum and T^L [affie Sfc a 

ably measure the maximum value as the coefficient^fSio 17"' 

In any case, it appears that Coulomb’s law can only be t g t fnctlon - 
r °ugh approximation to the facts Th* « y be taken as a 

Leben show that the coefficient of 

lies between 0-3 and 0-4 for slow rehf or steei sliding on steel 
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at moderate than at small velocities , so that when the string is moving 
with the bow (not improbably at the same velocity) the mutual 
action is greater than when the string is moving in the opposite 
direction with a greater relative velocity.” Alexander Wood, in his 
“ Acoustics ”, says, “ The string adheres to the bow and moves with 
it until the tension overcomes the static friction, when it slips past the 
bow until it once more comes to rest relative to the bow and is drawn 
aside once more ”, and cites recent direct experimental evidence for 
this. If sliding motion is really a succession of stickings and slippings 
in every case, the violin bow can be regarded as a typical example of 
sliding, instead of a difficult case that needs an explanation of its own. 

What is the real nature of the surfaces which we suppose to be 
in contact in ordinary experiments? Bowden and Hughes, experi¬ 
menting with sliders in a high vacuum, found that for nickel on 
tungsten the coefficient of sliding friction was as high as 6-0 when all 
occluded gas had been driven from the metals ; the value in air is 
about 0-3. Admission of gases other than oxygen into the> a PP“ a *“ 
caused no diminution in the very high value of the coefficient, but 
when oxygen was admitted the value fell to that measured m «r. 
It appears that, with metals at least, the surfaces are oxKh ed n the 
air and we measure the friction between oxide films. But the pro 
perties of the materials in bulk play a part in the observed effects, 

since deformation extends beyond the surface 

Lubricated friction is a different problem Here the chief facto 

involved are the adherence of the lubricating fluid 

and the viscosity of the 1Quid, and J e ^ t0 this 

to vary with the velocity of sliding, being p p 

velocity if it is not too great. 

Measurement of the coefficient of sliding friction. & 

Method 1. A block of one material A (Jig- «) “ JP£ g of a string 

horizontal base or bed of the other ™ ate " al J’j£ ch weighta can be 
passing over a pulley carrying a sea e-p placed on 

added 8 The block A is weighed, and ™ J^ghtly, 

it. The load in the pan is adjustedU ^ ^ overcoming 

A slides over B at a uniform rat > a ls F The normal 

the force of sliding friction, H, an1 sc» just equak of 
force between the sliding surfaces, B, is equal to tne 
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the block and the weights it carries. The coefficient of slidiner 
notion is n-F/B. Several readings are taken, with different 
weights on A, and the average value of p is taken. 

Method 2. The block A is placed on the bed of material B which 
it tilted until it is inclined to the horizontal at such an angle that 4 

tush hi "Vl Unif °? SpCCd When Started fr "’" by a gentle 
P » b }‘, ThlS ang,C a 18 incasur ed. The component of the 

weight H of the block acting along the slope is IF sin «, and this 

just overcomes F, to which it must be numerically equal • the 

normal force between the surfaces is the resolved part of IF bright 
angles to the slope, IF cos a. in rignt 

Thus, 

F = IF sin a, 

B = IF cos a, 

and H=FIR = tana. 


N.P. 
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Method 3. A block of material A is sent sliding along a horizontal 
bed of material B, and the retardation a cm. sec. -2 measured. If 
in gm. is the mass of the block, the normal load is mg dynes and the 
retarding force ping dynes. As force = mass x acceleration , 

fimg = ma, 
so 


Simple energy problems involving friction. 

1. A body is thrown at a speed of 10 metres per sec. along a rough 
horizontal surface, and comes to rest after travelling 6 metres. Find 
the coefficient of sliding friction. 

Let m gm. be the mass of the body. 

The normal force R between the surfaces is mg dynes ; the fric¬ 
tional force opposing motion is pmg dynes, where p is the coefficient 
of sliding friction. The work expended in overcoming friction is then 

600 pmg ergs. 

The kinetic energy lost = \ x m x 1000 2 ergs. 

Equating the kinetic energy lost by the body to the work done by 

it, 

600pmg = \m 1000“,. 

1000 x1000 

•’* M "2x600x981’ 

= 0 - 86 . 


2. A body slides down a rough plane inclined at 30° to the hori¬ 
zontal. If the coefficient of sliding friction between the body a 
the plane is 0-4, find the velocity after it has travelled 6 ft. along the 

^Le't m lb. be the mass of the body. The -rtical height fallen is 
6 sin 30° = 3 ft., and the P.E. lost m x g x 3 x 32 x 3 ft. lbal. 

The normal force between body and plane is 

m X cos 30° lb. wt. = m x 0-866 lb. wt. =m x 32 x 0-866 lbal. 

The sliding frictional force is p times this, or 

0-4 xmx32x0-866 lbal. 

The work done against frietion travelling 6 ft against it is thus 

6 x 0-4 x in x 32 x 0-866 ft. lbal. 

Let the final velocity be „ ft. per sec. The kinetic energy of the 
body is then \ mv 2 ft. lbal. 


Then, 


P.E. lost _ K.E. gained 
by body ” by body 


work done 
by body 
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so 

and 


m x 32 x 3 = \mv 2 + G x 0-4 x m x 32 x 0*860, 
W- = 96-06-5 = 29-3, 
i> = 7*68 ft./sec. 


Impact 


Direct impact. When two bodies A and R moving in the same 
straight line collide, some of their combined kinetic energy is 
expended in deforming them. If the deformation is supposed 
perfectly elastic, so that the bodies afterwards regain their original 
shapes completely, this energy is stored in the deformed system as 
potential energy, and is recovered as the bodies return to their 
original shapes, being converted into kinetic energy of the separating 
bodies. If the deformation is supposed perfectly inelastic, so that 


no recovery at all occurs, all the energy lost in producing deforma¬ 
tion is converted into heat, etc., the bodies coalesce, and travel as a 
single system with reduced kin- 


Positiue direction 


etie energy. 

Perfectly inelastic impact 
does happen, but most im¬ 
pacts are partly elastic ; that 
is, they lie somewhere between 
the two extreme cases. Some 
of the kinetic energy expended 
in deformation is stored as 
potential energy during the im¬ 
pact, and is recoverable, while 
some is permanently expended 
in producing heat. 

Consider the successive stages 
shown in the collision of the 
bodies A and £; call the masses 
n, i and m 2 , the initial velocities 
w i and u 2 (both shown directed 
to the right, the positive direc¬ 
tion in this discussion ; u l > 
algebraically , or there can be 
no overtaking or collision), and 





Approach, compression, and 
separation of colliding bodies. 
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the final velocities v 1 and v 2 (also shown directed to the right; 
v 2 > v i> or there can be no separation); the intermediate stage of 
maximum deformation is also shown ; at this instant the relative 
velocity of approach has been reduced to zero, and they have 
not yet begun to separate, so they are instantaneously moving 
as a single body with a common velocity v. We shall develop the 
argument with all the velocities positively directed ; using algebraic 
signs to denote direction, velocities to the left would be accounted 
negative. 

(a) Before impact, 

velocities are u x and u 2 , {u x > u 2 ) 

relative velocity of approach (that is, velocity of A relative 
to B)=u x -u 2 , 

total momentum = (m^ + m 2 u 2 ) -> 
total K. E. = + \m 2 u 2 2 . 

(b) At instant of greatest compression , 

common velocity = v 
relative velocity =zero 
total momentum = (m x + m 2 ) v —> 
total K.E. = \(m. x + m 2 ) v 2 . 

(If the collision is completely inelastic, and there is no separation, 
matters finish at this stage.) 

(c) After separation, 

velocities are v x and v 2 , ( v 2 > v x ) 

relative velocity of separation (that is, velocity of A relative 
to B)=v x -v 2 , 

total momentum = (ni 1 v 1 + rn 2 v 2 ) -> 
total K.E. = \m x v 2 + \m 2 v 2 . 

By the Law of Conservation of Momentum, 

m x u x + m 2 u 2 = {m x + w 2 )t;, 
an d (m x +mf)v = m 1 v 1 +m 2 v 2 . 

From the first of these equations, 

m 1 u l +m 2 u 2 


so 
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the kinetic energy of the combined masses at the instant (b) is 


1/ . . /WJ.M, +W 2 tt,\ 5 

A M. + 7W 2 ) ( -i-J-— 

1 2 V m x +m 2 J 

1 m x *u x ~ + m 2 hi 2 2 + 2m x m 2 u x u 2 

2 TWj + m 2 

The total K.E. at stage (a) can be written 

1 (ffii+m*) . 

2 • ( " ,,U ^ + "••“»*) 

= 1 + w 2 2 « a 2 + »»iW 2 Mi 2 + tn x m 2 u 2 2 

2 7M, + 7rt 2 ’ 

so, subtracting the K.E. at stage (6) from that at stage (a) and 
rearranging, 

K.E. lost = - —— {u x 2 + «„ 2 - 2u x u 2 ) y 

z WJ. 4-w ' 1 - I in 


2 m x + m 2 
1 ni x tn 2 


(«i-m 2 ) 2 . 


2 ’ in x + m 2 

In general, part of this lost kinetic energy is stored up as potential 

energy and returned as kinetic energy when the bodies separate ; 

part is dissipated irrecoverably. To what extent is restitution made 
at separation? 

Reworking exactly the same algebra for the second of the momen¬ 
tum equations, it is found that the kinetic energy restored is 

1 7/1 j777 a 


Whence, 


— r r * ■ * » » 

2 ' m , + m 2 (w i _ V J 2 ' 

K.E. restored at separation (v 

rr ^ « Z - — - ' * 2 / 


K.E. lost during compression ~ {u x - u 2 ) 2 * 

It is found experimentally that, within wide limits, this fraction is 
constant for a given pair of materials over a wide range of values of 
the individual velocities and masses ; that is, it is a property of the 
materials concerned, and we write, 

c . 

(«i-« 2 ) a ~ ’ 

where e is a constant for the pair of materials composing the colliding 
Surfaces, and is called the coefficient of restitutio! between them- 
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a very appropriate name, since e 2 measures the extent to which 
restitution is made on separation of that part of the kinetic energy 
abstracted during compression. 

Taking square roots, 

±( Vl -v 2 ) _ c 

(«rM 2 ) 

It is usual to take the negative sign of the square root, since, as we 
have seen, collision and separation are only possible if u x > and 
v 2 > v 1 algebraically, so that (v x —v 2 ) and (w x — u 2 ) are essentially 
opposite in sign. Thus the coefficient of restitution is defined by 
the equation 

- (vi-v 2 ) . 

or, ' (v x - v 2 ) = - e (u x - u 2 ), whence 

relative velocity of separation = —e x relative velocity of approach. 

This last equation is known as Newton’s experimental law of impact. 

Returning to the expression for the kinetic energy lost during 
compression, we see that the kinetic energy restored is 



m x m 2 

' 2 (m l + m 2 ) 


(Mi -u 2 ) 2 , 


and the kinetic energy irrecoverably transformed to heat, etc 



(1-e 2 ) 


mpn 2 


(m!-m 2 ) 2 - 


2(m x +m 2 ) 

Thus, an experimental knowledge of the value of c is necessary 
before problems on impact can be completely solved. From the 
point of view of the Law of Conservation of Energy, this is equivalent 
to saying that we can apply the Law only if we know how much 
allowance to make for the mechanical energy that is permane y 
converted to other forms during the action. 

Experimental measurement of e. One means of measuring tiie 
value of the coefficient of restitution between ‘w° matenals is to 
Imploy the ballistic balance of p. 82, surfacing the bodies A andLB 
with the materials concerned. Referring to the theory there given 
Tt will beTeen that if and x, -> are the initial <hs P lacemerits of 
the bodies, the relative velocity of approach is propor 
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(xj + x 2 ) -s-; if ?/j -e— and y 2 are the maximum displacements after 
collision, the relative velocity of separation is proportional to 

- (Vi+Vi) 

whence e = —- + . 

x, + x 2 

Another method, useful for measuring e between, say, steel ball¬ 
bearings and a plate of glass or steel, is to drop a ball from a measured 
height h v and note the height of rebound h 2 . 

Since 

V 2 = 2 glu 

relative velocity of approach is s/2gh , ! , and relative velocity of 
separation is n high* f ; whence 

*-2p§i-V5*. 

gh t ' /<i 


J'2gh., 


>j2gh x 


Simple problems on direct impact. In all problems on direct impact 
it is necessary to remember : 

(i) momentum and velocity are both vectors ; it is thus necessary 
to distinguish between opposing directions by algebraic signs, and 
state clearly which direction is positive ; 

(ii) relative velocity must be relative to something ; it is best 
therefore to state this as, e.g., “ the velocity of A relative to B ”, and 
to stick to this meaning throughout. 

The following example shows the method applicable to all such 
problems, 

Ex a “ple. Two smooth spheres, A and B, are approaching one 
nother along the same line. The mass of A is 20 gm and its 

40 cm y pe r C s™c Pe The C c ‘ffi "T °/ B is 30 *».. and its’ velocity 
Cl1 !'. per ,. scc ' The coefficient of restitution is 0-6. Find the 

of tlm cffihsion 6 lmpaCt ' a " d the ki " etic ^ - the result 


Suppose A comes from the left, B from the 
iett-to-right direction as positive. 

Before collision ; 


right, and take the 


\ elocity of A = +30 cm. per see. 

Velocity of B~ -40 cm. per sec. 

Velocity of A relative to B = {30 - (- 40)} 

= 70 cm. per sec. to the right. 
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Momentum of A = 30 x 20 = 600 units —> 

Momentum of B = 30 x 40 = 1200 units 

Total momentum = - 1200 + 600 units —> = - 600 units -> 

(or, 600 units <-). 

After collision : 

Let v x and v 2 be the velocities of A and B, both supposed positive 
for the moment. 

Velocity of A relative to B = (y x - v 2 ) to the right. 

Momentum of A = 20y x units —>. 

Momentum of B = 30t> 2 units —>. 

Total momentum 20r x + 30y 2 units ->. 

By the Law of Conservation of Momentum, 

'20v 1 + 30y 2 = - 600 units ->. 

By Newton’s experimental impact law, 

( Vl -v 2 )= - 0*6 x 70 = - 42 cm. per sec. 


Solving, 


Hence, 

and 

Initially, 


v x = -37-2 cm. per sec., 
v 2 = 4-8 cm. per sec. 

A rebounds to the left at 37-2 cm. per sec., 
B rebounds to the right at 4-8 cm. per sec. 


the kinetic energy of A was * x 20 x 30 2 - 9000 ergs ; 

B l x 30 x 40 2 = 24,000 ergs ; 

>> >> ” ” “ 

so, total kinetic energy was 33,000 ergs. 

After collision: 

kinetic energy of A is i x 20 x 37-2* = 13,840 ergs ; 

B „ 4 * 30 x 4-8 2 = 345 ergs ; 

total kinetic energy is = 14,185 ergs. 

Hence, kinetic energy lost is 33,000 -14,185 = 18,815 ergs. 

tap-.- • “tS”— £££ s 

smooth plane, there can be no c g , «to the normal at 
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normal, as shown in the figure, then, as the component of the 
velocity parallel to the plane is unaltered, 

u sin a = v sin /?. 

If e is the coefficient of restitution between the surfaces, then, for 
the velocity components normal to the plane 

cu cos a = v cos /3, 
v = «v / sin 2 a +e 2 cos 2 a, 


whence 

and 


tan jS = - . tan a. 
e 


For perfectly elastic impact o = 1, v = u and 
£=«; while for perfectly inelastic impact, 
e=0, v = u sin a, and /3 = 90° ; that is, the 
sphere does not rebound, but slides along 
the plane with velocity u sin a. 



Oblique impact of 
sphere on plane. 


Oblique impact of two smooth spheres is treated in a similar 
way. Draw the line joining the two centres at the moment of 
impact (the “line of centres"), and resolve the initial velocities 
along and at right angles to the line of centres. As the spheres are 
smooth there is no change of momentum in a direction at right 
angles to the line of centres ; and the laws of impact as for two 
spheres impinging directly are applied to the momentum and 
velocity components along the line of centres. 

Force exerted by a continuous fluid jet. Let a jet of fluid of cross 
sectional area A sq. cm. of liquid of density p gm. per e c movine 

SSffir- Per SeC ” StTike “ S0 ' id Wal1 and be arr “^d there 

The volume reaching the wall per second is vA c.c its mass m,4 
This niomc “ tum destr °yed per second is pvA x l = pv * 4 units 

Ind ; h e y forc * T* U "'' giveS the for « in dynes on the wall' 

By Newton^Vhird T* ” iS ^ dyneS P er sc f ’ 

directum exp er, ences a force pl « A dynes jn ^ 

stveamis ****■'»“ ^ 

irssr sr;r*"" 

estrojed, while the component pv 2 A cos 0 parallel to the 
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wall is retained by the jet. The force experienced by the wall is 
pv 2 A sin 6 dynes at right angles to its surface. Thus the resolution 
of the “ force of the wind ” by the sail of a yacht (p. 42) is justified. 

Force exerted by a stream of elastic particles. Suppose a similar 
stream contains v particles per c.c., each of mass m gm., moving with 
velocity v cm. per sec. normally towards a solid wall from which they 
rebound normally with reversed velocity v, making perfectly elastic 
collisions. The cross-sectional area is, as before, A sq. cm. 

The change of momentum of each particle on impact, from mv -> 
to mv<-, is 2 mv units, and the number of particles striking the wall 
per second is the number included in a length v of the jet, that is, 
v Av . So the rate of change of momentum at the wall is 2mvAv 2 units, 
whence the normal force on the wall is 2 mvAv 2 dynes, and the pres- 
sure exerted by the jet on the wall is 2 mw 2 djmes per sq. cm. This 
calculation is examined in greater detail on p. 218, where the pressure 
exerted by a gas on the walls of its container is worked out in a 

similar manner. 


Machines 

A machine is a device enabling energy to be used for the perform¬ 
ance of work in a convenient way. In the simple machines we sha 
consider, the energy is supplied to the machine by a force P calle 
the effort moving through a distance x in its own rec ion, 
the machine does work by overcoming a resistance W Med the 
load through a distance y in the direction of action of WJmwu* 

but for the same machine a given load W y 
effort P to raise it uniformly. 

The mechanical advantage of a machine is the ratio 

Load IP 
Effort T P' 

The velocity ratio of a machine is the ratio 

distance moved by effort 


corresponding distance^m^d by load y 
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The efficiency of a machine is 

useful work done by machine on load 
total work done on machine by effort 
_ 1 Vxy 
P x x 
II' .r 

P'y 

_ mechanical advantage 
velocity ratio 

In all machines there is friction to be overcome, and often moving 

parts have to be raised ; so, applying the law of conservation of 
energy, 

work done work done work done work done 

by effort — by machine + overcoming + raisinq 
on machine . onload friction moving parts 

The work done on the load is thus always less than the work done bv 

the effort, so the efficiency must always be less than unity. 

Useful information may often be obtained by imagining that a 

machine is perfectly efficient. This is equivalent to neglecting 
tnction and any moving parts. r 

With this assumption, 

work done by effort = work done on load, 

0r> P xx = IT x y , 

a statement known as the Principle of Work. 

Then, 

*/y-ir/p, 

or the mechanical advantage is equal to the velocity ratio. This is 

Ytt^hfns Under the 

stretch of the imagination, since the velocity ratbean alwavs^ 

include Vn 7 Slmple illSpCCti0n of the machine. But if we 
include moving parts and friction as an effective additional i , 

mmmmB 
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Levers. A lever is a light rod turning freely about a fixed pivot 
(or fulcrum) O. The effort P applied at A raises the load W applied 
at B; AO and BO are called the effort arm and load arm. The three 
possible arrangements are shown in Figs, a, b, and c. In (a), showing 
the lever displaced to raise W, the velocity ratio is Aa/Bb, which, 
by similar triangles is equal to AO\BO ; so 

velocity ratio = effort arm/bad arm. 

Wheel devices. In the simple winch illustrated, considering one 
revolution, if the effort travels 2t tB, the load rises 2ttt, so 

velocity ratio =R/r. 
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(a) Gear train. (b) Worm and pinion. 


In the differential wheel and axle or winch, the rope is wound up 
on an axle of radius a and unwound from an axle of radius b In 
one revolution, P travels 2nR ; a length 2ira of the load loop is 
wound up on to the larger axle and a length 2 t rb is unwound from 
the smaller, so that the shortening is 2 n (a-b) ; as this shorten¬ 
ing is shared between the two sides of the loop, W rises through half 
this distance, tt( a-b); so 


velocity ratio = 2^/77 (a - b) 2 P/(a- b). 

Gear wheels used to increase (or reduce) the velocity ratio (see 
diagrams) can be worked out by inspection. Thus in Fig. a one 
revolution of the effort handle turns the axle through only n/\ 0 f a 
revolution, so the velocity ratio is N/n of that of an ungeared winch 
or, A In X R/r In Fig 6, showing the worm-and-pinion gear, one 
turn of the handle turns the axle through only 1/A of a revolution 
giving a velocity ratio A times that of an ungeared winch, or! 


Pulley systems. A single pulley, used to change the direction of 
k unity ' ° f a f ° rCe ’ IS reaUy a “ aChine “ Which the velocity ratio 

tlJ'!n r°TT Sh n aVed PUUey Sy8tem has two bI °ekB within which 
the individual pulleys rotate independently Usuallv the n .,11 

Which is also used in practice, shows more clearly the course 
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of the rope, which is one continuous cord fastened on one of the 
blocks. The whole system is suspended from a rigid beam. 

The velocity ratio is found by counting the number of cords 
supporting the lower block. For, if W rises 1 ft., each of these 
shortens by 1 ft., and as the rope is taut the sum of these shortenings 
must equal the number of feet of rope pulled out by the effort P. 
The velocity ratio of the system shown in the figure is 4. 

The Weston Differential has in the upper block a composite pulley 
consisting of two wheels of different radii cast side by side as a single 
unit, so that both revolve together. A continuous chain passes over 
the larger wheel, under the load pulley, over the smaller wheel, and 
out to the slack side of the loop. Both the wheels of the upper 
pulley are indented so that the links of the chain are securely held. 
Suppose there are N such recesses in the circumference of the larger 
wheel, and n in the smaller. Take one link of chain as unit length, 



_ i ii Weston differential. 

Sheaved pulley system, 

of velocity ratio 4, 
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and consider one revolution of the composite wheel. The distance I* 
moves is X links. The left-hand side of the chain rises by N links, 
the right-hand side falls by n links; the net shortening of the 
load loop is then (A r - n) links, and as each side shortens by half this 
amount, the load \V rises £ (N - n) links. 

Thus the velocity ratio is iV/i (A r - «), or 2N/(N - n). 

In practice, it is usually found that the efficiency of this machine 
is less than 0-5, and that it does not " overhaul ”, or run backwards 
when the effort is removed. The second of these observations is a 
consequence of the first ; for, supposing that more than half the 
work done by the effort is used in overcoming friction, the maximum 
force that friction can exert must exceed the load, so that if the 
effort is removed and the load tends to fall, friction (which always 
opposes motion) will suffice to support the load. 

Inclined Plane. By inspection of the diagram, it can be seen that, 
if P is applied parallel to the line of greatest slope, 

velocity ratio = BC/AC ; 

while if P is applied horizontally, 

velocity ratio =ABjAC. 



Inclined plane. 

Screw. A screw, carrying a helical thread of constant pitch, 
working in a fixed nut, moves forward through one pitch for each 
revolution of the shaft. If the effort is applied at the end of a lever 
arm of length R (see p. 144), and the pitch of the thread is p , in 
one revolution the effort moves through a distance 2? tR, and the 
load, borne on the end of the screw, rises a distance p ; 

hence > velocity ratio = 2t rB/p. 

A simple form of motor-car jack is also illustrated on p. 144 Here 
the screw is pushed upwards by rotation of the nut. Between the lever 
arm to which the effort is applied and the nut there is a croron-and- 
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\ 


Load 




Principle of screw. 


bevel gear. Suppose the length of the lever arm is 1 ft., the bevel wheel 
has 6 teeth, the crown wheel 30 teeth, and the pitch of the screw 
is 0-2 in. Consider one revolution of the effort lever ; the effort 
travels a distance 2n x 12 in.; the crown "heel turns through 
6/30, =0-2, of a revolution ; the load rises through 0--.of a pit,<*, 

= 0-2 x 0-2 =0 04 in. ; so the velocity ratio is 2w x 12/0 0 

Behaviour of an actual machine. Suppose that the 
is if, and the moving parts to be raised are of weig 1 ’ 

load raised is (If + to) ; as taction is supposed to be proportions 

the pressure between surfaces in contact, write this as an addit.o 
load of* (If +W), where a is a constant ifor the mach. i^ 

The total resistance to be overcome by the effo 

(1+a)(If+«’)■ 

As we have already taken into accountthltThTmacMne! 5hthto 
is less than unity, we can now suppose that the macm 
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computed load, is perfectly efficient, and say that the mechanical 
advantage is equal to the velocity ratio, V ; hence, 

(1 +*){W+ w) 

P ~ V ' 

or P = {W + w), 


so ,P- 

The relation between P and W should thus be linear, and the graph 
of P against W a straight line of which the gradient is (1 +a)/F, 
and the negative intercept on the W axis is tv. 


The efficiency is mechanical advantage!velocity ratio, 
Rearranging the expression above gives 


or 


W 

P . V‘ 


efficiency = -2- = 


1 


PV (1+a) 


iv 

PV’ 


if P is small (and hence for small loads) the efficiency is considerably 
less than 1/ (1+a), but for large values of P it approaches the limiting 

value 1/(1 + a ). 6 


Example. The first two columns of the table below give values 
of load and effort for a sheaved pulley system of velocfty ratio 4 
Find the weight of the moving parts, and express the effec? of 


Load W 
lb. wt. 

Effort P 
lb. wt. 

Mechanical 

advantage 

Efficiency 

0 

10 

20 

30 

40 

50 

60 

3-2 

6-5 

9-5 

13 

16 

19-5 

22-5 

0 

1- 56 

21 

2- 3 

2-5 

2-6 

2-7 

0 

0-40 

0-53 

0-58 

0-63 

0-65 

0-68 


N.P. 
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(a) Graph of P against W . 


The graph of P against W is linear ; the negative intercept on the 
W axis represents 10 lb. wt., and the gradient ^about 0-31 ; as 
(1 + a )/4 = 0*31, a = 0-24, so the friction is 0-24 of the total load 

^The^graph of mechanical advantage and efficiency against load 
(Fig. b) shows a great increase of both with increasing l°a s o 
small values of W ; but this increase is less marked for greater 

loads. 



(b) Graph of Mechanical Advantage and Efficiency against W 
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EXAMPLES ON CHAPTER 5 

L Explain what is meant by force, work and -power. Why is a force of 
1 lb. wt. equal to a force of 32 poundals? 

A car weighing 10 cwt. and working at 16 h.p. travels up a slope of 
gradient 1 in 10. Neglecting air and frictional resistances, at what 
steady speed will it travel? (O. & C.) 

2. Explain the terms force, work, momentum. 

A mass of 500 lb. falls from a height of 10 ft. upon an inelastic pile of 
mass 1000 lb. If the mean resistance of the ground to penetration 
by the pile is 11 tons weight, how far will the pile be driven at each 
b,ow - (O. & C.) 

3. Explain the terms work and power and state the units in which they 
are measured. 

State the principle of work as applied to a machine and indicate why 
it is possible by means of a machine to raise a heavy mass by the 
application of a small force. 

A [orce of 20 lb. wt. is used on a wheel and axle to raise a mass of 
300 lb. If the radii of the wheel and axle are 6 ft. and 3 in. respectively' 
calculate the efficiency of the machine. (O & C ) 

4. A boat of mass 1 ton, starting from rest and moving with uniform 
acceleration, acquires in 3 minutes a velocity of 30 m.p.h. There is an 
additional constant resistance to the motion of 30 lb. wt. per ton Cal¬ 
culate (a) the acceleration, (6) the distance travelled in the 3 minutes, 

(c) the force required to produce this acceleration, ( d) the total work 
done in the time. (O & C ) 

5 Give an example of a machine by which a large weight may be raised 
by the application of a small force, and explain how this is made possible. 

ca * )8tan 1S 1 ft ; in diameter and has 4 bars at right angles to the 
axle. One man pushes against each bar and exerts a force of 50 lb wt 

*° as £* t( \ ra,se f an anchor weighing 1000 lb. How far along the bars 
from the centre of the capstan’s axis must each man push ? (O. & C.) 

6. State Newton’s second law of motion and explain how, from this 
law, we derive a method of measuring force. 

su^enh" 20 °i OnS traVe!s °\ 60 miles P» hour. The brakes are 

suddenly applied producing a retarding force equal to one-tenth the 

befot c°omt e g tTr^t. d ‘ he diStanC6 tHe traU ‘ runs “ « tog 

car by ap'plying’a IS * ° f ' 1 SCr6W * ck raise a I 'lvy 

appMloa W,0cU « rati ° and as 

of 


iESr ' rf-Kiia s 

Mas s 

(O. & c.) 
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8. What do you understand by the term energy ? Distinguish be¬ 
tween potential" and kinetic energy. In what units is energy measured 
on the cm. gm. sec. system? 

A ball of mass 10 lb. is thrown vertically upward with a kinetic energy 
of 20,480 foot-poundals. At what height will its kinetic energy be half 
the initial value? What is the maximum height it will reach? 

(O. & C.) 

9. Explain how it is possible by the use of a machine to raise a heavy 
weight by the application of a small force, and illustrate your answer by 
reference to (a) a lever, and ( b) a block and tackle system of pulleys. 

A block and tackle has three pulleys in each block, and the weight of 
the lower block is negligible. If it is required to raise a mass of 120 lb. 
and the efficiency is 80%, calculate the velocity ratio, the effort which 
must be applied, and the mechanical advantage. (O. & L.) 

10. What do you understand by work and power "l 

Define the units erg, watt , horse-power . , 

A boy weighing 110 lb. climbs a ladder 20 ft. high m 10 secs. Find 

the average horse-power he has exerted. 

11. Explain the terms mechanical advantage, velocity ratio , and 

efficiency as applied to a machine. . . , 

Explain how it is that the efficiency of a machine is always Jesstlian 

100 per cent., and why the efficiency of a pulley system is greater for 

moderately large loads than for small ones. f ii_ v 

A man site in a light sling attached to the lower block of a^puhey 

system whose mechanical advantage is 3. What fraction of 

weight must he exert as an effort in order to lift himself? 

12. What do you understand by the efficiency of *««*"“ * 

with reference to some simple machine, why the value of the efficiency 

is always less than unity. . . . „ s heaved 

The following results were obtained in an experime 


Load (lb. wt.) 

20 

40 

60 

80 

100 

Effort (lb. wt.) 

14-3 

16-7 

221 
• — 

28-6 

35-7 


Tl urn -- 

the load. . . c+ lrin< i (X-axis), and comment 

Plot a graph of efficiency (Y-axis) against load (A a (0 .) 

on the shape of the graph. 

13. Define the units erg, watt, horse-poiver. 660 lb %vt< The 

The tension in the cable of a barrage b ^ Qf 2>500 ft in 

balloon is brought down vertically below it. Find 

^Tork doVe mtr^a.oon, and also the horse-power^t 
which the winch is working. 
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14. Define coefficient of restitution and describe an experiment to 
determine its value in the case of a steel sphere falling on a rigid steel 
plate. 

A sphere A moving in a straight line with a velocity v makes a “ head- 
on ” collision with a sphere B initially at rest ; after impact B acquires 
a velocity 1-Gy. Assuming the spheres to be perfectly elastic, what is 
the ratio of the mass of A to that of Bt What percentage of A’s energy 
is transferred to B as a result of the impact? (N.) 


15. State the law of conservation of linear momentum and illustrate 
it by two different examples. 

Describe an experimental verification of the truth of this law. 

A target weighing 299 lb. is suspended by two long parallel cords so 
that it can swing upwards parallel to itself, the cords keeping in the 
same vertical plane. A cannon shell of mass 1 lb. is fired into the target 
in a horizontal direction tlirough its centre of gravity and becomes em¬ 
bedded in the target which swings upwards rising through a distance of 
1 ft. Calculate the velocity of the cannon shell. (X.) 


16. State and discuss Newton’s third law of motion. 

A wooden beam of mass 25 kilos is suspended by two vertical cords, 
each 1 metre long, one at each end of the beam. A bullet of mass 200 
gm. is fired into the beam along the line of its axis, and produces a hori¬ 
zontal deflection of 5 cm. Find (o) the velocity of the bullet at impact, 

ont (h\ flio 1 aoc- — * * 


(C. S.) 


and ( b) the loss of energy. 

17 Two steel balls, each of mass 50 gm., are suspended by cords of 
equal length 50 cm., so that when at rest they just touch. One of the 

S 1S aSK ? by 25 / m - and lefc 6°- If the impact is perfectly 

made ^ he .velocity of both balls after impact. If the impact is 

hnU f ff y ! ne asfc . ,C by a touch of P^sticine, find the velocity of 

sec ptr sec 1 the 1088 ° f kinetic ener ^ ^ = 980 cm.* per 

(C. i$.) 

•] 8 * t I nass s . efc at elevation 0, is free to recoil on horizontal 

rail* a shell of hiass m ,s fired with velocity V relative to the barrel 

M hat is the velocity of recoil of the gun, assuming that the rails and the 
barrel are in the same vertical plane? g® 

Aba^of mn e i a ''n ° f im P acfc and ex P lain the basis on which they rest. 

rasss as*** “ 

tesfek S e“ntaT. 3 y ° f ^ friCti ° n - and they may be 

SSSiseSt 

(C. S.) 
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21. State the laws of direct impact and indicate the evidence on 
which they are based. 

A smooth sphere of mass half a kilogram, moving with a speed of half 
a metre per second, collides directly with a similar sphere of mass one 
kilogram moving in the opposite direction with speed one metre per 
second. The kinetic energy after collision is half what it was before. 
Find the velocity of each sphere after impact, and the coefficient of 
restitution. (C. S.) 


22. Name and define the absolute unit of energy in (a) the f.p.s. 
system, (b) the c.g.s. system. 

Show that while a body is moving freely under the action of gravity 
its mechanical energy is constant. 

A car of mass 1/2 ton is held stationary by its brakes on an incline 
rising 1 ft. in 30 ft. measured along the slope. When the brakes are 
released it travels downhill without the engine running. After it has 
travelled 480 ft. its speed is 28 ft. per sec. What is the change in the 
total mechanical energy? Give the result in ft. lb. wt. (N.) 

23. Describe some form of screw press or screw jack and deduce an 
expression for its velocity ratio. 

How would you find the efficiency of the machine you describe for 
one particular load? 

A screw jack used for lifting a car has an efficiency of 20 per cent. 
The operator applies an equal effort with each hand at the ends of a 
handle of total length 10 in., and has to make 5 complete turns to raise 
the load 1 in. If the load on the jack is 3 cwt., what is the force exerted 
by each hand? ' *' 

24. State the principle of conservation of momentum, and show how 

it follows from Newton’s laws of motion. 

A 300 gm. mass hangs from the end of a light string so as to lonn 
plumb-line of length 100 cm. A body of mass 50 gm., travelling hori¬ 
zontally, collides with the bob of the plumb-line, and adheresi to. it. 
The system is deflected through an angle of 30 ; calculate the> velo y 
of impact of the body. 

25. Explain the meaning of (a) work, ( b) power, (c) efficiency of a 

m A friction band passes round the flywheel of an engine ; one end of 

the band supports an 84 lb. weight and the ■other is attached to5 th! 

balance. Thi diameter of the flywheel is 2 ft. It is fern* that,’"henthe 

flywheel is making 1,320 revolutions per minute, the sprrng b 1 

reads 24 lb. What horse-power ,s the engme, devefopmgf 

power supplied by the combustion of the fuel is 6 x iu it. i I 

what is the overall efficiency of the engine? [1 h.p.=550 per 

second.] . * 

26. Deduce and give examples of the principle of the conservation of 

“ AbSuTis fired into a heavy block which can swing as a pendulum. 
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and it remains embedded in t he block. If the mass of the pendulum is 
M, its length l, the mass of the bullet ni, and if the lower end of the 
pendulum moves through a horizontal distance rf, find expressions for 
the velocity of the bullet and the fractional loss of kinetic energy at 
impact. Assume that the pendulum can be regarded ns “ simple ”, and 
that d is small compared with /. 

27. Define foot-poundal, horse-power , coefficient of friction. 

Find the shortest distance in which a motor-car, travelling along a 
level road at 30 miles per hour, can be brought to rest, if the coefficient 
of friction between the wheels and the road is 7/8. Find also the average 
rate of working (in horse-power) necessary to stop the car in this 
distance. The mass of the car is 3,300 lb. (O. & C.) 


28. Define the terms “ work ” and “ horse-power ” and state the units 
in which they are measured. 

An escalator is 300 ft. long at a slope of 45° to the horizontal and 
carries 200 people, of an average weight of 10 stone each, per minute at 
a speed of 3 miles per hour. Find the horse-power necessary to do this 
(a) if the passengers remain stationary relative to the staircase, (b) if 
they walk up at 2 miles per hour. (O. s.) 


29. State Newton’s second and third laws of motion, and from them 
deduce the principle of the conservation of momentum. 

An aircraft has 8 machine-guns directed straight ahead. Each gun 
fires bullets of mass 1 oz. at the rate of 1,200 per minute with muzzle 
velocity (measured when the gun is stationary) of 2,400 ft. per sec. Hy 
h°w much (in ft. per sec.) is the speed of the aircraft reduced in 5 sec. 
when all the guns are firing, if the total mass of the machine and pilot is 
6,000 lb.? Find also the backward force (in lb. wt.) exerted on the 
aircraft by the firing. ^ ^ 

30. State the laws of sliding friction, and distinguish between static 
and kinetic friction. 

A body A rests on a horizontal table, the coefficients of static and 
kinetic friction between the body and the table being and u„ respec¬ 
tively (^ > n ). A light string, attached to A, passes over the edge of 
the table and supports a body B, hanging freely. If the system is in 
limiting equilibrium, and is then set in motion, show that its acceleration 

,S + l ’ If B reaches the ground after A has travelled a distance 5 , 


tL fc , h ? fc i the 8 A r ' ng }>? c ? m r es sIack > how much farther will A be able to 
travel along the table before it comes to rest? (O. & C ) 

a /; d illustra te Newton’s third law of motion and show 
other I!? to the principle of the Conservation of Momentum. What 
other relationship is required for solving problems of collision? Find 
expression for the loss of energy in imperfectly elastic collision 


32. State the principle of the 
critically how you would verify it 


(C. S.) 

parallelogram of forces and discuss 
experimentally. 
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Deduce from the principle the rule for resolving forces. 

Two particles of mass m x and m 2 are connected in a light framework 
in a horizontal plane so that they cannot move relative to each other. 
The framework can turn about a vertical axis O from which their 
distances are r, and r 2 respectively. A force F in a horizontal plane is 
applied to m x in a direction making an angle 9 with r,. Using the energy 
principle, show that the angular acceleration is proportional to the 
moment of F about 0 and obtain the constant of proportionality. You 
may assume the expression for the kinetic energy of a particle but not 
that for a rigid body. (C. S.) 

33. Explain what is meant by the term mass. How may the ratio of 

the masses of two bodies be determined without weighing? Point out 
any assumptions involved in your method. (C. S.) 

34. Explain w’hat is meant by a work diagram, and give two examples 
of its use. 

A certain mass of gas occupies 1,200 cm. 8 at a pressure of 10 6 dynes 
cm. -2 . The volume is reduced to 100 cm. 3 , the temperature remaining 
constant. Plot a graph of pressure against volume, and use it to cal¬ 
culate the work done on the gas during the change. (O.) 

35. State the law of conservation of momentum, and explain how it is 
concerned in the jet propulsion of aircraft. Discuss whether jet propul¬ 
sion is feasible beyond the limits of the atmosphere. 

Describe how you would verify the law of conservation of momentum 

experimentally in the laboratory. 1 *' 

36. A thin-walled cylindrical vessel containing a non-viscous liquid 
has a small circular hole at the bottom. Show from considerations ol 
energy or otherwise that the volume of liquid flowing through the hole 
per second is proportional to the square root of the height of liquid above 

it and to the square of the radius of the hole. . , .. 

Describe briefly how you would verify this result experimentally. 



CHAPTER 6 


CIRCULAR MOTION 

The motion of a particle describing a circular path can be considered 
in two ways (see diagram), either in terms of the linear motion of the 
particle along its path, or as the rotation about the centre of the 
circle of the radius vector drawn from the centre to the particle. 
Thus, the particle, in travelling once round the circle goes a distance 
27rr, where r is the radius ; the radius vector makes one complete 
revolution and sweeps out an angle of 27r radians. Linear distance s 
and angular displacement 6 radians are connected by the relation 


s = rd. 
s - rO 



If at any instant the linear speed is v cm./sec., and the radius 
vector is sweeping round with an angular velocity w radians per 
second, then (as t; is rate of change ois y while a, is rate of change of d) 

v = r<o. 

Agam, if at any instant v is changing at a cm. per sec. per sec., 
'while a, changes with an angular acceleration of a radians per sec. 
per sec., 

a = rct. 

For a particle rotating with uniform speed and angular velocity 
the distance travelled, and the angle swept out, after t sec. are 

s = vt and 6 = tut. 
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If the motion is uniform, it is often convenient to use the number of 
revolutions per second, n, or the time of one complete revolution, 
T sec. (which is 1 \n sec.). Then, as there are 2tt radians in one 
revolution, 

co = 2 ttii = 2-nlT ; 

and 9 = 2nnt = 2irt/T, 

while v = rco= 2-Tmr 

2-nr 

= -jT cm - P er sec - 

If the rate of change of speed, a, is uniform the radius sweeps 
round with uniform angular acceleration ; and if the initial speed 
and angular velocity are u cm. per sec., and w 0 radians per sec., the 
kinematic equations of pp. 59 and 60 apply. 

Hence : 

v = u + at becomes = o> 0 + at, 

s = ut + \at 2 becomes 9 = a> 0 t + \cd 2 , 

and v 2 = u 2 + 2as becomes w 2 = w 0 2 +2ct9. 


Maintenance of uniform circular motion. It was shown (p. 54) 
that a particle moving with uniform speed v cm. per sec. in a 
circle of radius r cm. has an acceleration directed towards the centre 

of 



cm. per sec. per sec. 


As v = roj, this can be written 

rw 2 cm. per sec. per sec. 

Using F=ma, it can be seen that the force directed towards the 
centre of the circle which will provide this acceleration m a body ot 

mass m gm. is 


mv 


dynes or mrw 2 dynes. 


Note that this is the external force, acting on the body from with¬ 
out, which is necessary to maintain the motion, and can be T* 8 , 

as the cause of the motion. It is directed always towards the centre 

of the path. 



MAINTENANCE OF CIRCULAR MOTION 


155 


On applying such a force by hand, 
for example, to keep a body whirling 
round on a string, one consciously 
experiences the equal and opposite 
reaction, outwards from the centre. 

People speak of this as “ centrifugal 
force ”, and often infer that it indi¬ 
cates that the body itself exerts a 
force tending to make it fly radially 
outwards, or perhaps in some mys¬ 
terious way conjures up an outwardly 
directed external force for this purpose. It is hard to combat this 
opinion by argument; the only test is that of experiment. What 
happens if t>he string breaks? The body does not fly radially out¬ 
wards, but continues in a straight line along the tangent to its path 
at the instant of severance. For what has happened is that the 
circular motion has ceased because the force towards the centre that 
maintained it is no longer acting. Action and reaction are equal and 
opposite, and act on different bodies ; that the reaction on your 
hand is outwards is the clearest possible evidence that the force act¬ 
ing on the rotating bod}' is inwards. 

This point is so important that it is worth while to consider more 
fully what justification there can ever be for the use of the term 

centrifugal force ”. In rectilinear motion, when the equation 

F = ma is used, the product mass x acceleration can be regarded as a 

kinetic reaction provided by the inertia of the body in opposition to 

the accelerating force (p. 76). But inertia, in resisting a forward 

acceleration, cannot be regarded as an external force tending to move 

the body backwards. If mass x acceleration is a kinetic reaction, 

then the value of this for the body describing a circle is certainly 

mv 2 lr ; but this is simply another way of stating that the body 

possesses inertia, and does require an inuard force to give it an inward 

acceleration ; it does not mean that the body tends of itself to move 

centrifugally, or that it is capable of exerting an external force upon 
itself. 1 

Although the idea of kinetic reaction is reasonable, it is still 
not particularly helpful at this stage. For in all dynamical 
problems on the motion of a body, we require to know the external 
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force which acts upon the body from without and causes the motion. 
Here the external force is the force towards the centre, mv 2 jr. 

If, however, we have two external forces instead of one—that 
is, mv 2 /r towards the centre and mv 2 jr away from the centre, both 
deliberately applied to the body from without, the problem presents a 
quite different aspect. For there is now no resultant external force 
to maintain circular motion, which thus ceases. The body is arrested 
(or moving uniformly in a straight line, under zero resultant force), 
and we are in the realm of statics, not of dynamics. This device is 
frequently used in applied mathematics, since the solution of a 
statical problem follows straightforward lines (p. 104). But it is 
one thing to arrest the motion so that we may resolve and take 
moments legitimately, and quite another thing to believe that the 
feat of the imagination by which this is done means that the motion 
is maintained by the very force we have had supposedly to introduce 
in order to stop it. 

R. W. Pohl, in his Physical Principles of Mechanics and Acoustics 
(Blackie and Son) discusses the notion of “ centrifugal force very 
clearly. His argument amounts to this: If you are a passenger 
in a vehicle rounding a corner, you do experience every sign of an 
external force directed radially outwards upon you ; but you are in 
a very privileged position as an accelerated observer, carrying your 
own accelerated “frame of reference” with you. You likewise 
experience every sign of a force acting on you to the rear when the 
car accelerates in a straight line, and forwards when it decelerates, 
for the same reason—a moving observer carries his “frame of 
reference ” with him and is unaware of its motion. But these 
subjective experiences must not be allowed to prejudice the 
outlook of a fixed external observer of the motion. The pas- 
senger has no dynamical awareness of any motion at all and on j 
experiences the force needed to maintain his illusion of rest. 
The fixed external observer is aware both of the accelera e 
motion, and of the external force which is applied to maintain the 

acceleration. . 

To illustrate this further, consider the man of mass m gm. m 


lift accelerating upwards (p. 78). 

The external observer says, “ This man is accelerating 


upwards at 
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a cm. sec. -2 with reference to the external surroundings which I 
believe to be fixed ; this is because he is experiencing a resultant 
upthrust of ma dynes.” 

The man in the lift says, “ All I know is that I have suddenly 
become ma dynes heavier ; I can, it is true, hear noises of moving 
machinery, but so far as I can see I have not moved with respect to 
the lift, which I call fixed. Surely I am at rest, and experiencing a 
downtlirust of ma dynes.” (More convincing still is the very real 
sensation of one’s insides being forced upwards when the lift is 
accelerating downwards!) 

Both statements are true, but few of us spend much time in 
accelerating lifts, and all of us agree to regard the surroundings as 
fixed, so the verdict of the external observer is accepted. In applying 
the laws of motion to problems we usually adopt the point of view of the fixed 
external observer. 

Similarly, the man moving in a circular path with respect to the 
surroundings may suppose himself fixed, and to him it appears that 
there really is an outwardly directed force mraj 2 acting upon him. 
But external observers of the motion say the surroundings are fixed, 
and that the man experiences an inwardly-directed force ;nro> 2 which 
maintains him in motion. 

In applying the laws of motion to problems on circular motion we usually adopt 
the point of view of the fixed external observer, who can not observe “ centri¬ 
fugal force 

One further point arises here. The earth itself rotates about 
its axis, so that an imaginary observer outside the earth would 
say that we live in an accelerated frame of reference, though we 
suppose our accelerated surroundings to be fixed. It follows that 
to us the earth s rotation really does give rise to a genuine centri¬ 
fugal force. However, for the sake of consistency of treatment, the 
effect of the earth’s rotation on the apparent weight of a body 
is dealt with on p.382 from the point of dew of an imaginary 
fixed external observer, for he alone is in a position to observe 
the rotation of which we are merely informed by the astronomer. 
Centrifugal force is not the only consequence of our accelerated 
frame of reference, for other forces known as Coriolis forces arise 
when we attempt to move about in it. These cannot be explained 
here, but their effects are observed in the circulation of air in cyclones 
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and in the spin with which the last few litres of bath-water swirl 
down the plug-hole of a bath. 


The centrifuge. Migration away from the axis of rotation is 
observed when a vessel containing solid particles suspended in a 
liquid is whirled rapidly round. Apparatus designed for this purpose 
is called a centrifuge ; the process is known as centrifuging, and if we 
can explain how it happens we should be well on the way to under¬ 
standing the matter of the previous paragraphs. 

From the point of view of the external observer , the explanation is as 
follows : 


Consider an element of liquid of volume v c.c. and density p gm. 
per c.c., at distance r cm. from the axis of rotation. The force 
exerted on this by the surrounding liquid must just keep it in 
motion, and so must be vprio 2 dynes inwards. 

If now this element of liquid is replaced by the same volume of 
solid of density p' gm. per c.c., the surrounding liquid exerts the 
same inward force as before (cf. p. 183, for here Archimedes’ Principle 
may be adapted to read, “ When a body is centrifuged in a fluid, it 
experiences an inthrust equal to mrw 2 for the fluid displaced ). But 
this, if p is greater than />, is inadequate to furnish the vp'rw 2 dynes 
needed to keep the solid in motion, so the denser particles eventually 
settle on the only solid wall capable of providing the necessary force 
towards the centre. The difference ( inward force needed minus 
inwards force furnished) at distance r cm. from the axis is v(p -p)rco 


dynes. ... A 

This is not an outwardly directed force, but a “ missing inward 

force ”, and the particle merely fails to describe a circular path unless 
it is furnished. Frictional or other forces may, of course, supply it 
without the need for actual contact with the outer wall. 

From the point of view of an internal observer. In a centrifuge we 
are concerned with the relative motions of the particles within the 
moving system with respect to one another, rather than * itn 
any circles an outside observer notices. Taking up a porn o 
observation within the centrifuge cell itself, and looking around, we 
see all is apparently at rest except for this one sohd particle. We 
find we must exert upon it a force v(p-p')r<o* dynes inwards to make 
it join us at “ rest ’’-that is, to partake of our unrealised motion , 


X 
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here we agree with the external observer. But we, applying Newton’s 
First and Third Laws of Motion, and having our own idea as to what 
constitutes “ rest ”, immediately conclude that it must therefore be 
experiencing a force of v(p - p')rco 2 dynes directed outwards. 

So centrifugal force is a reality to an observer within the 
rotating system, provided he takes his reference points from which 
to discuss motion also within the rotating system. 

Thus, a pilot in an aircraft experiences all the visceral and cerebral 
sensations corresponding to centrifugal force when he turns at high 
speed ; for he, within the aircraft, forms the reference frame with 
respect to which small abdominal and other displacements are 
reckoned by him. 

Again, in discussing sedimentation within a centrifuge cell, as it is 
relative motion within the system that has to be described, we speak 
of a centrifugal force, an outwardly directed centrifugal field and an 
outwards acceleration. 

In these cases it is usual to describe the acceleration in terms of 
that of gravity, g. In an aircraft accelerations of 5g to Hty may be 
encountered. In modern ultracentrifuges, centrifugal fields giving 
accelerations of the order of lOfy have been obtained. 


Problems on circular motion. In the following problems, bearing 
in mind the important point that the force maintaining motion 
must be directed towards the centre, we shall use the sign = 
( identically equal ”) when we equate the resultant inwardly- 

directed external force to and the sign = (“ equal and oppo¬ 
site ”) to connect two forces that balance statically. This distinction 
will be necessary only when the forces are first written down, and 
not in any subsequent algebra. 

Conical pendulum. A body of mass m gm. describes a horizontal 
circle of radius r cm. at the end of a string of length / cm., sweeping 

out a cone of semi-vertical angle a. Find expressions for the 
angular velocity and the period. 


Let T be the tension in the string (see diagram, p. 160), then 

T cos oc = mg dynes, 


rp • „ mv 2 , 

l sin a = TnTajr = -dynes. 






Whence, tan a = ru> 2 /g = v 2 jrg. 

As tan a = r\h, 

rlh = roj 2 lg } whence at=glh, 
and the period = 2tt/oj = 



= 2 77 j 


l COS 


sec. 


Vehicle rounding a banked track. In the diagram, a vehicle of mass 
m is rounding a curve of radius r with velocity v. The track is 
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banked at an angle a. The reactions of the track parallel and 
perpendicular to its surface, are X and Y. That parallel to the 
surface may be either inwardly directed as X y or outwardly as X\ 
and in the most favourable case is zero, for then the motion is 
possible on a smooth track. 

Resolving horizontally and vertically, and working in absolute units 

w tntfi 

F sin a + X cos a =-, or Y sin a - X' cos a =- 

r r 

Y cos a-X sin a = mg, or Y cos a + X' sin a = mg. 

If X = 0, tan a = v 2 /rg when X ' also vanishes. 

For this, the optimum angle of banking, the only force acting on 
the vehicle is that normal to the track. Friction, or rail guidance, 
is not called upon for X. An exactly similar calculation follows for 
the banking of an aircraft while turning, since here there is no 
frictional force A r to rely on, and the reaction of the air on the plane, 
Y, must both support the weight and provide mv 2 /r. 

Vehicle cornering on a rough horizontal road . Here, if friction is 
limiting, its value is fimg absolute units ; any centrally-directed force 
smaller than this can be furnished. 


Hence, 


mv 2 , . . . 

— must be less than fi?ng, 



v must be less than 



Vehicle about to overturn while cornering. So far, vehicles have 
been considered as “ particles ” ; we have ignored their dimensions, 
and also the fact that with an extended body the actual point of 
application of an external force is an important matter. Suppose 
the vehicle is of width 2a, with its centre of gravity G at height h 
above the road (see p. 162). It is about to overturn, pivoting on 
the outer wheels A ; the vertical upthrust of the road is applied at A 
and so is the frictional force (not limiting) towards the centre. 

Replace the force to the centre f~ acting at ^l) by a force 

— acting at G, and a couple of moment J, as shown in the 

figure. We now have the force required to maintain the motion 
applied at G where it is needed, and a couple tending to overturn 

L 


N.P. 
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A 


Dangerous comer; the centre 
of the curve is to the left of the 
figure. 

when all the wheels are on the 


the vehicle outwards. The restor¬ 
ing moment is that of the couple 
mga, due to the weight at 0 and 
the vertical reaction at A . 

jYlVp 

If-. h is greater than mga , 

r 

then the vehicle will start to over¬ 
turn outwards ; and as the arm 
of the overturning couple increases 
as G rises, and that of the restoring 
couple correspondingly decreases, 
overturning is assured. 

Discussion on similar lines can 
be applied to normal cornering, 
ground, by considering that the 


vertical upthrust of the ground is then divided between the two sets 
of wheels, say A at A and (ra# — A) on the other side. 


Rotation of a Rigid Body 

A rigid body can be regarded as an assemblage of particles, which 
preserve the same relative positions during any operation, so that 
the body as a whole is undistorted. When such a body rotates about 
any fixed axis, the individual particles describe circular paths about 
this axis as centre, each with its own r, each with its own v at any 
instant, but all with the same co at any instant. To set such a bo y 
rotating, work must be done on it; if a couple C dyne cm. turns 1 
through an angle 6 radians, the work done on the body is C ergs. 

This work is recoverable from the body A ^\ 0 Tan ity 

when its rotation is arrested. Thus, " ,n ’ e 

though the body has no translational 
motion as a whole, and so no transla¬ 
tional kinetic energy, it does possess 
kinetic energy of rotation. This can be cal¬ 
culated by finding the sum of the 
individual kinetic energies of translation 
of the particles. 

A particle of mass m gm. at distance 
r cm. from the axis of revolution, 
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describing its own circular path with speed v cm. per sec., has 
kinetic energy \mv 2 ergs ; or, since v = rco , this is \mr 2 to 2 ergs. 

The total kinetic energy is thus the sum of the quantities \mr 2 w 2 
for all the particles, which, as £ar is the same for each, is 

\cd 2 x (the sum of all the mr 2 's for all the particles), 
or, Ioj 2 . 27/nr 2 . 

The quantity 27mr 2 , which can be calculated in simple cases and 
always measured experimentally by suitable means, is called the 
moment of inertia of the body about the axis concerned, and 
usually given the symbol I. 

The moment of inertia, I, of a rigid body about a given axis is the sum of the 
products mr 2 taken for all the particles composing the body, where m is the mass 
of a particle, and r its distance from the axis concerned. 

The kinetic energy of the body is thus 

\Iw 2 ergs. 

Comparing this with the expression \Mv 2 ergs for the translational 
kinetic energy of a body of mass M gm. moving with velocity v cm. 
per sec., we see that to replaces v, while I replaces M. It appears 
that I takes the part in angular rotation of M in linear translation 
—hence the name “ moment of inertia ”, which simply means 
“ rotational inertia ” or “ rotational counterpart of mass 

The equation 

K.E. = I moment of inertia x ( angular velocity ) 2 
is the rotational counterpart of 

K.E. = I mass x (velocity) 2 . 

Now let a couple C dyne cm. give the body as a whole an angular 
acceleration a radians per sec. per sec. about the axis. 

A particle of mass m gm. at distance r cm. from the axis (see 
p. 164) experiences a linear acceleration a cm. per sec. per sec., and 
thus must be acted on by a force ma dynes tangential to its path. 

The moment of this about the axis is mar dyne cm.; as a = roc , this 
is mr 2 ce dyne cm. 

The sum of all these moments must equal C ; so 

C = £mr 2 oc = ocZmr 2 dyne cm. ; 



164 


GENERAL PHYSICS 


and since, Emr 2 = I, 

C = Ioc dyne cm. 

The equation 

couple = moment of inertia x angular ac¬ 
celeration 

is the counterpart of 
force = mass x acceleration. 

Again, suppose a steady couple C dyne 
cm. acting for t sec. increases the angular 

od = OJ — cd 0 . 

Hence, Ct = Icd = Iw - ho Q . 

The product of moment of inertia and angular velocity is called the 
angular momentum of the body about the axis and the product C x t is 
the impulse of the couple. 

The equation Ct = Ico - Ioj 0 , or 

impulse of couple = change of angular momentum 

is the counterpart of 

impulse of force — change of momentum. 

The law of conservation of momentum applies also to angular 
momentum ; the total angular momentum of a system about a 
chosen axis is unaltered by interactions between members of the 

system. 

Throughout the above it has been stressed that I is the moment 
of inertia of the body about the given axis of rotation. If the same 
body rotates about a different axis, r for every particle will e 
different, so Emr 2 will be different, and the moment of inertia has a 
quite different value. The axis concerned must always be specificd 
when a value for I is quoted, though if the term “ moment of inertia 
is used unqualified it usually means that the axis concerned is an 
obviously indicated one passing through the centre of gravity ot e 

b< To sum up, all the formulae of straight-line particle dynamics can 
be converted to apply to the rotation of a rigid body about a h.xeci 



velocity from co 0 to w. 


Since u> = cu 0 + cd 
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axis, by substituting moment of inertia I for M, and the appropriate 
angular quantities for displacement, velocity, and acceleration. 


Rotation Equations 
for Rigid Body. 

K.E. = £ .Ioj 2 . 

Angular momentum =Ito. 
“ Second Law ” equation 
C =Ia. 


Translational Counterparts 
for Particle. 

K.E. = UIv*. 

Momentuyyi = Mv. 

“Second Law'' equation 
F = Ma. 


Energy equation 
Fs = \Mv 2 - \Mu 2 . 

Momentum equation 
Ft = Mv - Mu 


Energy equation 
C$ = iltir - JIcoq 2 . 

Momentum equation 
Ct -Ioj - Ioj 0 . 

The value of I for a given body about any axis depends on two 
factors : the mass M of the whole body, and its distribution about 
the axis. These two factors can be separated by writing 

I = MK 2 , 


where K is called the radius of gyration of the body about that axis. 

If the axis of rotation passes through the centre of gravity of the 
body, we often write I 0 for the moment of inertia, and k for the 
radius of gyration, so 

I a = Mk 2 . 

The dimensions of moment of inertia are those of 

(mass) x (length)-, or ML 2 , 
and the units on the c.g.s. system are gm. cm. 2 . 


Values of I 0 in simple cases. The summation Emr 2 can be done 
fairly easily by the integral calculus for bodies of simple shape made 
of uniform material. Details of the method are not needed for our 
purposes ; all that is required is to memorise three or four results 
for uniform symmetrical figures rotating about an axis of symmetry 
through the centre of gravity, 

A thin circular hoop, of mass M and radius r, about an axis through 
the centre perpendicular to its plane , 

Iq = Mr\ 
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The same formula holds for a thin cylindrical shell about its geo¬ 
metric axis. 

A long thin rod, mass M, length 21 cm. about an axis through its mid¬ 
point, at right angles to its length. 

r k -± 

l °~ 3 ’ JV 

A uniform rectangular bar, of length 21 and breadth 2b, about an axis 
through its centre of gravity perpendicular to the lb face, as shown in 

Fi g. (<*)> , -— 

„ M(l 2 +b 2 ) 7 J(l 2 +b 2 ) 

/ 0 = —3—; * - -• 

A uniform disc of radius r and mass M, about an axis through the 
centre and perpendicular to its plane (Fig. (6)), 

/o=_ r ; k ~j* 

The thickness or depth of the disc is not involved, and the same 
formula holds for the moment of inertia of a cylinder about 1 s 

geometric axis, for it is simply a very thick disc. 

A uniform sphere of mass M and radius r, about any axis pass g 

through its centre, 

9 , 2 

I g = j^Mr 2 ; ^ = r • V 5 ‘ 

The above should be known ; it is best to try to memorise them 

singly as they stand. These results are useful because, “ '" U be “ e 
below, once the moment of inertia about an axis through the cen 
of gravity is known, that about any parallel axis anywhere is y 
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written down, and also the moment of inertia of any body that can 
be split up into simple symmetrical parts can be found by summing up 
the individual moments of inertia of the parts about the chosen axis. 

Theorem of Parallel Axes. A body of mass M and radius h rolling 
on a horizontal surface (see diagram) can be regarded in two ways: 

(a) We can say that it has two independent motions, 

(i) rotation with angular velocity c o about the centre of 

gravity, and 

(ii) superposed on this, translation of the centre of gravity 

with linear velocity v, where v = hoj. 

The kinetic energj' of rotation is IIqcu 2 , and that of translation 
\Mv 2 ; so the total energy is 

’ U Q cu 2 + \Mv 2 = ll 0 u > 2 + JifA*«*. 



{b) We can fix attention on the point of contact with the surface, 
A , which is, for an instant only, a fixed axis about which the body as 
a whole is rotating with angular velocity cu. This must be so, 
because the centre of gravity is moving at right angles to it, at 
distance h with speed v 2 , and angular velocity v/h (which is w). 

From this point of view the motion is entirely rotational, but 
the moment of inertia concerned is its value I about the point of 
contact A. 

Thus, the kinetic energy is lieu 2 . 

The two expressions for the total kinetic energy must be the 
same, so 

II0J 2 = U 0 cv 2 + UIh 2 w 2 , 

or > I = I 0 + Mh 2 . 

This is a perfectly general result,' though obtained by considering a 
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particular case that enabled an energy method to be used. It is 
known as the Theorem of Parallel Axes : 

The moment of inertia, I, of a body about any axis equals the moment of inertia, 
Ig, about a parallel axis through the centre of gravity, plus the product Mh 2 , where 
J\I is the mass of the body and h the distance between the two parallel axes. 

Example. To illustrate the application of the theorem of parallel 
axes, and the summation by which the moment of inertia of a body 
made up of simple shapes can be found, consider the following : 


^ § 

• - _ 



A dumb-bell is made up of a rectangular rod of length 14 cm., 
breadth 2 cm., and mass 200 gm., and at each end solid spheres of 
radius 3 cm. and mass 300 gm. Find the moment of inertia of the 
whole about an axis 0 through the centre of gravity, as shown in the 
diagram. 

Consider the system split up into the rod and the two separate 


spheres. 

For the rod, the moment of inertia about 0, is, using 


M(l 2 + b 2 )l 3, 


100 x (7 2 + 2 2 ) _ 1 nRn 
3 


gm. cm. 


For one sphere, 

j a [ =|Jfr 2 ) = f x 300 x 3 2 = 1080 gm. cm. 2 . 

Hence, using the theorem of parallel axes, 

Iq = (/ 0 + Mh 2 ) = 1080 + 300 x 10 2 , 

= 31,080 gm. cm. 2 . 

For the other sphere, similarly, I 0 = 1080, and J 0 = 31,080 gm. cm. 2 . 
The moment of inertia of the whole is obtained by summing these 
“ partial sums of mr 2 ” about O, thus 

7 = 1767+31,080 + 31,080 


= 63,927 gm. cm. 2 . 


Moment of inertia of a flywheel about a fixed axis through the 
centre of gravity. The flywheel is mounted on an axle of radius 


THE FLYWHEEL 


169 


r cm., which rotates in fixed bearings (see 
diagram). These may conveniently be ball¬ 
bearings, or should be reasonably well lubri¬ 
cated ; in this experiment friction cannot be 
ignored and is corrected for, but it should be 
reduced as much as possible. 

A light strong thread, wrapped round the 
axle, holds a mass m gm., at height h cm. above 
the ground ; the thread is looped on a small 
pin on the axle, and its length is so adjusted that 
it disengages itself when the mass m hits the 
ground. 

The time /sec. form to fall the vertical distance 
A cm. is determined. The number of revolutions, 

«i, made by the wheel during the fall is counted, 
and also the number, n 2 , made after in has 
detached itself and before the wheel comes to 
rest. 

The mass m falls with uniform acceleration, 

giving the wheel uniform angular acceleration ; 

let v cm. per sec. be the linear velocity of m, and co radians per sec. 

the angular Velocity of the wheel, at the instant the mass strikes the 
ground. 

Then, since the acceleration has been uniform, the final velocity 

v = 2 x ( average velocity) = 2h/t cm. per sec., 
anc * oj = v/r = 2 h/rt radians per sec. 

The potential energy lost by m is mgh ergs ; this has 
(a) furnished kinetic energy of translation to m itself, lmv 2 ergs ; 

^ ^nd^ kinetiC energy of rotation to the wheel," U 0 co 2 ergs, 

(c) performed a certain amount of work against friction, n x w ergs, 

where w is the work done per revolution in overcoming friction 
Thus, 

mgh = bnv 2 + \Iqoj 2 + n x w. ergs. 

Now, when m drops off, the wheel is left with kinetic energy U oul * 
ergs, which is entirely used in overcoming friction during the «„ 
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turns described before it comes to rest. Assuming that the work 
done against friction per turn is again w ergs, 

\Iqcj 2 = n 2 w. 

Substituting for w in the previous equation, 

’ mgh = \mv 2 + \Iqoj 2 (1 + njn^) ; 

and from this, by substituting v = 2h/t, co = 2hjrt, 

I G can be calculated, in gm. cm. 2 . 

Acceleration of roller on inclined plane. A body sliding down a 
smooth inclined plane would have a uniform acceleration of g sin a, 
where a is the inclination of the plane to the horizontal. The 
acceleration of a roller, while still uniform, is always less than g sin a. 

Suppose a body (hoop, solid cylinder, or sphere) of mass M gm., 
radius r cm., and moment of inertia about its centre of gravity 
I G = Mk 2 , rolls down a slope inclined at an angle a, of length l and 

vertical height h (see diagram). 

The motion can be regarded as two independent occurrences : 

(a) linear motion of the centre of gravity, giving a final velocity 
v cm. per sec. at the end of the slope ; and, superposed on this, 

(b) rotation about the centre of gravity, giving a final angular 
velocity about the centre of gravity of <v radians per sec., where 

The kinetic energy of translation finally acquired is \Mv 2 ergs, 
and that of rotation \I 0 u> 2 ergs. Both are provided by the potential 
energy lost by the mass in falling through a vertical distance h cm., 

which is Mgh ergs, so 

Mgh = \Mv 2 + Uqoj 2 , 
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or, as to = v/r, 

Mgh = \Mv 2 + \I 0 . v 2 jr 2 , 
and, putting Mk 2 for I Q 

Mgh = UIv 2 + UIk 2 v 2 /r 2 ; 
whence, cancelling M, 

2gh = v 2 {l+k 2 /r 2 ), 

and, rearranging, 

_Jg_h gy sin a . I 

(1 + k 2 /r 2 ) (1 + k 2 /r 2 ) ’ C ta dS 

for the inclination of the slope. 

Now, if a cm. per sec. 2 is the uniform acceleration down the slope, 

v 2 = 2 al, 

g sin a 

° = (1 + k 2 /r 2 ) Cm ' P er SCC ' P cr SGC ‘ 

Thus, 

for a hoop ( k 2 = r 2 ), the acceleration is \g sin a cm. per sec. per 
sec. ; 

for a solid cylinder (k 2 = ir 2 ), the acceleration is %g sin a cm. per 
sec. per sec. ; 

for a sphere (& 2 = fr 2 ), the acceleration is ,{7 sin a cm. per sec. 
per sec. 

For a body of radius of gyration k cm., rolling on rails on an axle of 
radius r cm. instead of on its own periphery, the equation 

g sin a 

(i + £ 2 j r cm - P er sec - P cr sec. 

is generally applicable. 


so 


a = 


EXAMPLES ON CHAPTER 6 
L Define the moment of inertia of a body about a given axis 
expeTime b ntnnv m ° ment ° f inertia of »flywheel enn be determined 

A i!T Z ° ntnl f SC rotn ‘ in 8 free ly about« vertical axis makes 100 r.p.m. 
A small piece of wax of mass 10 gm. falls vertically on to the discand 
adheres to it at a distance of 9 cm. from the axis. If the number of 

“tlHfXXT 615 thereby reduced to 90> caIculate » he mo, " ent 

■n • (N.) 

2 . Describe and explain an experiment to find the moment of inertia 

aboutl't™ Cy ' mder 8b ° Ut US aXiS ’ the diameter ° f ‘be cylinder being 

(N.) 
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3. Derive from first principles an expression for the acceleration of a 
particle describing a circular path with constant speed. Explain why 
it is desirable to bank the road at comers, and calculate the optimum 
angle of bank for a curve of radius r to be traversed at a speed y. 

A train is travelling round a circular arc of radius 500 ft. which is not 
banked. The gauge of the railway is 4 ft. 9 in. and the hoight of the 
centre of gravity is 3 ft. 6 in. above the track. If there is no pressure on 
the iimer rail, what is the speed of the train? 

4. Explain the terms moment of inertia and angular momentum. 
Derive the relation between them for a rigid body rotating uniformly 
about a fixed axis. 

Describe an experimental determination of a moment of inertia ot 
either a flywheel or a rod. 

5. The mass of the earth is increasing at the rate of 1 part in 5 x 10 19 
per day by the accretion of meteors falling normally on the earths 
surface. Find the corresponding rate of change of the period of rotation 
of the earth supposing that the density of the earth is uniform. 

[The moment of inertia of a thin spherical shell of mass rn and radius r 

about a diameter is §mr 2 .] 

C. Enumerate the external forces which are acting on a .J >1 ^ cle 
its rider when going round a curve on a level road with uniform speec 
and show how the acceleration is produced. Illustrate jour ans 

C h a.culate Xe angle which the bicycle and tt. rider must ma^ewith 
the vertical when going round a curve of 22 ft. radius at 1 
hour What is the least value of the coefficient of friction between 
tyres’ and the road which will prevent slipping. If the bicycle-and nd 
together have a mass of 200 lb., what frictional force must the groun ^ 

exert on the wheels? 

7. Show that in order to maintain a particle of mass 
circular path of radius a, with^angular velocity o,, ajforce of 

W mist be applied cdirected towards the“EdL/to a 
One end of a light flexible string of length 100 cm » 

fixed point and supports at the other circle in a 

The whole forms a conical pendulum, the bob descrmi g 

. , ci — !(—— - V where n is the number 

horizontal plane. Show that n— ^ y \ 100 cos 0/ ’ 

of revolutions per minute and i is the angle the string makes with the 
vertical. , , . _ r o nn pm weight, find the maxi- 

JL-SSMS £■£&. . 

8. Explain the meaning and the of a 

^^sitiszsrss rjszsi 
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applied to the body about that axis, (6) the kinetic energy of rotation 
when the body is rotating with angular velocity w about that axis. 

A steel cylinder of radius 3 cm. and mass 2,000 gm. is supported 
horizontally in frictionless bearings on a light shaft passing through its 
axis of symmetry. A long light cord with one end fixed to"the cylinder 
is wrapped round it a large number of times, and a weight of 100 gm. 
fastened to its free end. Find (a) the linear acceleration of the weight, 
(6) the tension in the cord, (c) the angular acceleration of the cylinder. 

(The moment of inertia of a cylinder of mass M and radius a about its 
axis is p/a 2 .) ^ 

9. How long will it take a penny, starting from rest, to roll a distance 

of 1 metre down an inclined plane which makes an angle of 30 with the 
horizontal? (Acceleration due to gravity =981 cm./sec. 2 ) (C. IS.) 

10. Deduce an expression for the force required to cause a particle to 
move in a circle with uniform speed. 

Two particles resting on a rough horizontal disc are connected bv a 
piece of string which is drawn tight and lies along a radius. The disc is 
now set spinning and is speeded up until the particles begin to slip, 
bhow that, if the coefficient of friction between each particle and 
the disc is the same, the speed at which they slip is the same as that 
at which a similar particle would slip if placed at their centre of 

graVlty - (C. S.) 

11. A steel rod of length 50 cm. and area of cross-section 1 sq. cm. 
l as masses of 2 000 gm. attached to its ends. Neglecting the weight 
of the rod, find the greatest speed at which the system can be rotated 
sq^cm 1 breakmg lf the tenacity of the material is 10'° dynes per 

An! 2 * D,s ^. u ff the a PP*>cation of the principles of the conservation of 
energy and the conservation of momentum to mechanical problems 

or^hJT f bymeans of a Hgl* string 3 metres long to a point 

on the surface of a fixed vertical cylinder whose radius is 10 cm The 

STra'teof vovln S about the cylinder, with the string horizontal at 
rate of 10 revolutions/sec. Find the angular velocitv of the > 

when the strrng has wound itself exactly twice round'the cvhnd^ 
neglecting the vertical motion of the mass. } (C S ) 

J A cl : lck . et bal i of mass 0-3 lb. and diameter 0-25 ft. is bowled at 30 ft 

vSoeityTfTfa^^ 

W its total kinetic energy. (The moment of inert T 8 ' “d 

s,r, “—■«- ri'-rirs-x* 

on tt , i. is banked at such an angle that tetc.* 
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on it. What is the maximum speed at which vehicles can take the 
curve? (0,) 

15. Show that a body describing a circular path with uniform speed 

experiences an acceleration towards the centre of the circle, and find an 

expression for this acceleration. r 

Find the speed of an aircraft describing a horizontal circle ot radius 

258 yds. if the acceleration towards the centre of the curve is 6jjr. (t>.) 

16. Define moment of inertia, and find an expression for the kinetic 

energy of a rigid body rotating about a fixed axis. . 

A sphere, starting from rest, rolls (without slipping) down a rougl 

plane inclined to the horizontal at an angle of 30 , and is found 
a distance of 1,350 cm. in the first 3 seconds of its motion. Assonung 
that F, the frictional resistance to the motion, is independent ol the 
speed, calculate the ratio of F to the weight of the sphere (F«r a sphere 
of mass m and radius r, the moment of inertia about a dia ™ e ^ r c } 

fmr 2 .) 

17. Show that when a body of mass m is describing a circular^path of 
radius r with a velocity v. a force must act upon it of magnitude mv /r 

directed towards the centre of the circle. j a CU rve of 

A vehicle travelling on a horizontal surface goes round a curv 
radiuT300 feat at 60 miles per hour. If the distance between a pair of 
wheels is 5 feet, and there is no skidding, find the maximu g & ^ 
its centre of mass to avoid overturning. 

18 Define the term “ moment of inertia ” of a body, and[show^that 

the same equations apply "■ 

is replaced by moment of couple , mass y „ 

an s d h w n tha r t d i S ^“h where of a given 

body°about any axis of rotation, /„ is th ® ^^^of^body! and 

parallel axis through the centre of f mass to the axis of 

h the perpendicular distance from the centre ol mass (Q & Q ) 

rotation. . 

19 . Explain why a lorry going round a comer at too great a speed is 

apt to overturn. a t h e height of its 

1 A symmetrically loadedlorry w. ifound in a vertical plane midway 
centre of gravity is 5 ft be taken to be 

between the wheels. The br ^d^ maximum speed at which the 

&» 5 , . .-■* " 

of friction to prevent sideslip. d 

descrite^^rn© inertia. 
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A flywheel with a horizontal axle, 2 cm. in diameter, has a cord wound 
round the axle to the end of which is attached a 5-kilogram weight. The 
weight is allowed to fall, causing the wheel to rotate. The weight falls 
from rest a distance of 40 cm. in the first 10 sec. What is the moment 
of inertia of the flywheel ? (O & C ) 

2L A body moves in a circle with uniform speed. Find the magnitude 
and direction of the acceleration of tlie body at any instant. 

An aeroplane flies in a horizontal circle of radius 2 miles at a speed of 
330 miles per hour. \\ hat is the direction of the resultant force on the 

sea ' )lane? 4 (O. & C.) 

22. Define coefficient of friction ” and “ normal acceleration ", 

A gramophone disc is set revolving in a horizontal plane and reaches 

a steady state of motion of two revolutions per second. It is found that 

a small coin placed on the disc will remain there if its centre is not more 

C T* ? f OI V he ? xis of rotatiou * Explain this, and calculate the 
coefficient of friction between the coin and the disc. (O. & C.) 

f r I - a ®* eS . of ? 5 and 105 ’ hanging freely, are connected by a 

the svltin? W1,Ch Pa ff eS ° Ver a pul,ey of mnss 20 S m - When released, 
the system moves with an acceleration of 40-7 cm. per secA Calculate 

a value of g if the mass of the pulley is (a) neglected, lb) taken into 

account. Regard the pulley as a simple disc of moment of inertia Mr 

and assume that no kinetic energy is lost in friction. (N*) 
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PRESSURE IN FLUIDS AT REST 

A liquid has a definite density, and a given mass of any liquid always 
occupies a definite volume, but has no definite shape. A gas com¬ 
pletely fills its container, and a given mass of gas has no definite 

volume or shape. Both are fluids. . 

External forces are usually applied to fluids through the inter- 

vention of a boundary which has an appreciable area of contact with 
the fluid. In a fluid at rest, there can be no component otttie in¬ 
ternal force parallel to the boundary, for this would have the effect 
of causing motion parallel to the boundary, whereas the Amd is at rest 
The force at any element of the boundary must be directed normally 
to the element. In aU problems the pressure, or nonna force pe 
unit area is the important quantity, rather than the force itself. 
It must be emphasized that pressure is normal force per 

In the C.G.S. system, pressure is measured in dynes per sq. emu 
The atmosphere exerts a very considerable pressure, .boot M»dynes 
per sq. cm. at sea-level usually. The e ” 

" r* ot ,q . szz i sr.- r 

are those of force+area, « the norma l force per 

the point. ' ' 

Pressure at a point in a fluid at rest is ^ “e 

This must be so, for ° the X™ertoce f resultant force, and the 
drawn round the pomt w °u p ^ point, describe 

fluid could not be at rest. For example if X is the P . ^ 

round it a right triangular p^rism,^ with^si ^ A1 forces over ABC 
width A A’ = t (see diagram). This is at rest, 
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and A'B'C' must be equal and opposite ; suppose for the moment 
that the pressure over the rectangular faces is actually the same, 
p. Then the force over the face AA'BB' is p x t xAB, acting at 
right angles to the face and through the centre of it; similarly for 
the faces AC and BC , the forces are p xt x AC and pxtx BC, at 
right angles to the faces and through their centres. These three 
forces all meet in one point, and as they can be represented by lines 
are proportional in length to the sides of ABC, and as each is directed 
at right angles to the appropriate side, they can be drawn as the 
three sides of a closed triangle. Thus they are in equilibrium, justify, 
ing the assumption that the pressure was the same on all faces. 

Pressure at all points at the same horizontal level in a fluid at rest 
is the same. This must be so, for any horizontal pressure gradient 
would cause the fluid to flow, and it does not. 

A fluid transmits an externally applied pressure increment equally- 
in all directions. This is a consequence of the fact that the pressure 
at any given point acts equally in all directions ; any externally 
applied pressure increment must thus be transmitted undiminished 
from the boundary at which the external pressure is applied to the 
more remote parts of the fluid at all levels. 

Simple experiments to verify the foregoing statements, or to 
illustrate them, are easily devised. 

Hydraulic press. Two cylinders communicating by a horizontal 
tube are filled with liquid. One carries a plunger of area a, to which 

an effort F is applied ; the other has a larger plunger of area A which 
bears a load W. 


M 


N.P. 
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The effort F exerts a pressure p = F)a on the fluid, which is trans¬ 
mitted equally in all directions, and acts equally all over the bound¬ 
ary. The load plunger experiences a force F\a x A, which just over¬ 
comes the load W, so 


- . A = W, 


or 


W__A 
F~ a' 


That is, the mechanical advantage of the arrangement equals 

area of load plunger/area of effort plunger. 

If F moves down a distance a; and W rises a distance y, then if the 

liquid is incompressible ax = Ay, for each represents the volume of 
liquid transferred from one cylinder to the other. Then Fx = Wy, so 
that in the absence of friction the arrangement would be perfect y 
efficient. But^if the liquid is compressible, ax>Ay, whence Fx > y, 
and some work is expended in compressing the liquid instead ot 
raising the load. Thus the fact that the compressibility of liquids is 
very small as well as their property of transmitting pressure equally 
in all directions, is an essential reason why most hydraulic mechan- 


In an actual machine, a valve 1 enables fresh liquid to be drawn 
in when the effort rises for a second stroke; a non-return valv 
allows transfer of liquid from right to left only ; and a valve or tap 3 
allows the load to fall and the liquid to return to a reservoir whe 
reuuired. The figure really represents a hydraulic hoist rather tha 
a Bramah hydraulic press ; for a fixed upper plate should be provi 
for the plunger to press its load against. 

Pressure due to a vertical column of liquid. Consider a horizontal 

Sir XL » a. *-» 




Density 

f> 9 m 
per c.c.. 

Weight . 

/iAp 
gm wt. 



cm. 
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the fluid column ; and suppose that the den¬ 
sity of the fluid is uniform, of value p gm. 
per c.c. 

Standing above the area A is a vertical 

column of fluid of volume Ah c.c. The mass of 
this is Ahp gm., and its weight Ahp gm. wt. 

The thrust exerted on the area A is Ahp 
gm. wt., and the pressure p = Ahp/A =hp gm. 
wt. per sq. cm. Or, as there are g dynes in 
one gm. wt., 

p = hgp dynes per sq. cm. 

This, of course, gives the pressure at any 
point in any direction at the same horizontal 
level (or vertical depth) as the chosen area. 

Thus, the pressure due to a column of liquid depends only on the 
vertical depth below the free surface and the density of the fluid : 
for a liquid of uniform density, 

pressure = vertical depth x density gm. wt./sq. cm., 

or ’ pressure = vertical depth x density x g dynes/sq. cm. 

Usually, the free surface of a liquid is exposed to atmospheric or 
other external pressure ; if the external pressure on the free surface 
is P gm. wt. per sq. cm., then the total pressure at depth h cm. is 
(P +hp) gm. wt. per sq. cm., or (P +hp)g d}Ties per sq. cm. 

Liquid pressure gauges. The diagram illustrates a simple mano¬ 
meter or pressure gauge, of the type used to measure the pressure of the 
laboratory gas supply. As the pressure at the same level in the same 

liquid is always the same, the pressure at level 
A is the same in both limbs. Thus the pressure of 
the gas supply is balanced by the pressure of a 
vertical column AB of liquid, plus the external 
atmospheric pressure on the surface B. The limbs 
need not be of equal diameter, nor need they 
actually be set vertically, provided that the ver¬ 
tical difference of height between A and B is 
measured. If this is li cm., and the density of 
the liquid p gm. per c.c., the pressure of the gas 


B 

T 



L 
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in the right-hand limb is that of the atmosphere plus kp gm. wt. per 
sq. cm. (or plus hpg dynes per sq. cm.). 


Mercury barometer. A device similar to the gauge described 
above is used to measure the pressure of the atmosphere itself. 
The top of the one limb (about 1 m. long) is sealed up and the limb 
filled with mercury ; the mercury descends a short distance from 
the sealed end, and the space above the mercury is, apart from a 
little mercury vapour, a vacuum (known as a Torricellian vacuum 
after its discoverer), so that no appreciable pressure is exerted on 
B (see diagram below); the atmosphere presses on A ; and the 
pressure of the vertical column AB must thus balance that of the 
atmosphere. 

For many purposes, it is not necessary to convert the observed 
vertical height (or “ head ”) into the usual pressure units ; since the 
pressure of each centimetre of a liquid of density p gm. per c.c. is 
p gm. wt. per sq. cm., or pg dynes per sq. cm., it suffices to state a 
reading as “ so many centimetres of water ” or “so many centi¬ 
metres of mercury 

A simple mercury barometer can be made as follows : a straight 
glass tube, sealed at one end, of moderately wide bore and about one 
metre long, is carefully cleaned and dried. It is filled to within 
about a centimetre of the open end, then the thumb is placed over 
this end and the tube inverted slowly several times to remove air 
bubbles that may be clinging to the side. It is then completely 
filled, and, with the thumb placed over the end, inverted in a vessel 
of mercury ; the thumb is removed, and the mercury drops leaving 


Vertical column 
of mercury x 
balancing pressure 
of atmosphere at A 



Torricellian 

vacuum 




FORTIN BAROMETER 

a space at the top (the Torricellian vacuum). The 
upright tube is held in a firm support. The vertical 
height AB in the diagram is that of the column of 
mercury supported by the pressure of the atmosphere 
on the free surface of the mercury in the vessel. This 
is usually round about 76 cm., when the pressure of the 
atmosphere is 

76 cm. of mercury ; 
or 76 x 13-6 gm. wt. per sq. cm.; 
or 76 x 13-6 x 981 dynes per sq. cm.; 

76 x13-6x981 
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or 


1000 


millibars. 



.I'll 


It is difficult to make accurate measurements with 
this simple barometer ; one of the main reasons is that 
a fixed scale cannot be used, since changes in the height 
of the mercury column cause corresponding but smaller 
changes in the level of the free surface in the reservoir. 

The Fortin barometer. In this instrument, the baro¬ 
meter tube is enclosed for most of its length by a tube 
of brass or steel, on which is engraved a fixed scale. Only 
the region of possible readings on this scale is actually 
divided, and the zero of the scale is an ivory point. The 
base of the mercury reservoir can be raised or lowered 
by a screw which moves a false bottom consisting of a 
washleather bag. Moving over the scale is a vernier, 
with a non-parallax edge, so that readings can be taken 
to the nearest 1/20 mm., or the nearest 1/500 in. 

In use, the reservoir is first adjusted until the mer¬ 
cury level just touches the ivory point. The vernier is 
then brought down so that the edge is level with the 
top of the mercury meniscus, and the reading taken. 

A thermometer by the side of the tube is also read, 
for correction has to be made for the expansion of the scale (which 
is only correct at the temperature at which it was graduated), and 
also for the change in density of the mercury with temperature 
(since 1 cm. of mercury only denotes a definite pressure in gm. wt, 
per sq. cm. if the density can be specified). For an accurate reading 


L 
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in dynes per square centimetre, the true local value of g must be 
used. A further correction is needed if the result is wanted for 
comparison with other observations elsewhere, such as the construc¬ 
tion of meteorological charts. As the density of mercury is 13-6 gm. 
per c.c., and that of air about 0-00126 gm. per c.c. under ordinary 
condition's, a column of 1 mm. of mercury gives a pressure equivalent 
to a column of 1100 cm. of air, so that a considerable allowance for 
the height of the instrument above the chosen datum line is needed. 
The barometer can be read to 1/20 mm., which is equivalent to only 
55 cm. of air, so all the accurate adjustment and careful use of the 
vernier are wasted if this last correction is not carefully applied. 
But, as stated above, this is only necessary when “sea-level pres¬ 
sures ” are being collated for meteorological purposes. 

Pressure method for specific gravity of liquid : Hare’s Apparatus. 
The two separate limbs of an inverted U-tube dip into containers of 
water and the liquid under investigation (see diagram). By sucking 
at the outlet X, the pressure in the tube is reduced, and the two 
columns A B and CD both exert the same pressure—which is equal 
to the difference between that of the atmosphere outside and the 
reduced pressure in the tube. The vertical heights li x cm. of water 
and h 2 cm. of liquid are measured ; if p x gm. per c.c. be the density 
of the water, and p 2 gm. per c.c. that of the liquid, then 

pressure of liquid = pressure of water, 

^2^2 = ^lPl> 

. p2 = /h 

Pi h 2 

so the specific gravity of the liquid, which is 
density of liquid equal tQ h. 

density of water n z 

Archimedes’ Principle. Because there is a 
vertical pressure gradient in a fluid at rest, a 
solid immersed therein is subjected to a greater 
pressure from below than above ; on the other 
hand, as there is no lateral pressure gradient, 
the pressure is uniform on all sides at the same 
horizontal level. It follows that a solid 1 m- 
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Forces at boundary Same forces acting on 
of solid same boundary enclosing 

fluid, just support weight 
of enclosed fluid 

mersed in a fluid must experience a force acting vertically upwards 
(an upthrust), and no horizontal force. 

How great will this upthrust be? Consider a body of any shape 
immersed in a fluid (see diagram) ; the pressure acts from all sides 
on its boundary, and the upthrust is the resultant of a very large 
number of independent forces, which for each element of area is equal 
to pressure x area of element normal to the element. This resultant is 
determined solely by the extent and situation of each element of the 
boundary, the contents of which cannot influence matters. Thus 
if the solid is removed, and its place taken by a mass of the fluid, the 
same external forces acting round the same boundary now act on 
this fluid ; but this fluid is, of course, just supported at rest. Hence, 
the combined forces on the boundary are just able to support the 
weight of the fluid that would fill the space within the boundary, or 
the upthrust on the solid is exactly equal to the weight of the fluid dis¬ 
placed by the solid. This important conclusion is the Principle of 
Archimedes, which is usually stated : 

When a solid body is wholly or partially immersed in a fluid, it experiences an 
upthrust equal to the weight of the mass of that fluid displaced. This upthrust 
acts vertically through the centre of gravity of the displaced fluid. 

Note : (a) that the term “ fluid ” covers both liquid and gas ; 

(6) that an upthrust is a force , and thus can only equal a 
weight (not an “ amount ” or “ volume ’”) ; 

(c) the phrase “ that fluid ” means the fluid in which the 
body is immersed ; if the body is immersed in brine, the upthrust 
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P = h pg 

dynes / sq. cm. 


/> = (k + l) pg 
dynes/sq.cm. 


Jipg k dynes ^ 

^4 


A sq.cm. 


Resultant farce 

Um. be* * 


1 


^ (h + l) pg A dynes 


equals the weight of the brine it displaces ; if the body is immersed in 
alcohol, the upthrust equals the weight of the alcohol it displaces ; 
only if it happens to be im/mersed m water does the upthrust equal the 
weight of the water it displaces. 

To illustrate further how the upthrust arises, consider a solid 
cylinder of length l cm., area of cross-section A sq. cm., immersed 
with its axis vertical and its upper face at a depth h cm. below the 
surface of a liquid of density p gm. per c.c. (see diagram). 

The pressure on the upper face is hpg dynes/sq. cm., and the down¬ 
ward thrust is hpg A dynes; the pressure on the lower face is 
( h+l)pg dynes/sq. cm., and the upward force is ( k+l\pgA dynes; 
there is no resultant horizontal thrust, so the resultant thrust of the 
liquid on the body is the difference between the two vertical forces on 
the horizontal faces, that is, 


(h+t)pgA -hpgA =lpgA dynes. 

But lA c.c. is the volume of the solid body, lAp gm. is the mass of 
liquid it displaces, and lApg dynes is the weight of the liquid dis¬ 
placed. Thus, when a body is immersed in a fluid (in this case ot 
course, a liquid), it experiences an upthrust equal to the weight of 

that fluid displaced. 

To demonstrate the principle, a solid body of measured volume 
V e.c. (such as an aluminium cube) is weighed m air and then totally 

immersed in a liquid of measured density p gm P« 
difference between the two weighings gives the upthrust, v 
found to equal the weight of Vp gm. ; that is, the weight of flmd 
displaced. The vessel of liquid is supported clear of the b^cepan, 

on a bridge or some other firm independent structure during w g g 
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Use of Archimedes* Principle to determine specific gravities. As 
specific gravity of a substance may be defined as 

mass of a certain volume of that substance 

S G _ _ 

mass of an equal volume of water * 

and as masses are proportional to weights, we can write 

s ^ __ weight of a certain volume of substance 
weight of an equal volume of water 

If now the body is weighed, first in air, and then totally immersed in 
water, in this case , the upthrust on the body is equal to the weight of an 
equal volume of water ; whence 

c n __weight of body composed of that substance 

upthrust on that body when totally immersed in water ’ 

In applying this method experimentally, care must bo taken to 
sec that the vessel of water is supported, by means of a suitable 
bridge or other means, clear of the beam of the balance ; it is also 
important to see that the immersed body is clear of the surface of 
the liquid, and not touching the sides or bottom of the vessel. 

A substance less dense than water can be totally immersed by 
using a suitable sinker, the upthrust on which is allowed for. 

A substance soluble in water may be weighed completely im¬ 
mersed m a liquid of known specific gravity in which it is insoluble. 
The upthrust then gives the weight of the volume of that liquid 

displaced, from which the weight of the same volume of water is 
calculated. 


Example. A piece of rock salt weighs 108-2 gm. in air, and 48--’ 

fr™vAy of“salt nne ’ ° f 12 ' Find the s P ecific 

Upthrust in brine = 108-2 - 48-2 = 60-0 gm. wt.; 

Weight of brine displaced is, by Archimedes’ Principle,’ therefore 

60 0 gm. wt. ; 

weight of an equal volume of water is then 

60-0/1-2 =50*0 gm. wt. ; 

specific gravity of rock salt = ■_weight of salt 


weight of equal volume of water 


108-2 A 
= - 50 - = 216 ’ 



186 


GENERAL PHYSICS 


Flotation. For a body to float, whether on the surface of a liquid 
or totally immersed in a liquid or a gas, the upthrust on it must be 
able to just support its weight; thus, 

upthrust on floater = weight of floater. 

But, by Archimedes’ Principle, the upthrust is equal to the weight 
of the fluid displaced ; whence 

upthrust on floater = weight of fluid displaced by floater. 

From these two expressions, it can be seen that 

weight of floater = weight of fluid displaced by floater, or 
a floating body always displaces its own weight of the fluid that supports it. 

A body floating on the free surface of a liquid is in stable equili¬ 
brium for small vertical displacements ; thus, if it is further de¬ 
pressed, more liquid is displaced, and the upthrust, now greater than 
the weight, restores it to the original position. 

For small rotational displacements, it is stable if the upthrust 
through the centre of gravity of the displaced liquid (the centre of 
buoyancy, B) gives, with the weight, a restoring couple, as p. 92. 
For a ship, this is expressed by saying that the point called the 
metacentre, at which the vertical line through B intersects the plane ot 
symmetry of the vessel, must always be above its centre of gravity. 

Constant-weight hydrometer. A floating body of mass M gm. and 
weight M gm. wt. experiences an upthrust of M gm. wt. whatever 
be the liquid in which it floats, and must thus always displace M gm. 
of the liquid supporting it. If it floats in a liquid of density d x g m. 
per c.c., it must sink until it displaces a volume V t c.c., where 
in a liquid of density d 2 gm. per e.c., it will displace V 2 c.c., whe 

Jf-FA. Thus FA-FA. or. ^ uid indicated 

by the suffix 1 is water, then J is the specific gravity of the other 

liquid; 80 v dume 0 f body submerged in water 

Specific gravity of liqiiid - vo [ ume 0 j body submerged in liquid 

This principle is used in the simple hydrometer. The ^rument 
has a buoyancy chamber, below which is a weighted kee , so 
! ^ floats up right- The part normally protruding from ^hquld 

is made fairly narrow so that small change 
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Water surface 




Constant-weight hydrometer 


volume are easily evident, and it bears a scale graduated directly in 
specific gravities. 

If F c.c. be the volume up to the mark X (see diagram), where the 
10 graduation is made at the level to which the hydrometer sinks in 
pure water, A sq. cm. the area of cross-section of the stem and 
1 cm. the distance above X of the mark to which the hydrometer 

when it fs m" water ^ ^ ^ " Spedfic “>en 

. . M=Vx 1; 

when m the liquid, 


Hence c . *-<F+M)xA 

and 

/o v (1 - d) 

« V) l = — r~i —- • 




Ad 
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This illustrates the method of graduating such a hydrometer. 
Examples are best worked out from first principles, without relying 
on any formula. 

Air buoyancy. The Archimedes’ upthrust of the air on the objects 
around us is by no means negligible. A human being has a volume 
of about 60 litres, displacing 60 litres of air ; the density, of air is 
about 1-25 gin. per litre ; so everyone experiences an upthrust of 
about 75 gm. wt., or nearly 3 oz. wt. If about 100 c.c. of water is 
weighed on a balance, counterpoising it with about 12 c.c. of brass, 
the upthrust on the water is about 0-12 gm., and that on the brass 
about 0 014 gm., the difference of about 0*11 gm. being a simple 
error in the weighing. This shows that, as a rule, correction for air 
buoyancy should be made whenever accuracy of the order of one 
part in a thousand is required in a weighing (see p. 190). As every 
litre of air displaced means 1-25 gm. wt. upthrust, very considerable 
upthrusts are experienced by bodies of large enough volume , this 
is the principle of the balloon and other lighter-than-air craft. 

Balloons. ( a) Open balloons : These are fully distended at ground- 
level, and remain so in flight, pressure being equalised by an open 
vent at the bottom of the envelope, so that gas escapes as the balloon 
rises. The gas, hydrogen, coal gas (and sometimes helium) is less 

dense than air under the same conditions. 

Let V c.c. be the volume of the envelope, Pl gm. per c.c. the density 

of the gas inside, p 2 gm. per c.c. that ot 

the air outside, and m gm. the mass o 

the envelope and fittings. 

The mass of gas and container is 

( Vp x + m) gm., and its weight 

(Vpi +m) gm. wt. 

The mass of the air displaced is T> 2 
gm., and the upthrust it exerts is V Pi 

gm. wt. 

The resultant upward force is 

V P2 - (V Pl +?n) = [V(p 2 - Pi) - *»] g™- wt - 

As the balloon rises, both the exter¬ 
nal and internal pressures diminish 


t 


V/> 
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together, and as both the gas and the air obey the gas laws, the 
ratio p 2 / Pl remains unchanged. But the difference {p 2 - Pl ), which 
is the important factor determining the lift, gets steadily less and 
less, and the upward force steadily decreases, until it becomes zero, 
and the balloon reaches its “ ceiling ” when 

V(pi-Pi)-™ = 0 . 

The early balloonists controlled height by adjustment of the 
factors (p 2 -pi) and m ; to rise, they reduced m by throwing out 
ballast, while to descend gas was released from a valve at the top of 
the envelope, its place being taken by air from below giving a denser 
mixture. 

{b) Closed balloons : The large balloons intended to reach great 
heights, as used in the 1930 period for stratosphere exploration, 
were closed. A fixed mass M gm. of gas partially filling the envelope 
at ground-level, expands as the balloon rises and the external pressure 
decreases ; that is, 1 increases as the balloon rises. 

Here, V Pl is fixed, being J/, and if the gas laws are followed 
by the surrounding air, I T p 2 must also be constant, say J/, gm., and 
the resultant upthrust is [J/j - (M -»i)j gm. wt. at all levels until 
the envelope is fully distended. Thus the balloon rises with constant 
lift until this height is reached, after which as the volume can no 
longer increase, but remains V c.c., T> 2 steadily decreases with in¬ 
creasing altitude, the ceiling being reached when 

Vp 2 - (M + m )=0. 



Constant upthrust Constant volume 

Closed balloon ascending 
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Buoyancy correction in weighing. Let X gm. be the true mass of 
a body of density Pl gin. per c.c., counterpoised by M gm. o 
“ weights ” of density p 2 gm. per c.c. in air of density p gm. per c.c. 

(see diagram). 

The volumes of the body and the counterpoise are 

X/p j and M/pz c.c., 

the masses of air displaced, 

(X/ Pl ) P and {M/pJp gm., 

and the upthrusts, • 

{X/ Pl ) p and (M/ P2 ) p gm. wt. 

The forces on the two sides of the balance arms are then 

(X - Xp/pi) and ( M - Mp/p 2 ) gm. wt., 

so X(1-pIp 1 ) = M(1-pIp2)- 

Whence . . 

(1 - pi Pi) 

gives the true mass of the body in grams. 


EXAMPLES ON CHAPTER 7 

! Define ^ « P oirU in a liquid and show that, for a liqu.d at 

rM Exptem r X“ he^orce S e^ e rted by a Uq'uiZt rest against a flat surface 
in contact with it must be perpendicular to the sur 
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In a hydraulic press, the diameter of the larger plunger is 30 cm. and 
the diameter of the pump plunger is 5 cm. Calculate the force exerted 
by the ram when a force of 2 kgm. wt. is applied to the smaller plunger. 

(O. & C.) 

2. Define pressure at a point in a liquid and derive a formula relating 
it to the density of the liquid and the depth of the point below the sur¬ 
face. 

Calculate the total thrust on a square plate of side 10 cm. immersed 
horizontally 15 cm. below the surface of a liquid of density 0-8 gm. per 

c - c - (O. & C.) 

3. Define pressure at a point in a fluid. In what units is it measured ? 
Find the thrust exerted on the bottom of a vessel of uniform cross- 

section 50 sq. cm. by water which fills it to a depth of 20 cm. Find the 

additional thrust on the bottom of the vessel when a cubical block of 

wood of volume 50 c.c. and specific gravity 0-5 floats freely on the 
surface. (0 & C ) 

4. What do you understand by the pressure at a point in a fluid? 
Describe the Bramah press , and explain the principles of its action. 
The diameters of the two plungers of a simple hydraulic press are 

6 inches and 1 inch respectively ; the effort is applied to the longer arm 
of a lever whose other arm moves the smaller plunger, the ratio of the 
engths of the lever arms being 10 : 1. What force is exerted by the 
larger plunger when the effort applied to the lever is 20 lb. wt. ? (O.) 

5. What do you understand by the statement that the normal 
atmospheric pressure is 7 (JO mm. of mercury? 

Calculate the value of this pressure in gm. wt. per sq. cm. 

i non t l ie V ? 1 . u t ° f the . atmos P her ic pressure on the top of a mountain 
1,000 metres high at a time when normal atmospheric pressure is regis¬ 
tered at a near-by station at sea-level. ° 

Also calculate how much the level of a mercury barometer will fall 
when it is taken from sea-level to the mountain-top 

of tooit “ 13 ' 8 gm - /c - c - and ‘ he average den ^ 

6. Describe the Fortin barometer, and explain how you would pro- 

Anl ^ t h 1 VaU ° ° f the atmos P h eric pressure accurately from^t. 
An accurate barometer enables the atmospheric pressure to be read 

VSOO in. of mercury. What is the^mXt change 
altitilde that can be detected by this barometer’ ® 

(Density of air, 0 00129 gm./c.c. ; of mercury/13-6 gm./c.c.) (O.) 

7. Distinguish between density and specific gravity. 

flnAf^ ^- opp er sphere of radius 1 cm. (specific gravity of copper 8-q> 

the afa n e„X^td h tt t^’eTf 
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An ivory sphere (radius 1 cm.) is suspended from a balance arm by a 
light thread and is completely immersed in a beaker of turpentine 
(s.G. =0-87). Its apparent weight in turpentine is 4-3 gm. Calculate 
(a) specific gravity of ivory, (b) weight of sphere in air, (c) tension in 
thread when sphere is in turpentine. (0. & C.) 

9. Define the term specific gravity. 

How many grams of salt (s.G. =2-2) are present in 100 c.c. of brine of 
specific gravity 1-04? The volume of the solution may be assumed to 
equal the sum of the volumes of the salt and the water. 

A body (s.G. =0-94) is fastened by a thread to the bottom of a vessel 
containing brine of specific gravity T04, so that the body is completely 
immersed in the liquid. Given that the tension in the thread is 2 gm. 
wt., find the volume of the body. (C* & C.) 

10. State the Principle of Archimedes. - 

How can it be applied to the determination of the specific gravity ot a 

m A a iork of specific gravity 0-25 and mass 10 gm. floats on a liquid of 
specific gravity 0-9. Calculate (a) the fraction of the cork immersed in 
the liquid, (6) the minimum vertical force which must be applied to t 
cork to keep it totally immersed. l u - *' 

11. Define specific gravity. Describe how you would measure the 

specific gravity of a liquid such as alcohol. . 

A cubeof cork, with sides of length 5 in., floats in water w'ththe top 

face horizontal and 1J in. above the surface of the water. If it 
a similar manner in a liquid of density 0-8 gm. per c.c., what distance 
will the top face be above the surface of the liquid. ( 

12. State the principle of Arcliimedes, and describe an experiment by 

which it could be verified. , • _ —xu qa ^rm is 

A cork cylinder of cross-sectional area 20 sq. cm. ondlengt] ii 30 

13. Define specific gravity. Describe a common hydrometer and 
axptam how it worto^ity gm per c . c . and weighing 96 gm. in air 

of the liquid, what thickness of cork will be required ? 

,, A ojmple form of the Cartesian Diver , is made of an inverted 


EXAMPLES 


193 


tube is made to sink and rise at will by depressing and releasing A. 
Explain as fully as you can why this happens, and state each of the 
physical principles involved. (0.) 

15. State Archimedes’ Principle, and show how it follows as a con¬ 
sequence that a floating body displaces its own weight of fluid. 

Give a good diagram of the common hydrometer, such as would be 
used for liquids of specific gravities between 0-8 and 10. Explain how 
it is used and why it works. (O.) 

10. The volume of a diver encased in his diving suit is 4 cu. ft., and his 
total mass, including the suit, is 210 lb. Find the mass of lead which 
must be attached to his feet so that he may just sink in sea water. 

(Density of fresh water, 62-5 lb. per cu. ft. ; specific gravity of sea 
water, 103; specific gravity of lead, 11 -4). * (O.) 

17. How would you show experimentally that when a body is sus¬ 
pended in a liquid the upthrust on the body is equal to the downthrust 
of the body on the liquid? 

An object of mass 900 kgm. and mean specific gravity 0-90 is held 
completely immersed in the sea by a cable which anchors it to the sea- 
bed - Calculate the upthrust on the object. (Sp. gr. of sea-water = 
1-025.) If a current in the sea causes the cable to make an angle of 30° 
with the vertical, find the tension in the cable. (N.) 

18. Distinguish between fluid pressure and fluid thrust. 

Describe and explain the action of some form of hydraulic press. 

The two cylinders of such a press have diameters of 3 in. and 3 ft, 

respectively. What is the velocity ratio of the machine? If a force of 

}°«Ln Ik*" T th f ® mall ® r P is ^ on causes the larger one to exert a force of 
i,ooU lb. wt., what is the efficiency? ^ ^ 

accurately 0 ^ 6 H ° W ^ d<msity ° f h y dro 8 en a * N-t.p. can be determined 

°[ ca V acit y 1900 cubic m *tres is filled with hydrogen and the 
v eight of the balloon and accessories is 150 kilograms. If the balloon is 
moored by a steel wire of diameter 0-6 cm., what is its ceiling? 

st^Tg^ ZrlLV ™ 1 1 i° f hydrogen ’ 0 09 S ram Per litre. Density of 

steel, 7-8 grams per c.c.) 0 

(U. o.) 


20. A piece of brass of specific gravity 8-4 is attached by a light thread 
to a lump of wax of specific gravity 0-92, and the system is found to float 
,, y ln ? me fsed m salt solution of specific gravity 115. If the mass of 

& * (D) the mass ° f fhe <*> Sz r„ f 

II 

i ksmi sssss 


N.p. 
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in a cylindrical vessel of cross-section B, comparable in magnitude 
to A. (0. & C.) 

22. A piece of wax is found to float in water with one-twelfth of its 
volume above the surface. A block of the same wax, of mass 100 gm., 
has a lump of metal embedded in it of specific gravity 2-75. It is found 
that the system floats in water just totally immersed. Find (a) the 
specific gravity of the wax, (6) the mass of the lump of metal. 

(O. & C.) 


23. Describe how you would determine the density of air at laboratory 

temperature and pressure. • 

A closed balloon contains 1800 kg. of hydrogen when partially inflated 
at sea-level, where the densities of air and hydrogen are respectively 
1-29 gm. per litre and 0-09 gm. per litre. Find the greatest load it can 
lift; and show that this lift does not alter until the balloon has reached 
such an altitude that it is fully inflated. 

24. A balloon of a constant volume of 1 cubic metre is filled with hydro¬ 

gen and is provided with an escape valve so that as the balloon rises the 
pressure inside and outside is equalised. The weight of the balloon 
itself is 30 grams. On the assumption that the atmosphere is isothermal 
at a temperature of 15° C., what will the pressure (in cm. of mercury) be 
when the balloon ceases to rise ? (Densities of air and hydrogen at s.t.f. 
are 0 00129 and 0 00009 gm. per c.c. respectively.) (<->• & W 


CHAPTER 8 


STRESSES AND STRAINS 
Properties of Solids 

When an external force is applied to a solid body so constrained that 
it cannot move, the constraint exerts an equal and opposite external 
force applied at some quite different part of the body. The two 
forces are not the “ action and reaction " of Newton's Third Law, 
since both act on the same body and they are only equal because the 
body is not accelerating ; this point has been discussed in Chapter 
3. The Laws of Motion will be applied to portions of the body now 
that we wish to consider what is happening inside the body itself. 

Suppose the body is a solid pillar loaded from above with a force 
F , and supported from below by an equal force F n . Imagine it cut 
into sections A, B, C.... The section A is in equilibrium under the 
applied external force F acting down, and the reaction F l of B acting 
upwards ; B experiences a force F 2 (which is the “ Third Law ” 
reaction to i^,) downwards, and the reaction of C on it, F 3 , acting 
upwards, and F 2 = F^ since B 
is at rest. Proceeding down the 
pillar to the lowest section Z, 
this experiences a force F m from 
above which is the reaction of } r 
on it, and an external force F n 
which is equal and opposite to 
F since Z is at rest; while the 
support experiences an external 
force which is the “ Third Law ” 
reaction to F n . The important 
point is, that each section 
experiences a force from above 
and another from below, tend¬ 
ing to compress the section. The 
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subdivision can be carried further, until we obtain “ sections ” of 
molecular dimensions, and it is evident that the external forces, 


though applied at extreme points on the body, are really having an 
effect throughout the whole of the body. 

In a colloidal solid (as with a fluid) the ultimate particles for this 
purpose are the molecules, -while in a crystalline solid they are electri¬ 
cally charged atoms called ions. The fact that a solid holds together 
at all is evidence of attractive forces (forces of cohesion) between 
the particles, and these internal forces must be large compared with 
the external forces applied in ordinary experiments, which rarely 
aim at destroying the specimen or the apparatus. The particles 
vibrate about their fixed stations, the energy of vibration consti¬ 
tuting the heat content of the body ; but thermal vibrations play 
little part in the stress-behaviour of solids as discussed here. 

We must suppose that a solid body preserves its size and shape 
under ordinary conditions, because the internal forces between 
the particles, probably electrical in origin, and certainly depending 
on the spacing of the particles, are balancing in equilibrium when 
the distances between the particles are such as to give just that 
size and shape. Indeed, the characteristic crystal shape of pure 
crystalline substances is determined by the interplay of these 
internal forces, which range the ions in a regular three-dimensional 
pattern called a space-lattice. For each pattern there are certain 
directions in which lie planes relatively densely populated with 
ions, and the forces of cohesion within such a plane are greater 
than the forces between adjacent planes, so that crystals cleave, or 
in certain circumstances yield with slipping, parallel to t ese 
directions. A simple analogy is a “book” of postage stamps 
which cleaves more readily as a rule along the perforation lines and 


between adjacent pages than in other directions. - 

Additional internal forces arising from externally applie 
disturb this equilibrium, which is readjusted by an alteration of the 
distances between the particles, and an alteration of size irnd shape, 
and so external forces always produce some deformation of thebody 
to which they are applied. But if the deformation haanotbeenso 
great as to alter the arrangement of the particles, re 
external forces should leave everything as it was before, w,th the 
original shape regained under the action of the internal forces alone. 
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Matters are far too complex to enable us to write down any 
relation between the spacing Q of the particles and the internal force 
P between adjacent ones, but we can nevertheless forecast what may 
be observed if the external applied forces are themselves so small 
that they can cause only a small change BP in P. For, if we imagine 
that a graph of Q against P could be plotted, a sufficient ly short port ion 
of this could be regarded as very nearly straight. So whatever the 
form of the relation between Q and P, the small change BQ in Q 
resulting from a small change BP in P should be very nearly pro¬ 
portional to BP ; and we may exj>ect therefore that the observed 
deformations should be proportional to the applied external forces 
if both are small. 

Simple observations show that this deformation depends on the 
force per unit area rather than on the force alone. For example, a 
given load will extend a thin wire more than a thick one, because in 
the former case the area of cross-section is less and the force per 
unit area greater. This must be because the deformation results 
from the adjustment of the internal forces between individual 
particles ; the extent of this adjustment depends on the additional 
forces experienced by each of the particles affected—that is, on the 
additional force per particle. But each particle has a definite effective 
area (usually of the order 10-™ cm. 2 ), so the additional force per particle 
is projx>rtional to the external force per unit area. 

Stress is the name given to force per unit area, regarded as being trans¬ 
mitted throughout the whole material of a body at rest. 

As a body is always under stress due to the internal cohesive 
forces, and is usually under an external stress due to atmospheric 
pressure, any deliberately applied stress might be described as a stress 
increment , since it is a change in an already existing condition. 

In this chapter, the term stress increment is used to denote the 
effect of successive additions to existing loads made in the course of 
an experiment, as on pp. 211 and 215. 

Strain is the name given to the change in dimension per unit dimension, 

oi the deformation of a specimen of unit dimensions, experienced bv a 
stressed body. 

The term strain increment will be used for the small additional 
strain that accompanies a stress increment. 
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Elasticity. In any given case, the behaviour of a body when sub¬ 
jected to externally applied stress depends on a variety of factors: 
the nature of the material, the magnitude of the stress, the previous 
history of the specimen, and the time for which the stress acts all being 
important. If the strain depends appreciably on the time, the material 
is obviously showing a fluid-like propensity, as it is tending to flow. 
Most solids will do this under great enough stress ; it is a very 
important property, enabling metals to be hammered into flat 
sheets (when they are called malleable) and drawn into wires (when 
they are called ductile) ; work has to be expended irrecoverably in 
performing such operations. 

But for small stresses, it usually happens that the deformation is 
independent of the time for which the stress is applied, or nearly so; 
in this case it may happen that the body regains its original form 
completely if the stress is removed, or it may be permanent y 
deformed to some extent. The property of recovering completely from 
strain when the associated stress is removed is called elasticity, and most true 
soUds behave in this way provided the stress and strain are not 
too great. The elastic limit of a material under a given type 
stress may be defined as the maximum stress from which a bo y 
is able to regain its original dimensions when all stress is finally 


re ?t°! ed found experimentally that, for small applied stresses and 
strains, provided the elastic limit is not exceeded, t»ere is a consider 
able range of values for which the observed strain is proportional 
the applied stress producing it. That is, 


= a constant 

strain 

for a given type of stress and strain for a given material. 

ThfratioTs called the modu.us of eiaeticity of the material for that 

type of deformation considerable stress S is needed 

It may happen (see p. 204) that a con internal streS ses 

to initiate strain. This may e u t d i 0£M jing and unloading 

Sfi -V; this is proportional to the strain. 
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The really fundamental distinction between elastic behaviour and 
all other possible responses to stress is the complete recovery. This 
means also that the work done on the body by the external forces 
in producing the strain is completely recoverable as work done by 
the body on its external constraint, having been stored as potential 
energy in the strained material. If the elastic limit has been ex¬ 
ceeded there will usually be partial recovery ; in this case, part of 
the work done on the body is recovered, while part has been ex¬ 
pended irrecoverably in overcoming the internal forces between the 
particles and producing some permanent change in their configura¬ 
tion. This association of elasticity and complete restoration of 
strain energy has already been encountered in cases of elastic im¬ 
pact (p. 133). 

The three types of stress and strain. For the purpose of classifying 
the behaviour of different materials, three types of stress and strain 
are recognised : 

(1) Longitudinal : External forces F dynes applied as in the 
diagram normally over an area A sq. cm. give a longitudinal stress 

of FI A dynes per sq. cm. throughout the material on which they 
act. 

If an elongation, By cm., is produced in a specimen 
of length y cm., the longitudinal strain is By/y. 

For small elastic displacements, within the region 
of perfect elasticity, 

longitudinal stress 

i • , —r—7—— = a constant 

longitudinal strain 

knowm as Young’s modulus, symbol Y, for the material. 

(2) Shear : Shear or tangential forces applied in 
the planes of the areas concerned, as in the diagram, 
constitute a shear stress, acting through the material. 

Matters are really not quite as simple as this, for 
the two forces also constitute a couple, which must 
in some w*ay be opposed by a couple of equal moment 
provided by the constraints if the body is not to 
rotate. If F dynes is the magnitude of one of 
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the forces, and A sq. cm. the area of the surface in the plane of. 
which the force acts, the shear stress is F/A dynes per sq. cm. The 
resulting deformation alters the shape of the rectangular figure seen 
in elevation as PQRS to P'Q'R'S', displacing P to P' and Q to Q , 
and rotating SP and RQ though 0 radians to SP' and RQ . Ihe 
shear strain is the lateral displacement in the direction of the stress 
per unit distance measured perpendicular to the stress ; that is, 
8xly in the figure. As any elastic displacement is necessarily sma , 
hxfy is for all practical purposes the same as 0; 0 is referred 
either as the shear strain, or as the angle of shear. 

For small shears, within the region of perfect elasticity, 


shear stress = a constant 
shear strain 

called the modulus of rigidity, symbol n, for the material. 

(3) Bulk or Volume. Uniform pressure, exerted e q™ U y “ d 

a stress increment of 8p dynes per sq. c . j^d a ^olk or 

The resulting change in volume P er "“‘J " c the strain is 
volume strain. Thus, if volume « c.e. is changed by 8a c.c., 

8v/v. 

For small volume changes, within the region of perfect elasticity, 

a 'C — 


pressure increment 

^ A 


or v 


= a constant 


volume strain increment 8v 
called the bulk modulus, symbol k, for the material. 
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1 

The reciprocal of k, or — , is called the compressibitity. If the 

pressure unit used when this quantity is tabulated is the bar, then 

10 8 

compressibility C per bar = -^-. 


It is not suggested that all possible stresses and strains fall 
conveniently under one of these three headings ; on the contrary, 
it is clearly impossible to extend the length of a specimen in one 
direction without at the same time altering its shape or its volume or 
both to some extent, and matters may be very complicated in most 
cases. But it is possible to devise experiments in which one form of 
strain predominates, and thus to measure the values of Y, n, and k. 

All stresses have the dimensions of force/area, or ML~ l T~ z , and 
all are measured in absolute c.g.s. units in dynes per sq. cm. 

All strains are dimensionless ratios between like quantities. 

All three elastic moduli, with dimensions of stress/strain, or 
ML~ l T~ 2 , the same as those of stress, are also measured in dynes 
per sq. cm. 


Poisson’s ratio. A body extended by a longitudinal pull under¬ 
goes lateral contraction as a result. For small elastic displacements 
it is found that the ratio 


= a constant 


lateral contraction per unit breadth 
longitudinal elongation per unit length 
called Poisson’s ratio, symbol a , for the material. 

For a homogeneous solid which is isotropic (that is, the same in all 
directions) relations between v and the elastic moduli Y, n, and k can 


Y y 

be found : n = 2{ \ + CT )’ anc * ^ = 3 (i -2a) ' ^ or orc ^ nar y solids o 

cannot exceed + £, or k would be negative, and cannot be less than 
- 1, or ti would be negative. 


The ideal elastic material ; Hooke’s Law. It usually happens that 
for small elastic displacements the displacement is directly pro¬ 
portional to the force producing it; for example, for a loaded wire, 
load 

extension 1S constant > and correspondingly for other types of deform¬ 
ation. This direct proportionality is known as Hooke’s Law. It follows 
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that in all such cases (if the area over which the force acts is unaltered, 
and the strain itself is small), stress/strain is constant. 

Hooke’s law is assumed in defining an elastic modulus, and 
also in the statical experiments to measure elastic moduli, where 
observations start with the specimen already under stress, so that 
what is actually measured is the ratio stress increment/strain 
increment, which must be the same as stress/strain if the stress- 
strain graph is a straight line through the origin. The word “ modu¬ 
lus ” is not used in cases (such as a gas) where the ratio ^stress 
increment/strain increment depends on the initial stress coef¬ 
ficient of elasticity ”, or “ elasticity ”, is then the proper term. That 
is, elastic behaviour is something quite distinct from Hooke s 
law, but a modulus of elasticity only exists if Hooke’s law is 


followed. 

Hooke published the law as an anagram ceiiinosssUuu, and later 
decoded this as ut tensio sic vis in an essay De Potentia ReshtuUna 
(1676), where he describes experiments with helical wire sprmgs, Ha 
watch’springs, straight wires, and flexed beams. Here terusio means 
extension or elongation, and vis the tension or restoring force exerted 
by the elastic body rather than the load imposed upon it from withou . 
The law states that restoring force is proportional to extension, llie 
actual observations of extensions under given static loads he treated 
as the converse of the law—ut pondu.s sic tensio or extension ,s pro¬ 
portional to weight. Indeed, Hooke states that hedes.gned the sprmg 
balance for the express purpose of applying the law to detect changes 
of weight with altitude (p. 380); he was unsuccessful in this ai the 
altitude changes he tried (for example, climbing Westminster Abbey) 

" TL'genTralTature of the law was realised by Hooke, but in his 

theoretical discussion he appears to have considereda gen^ 

;t 

gas and gave rise to the restoring force apparently exerted by th 

snsrss* £££ ssnstt- ’-a 

tion. 
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STRAIN ENERGY 

Strain energy. Consider a wire of 
length l cm., area of cross-section A sq. 
cm., loaded with a tension F dynes pro¬ 
ducing an extension x cm. If Hooke s 
law is obeyed, the load-extension graph 
is a straight line, as in the diagram, 
whence the work done (represented by 
the area between the graph and the ex¬ 
tension axis) is given by the area OPQ , 
or \OP . PQ, representing \Fx ergs. 

Now the stress is FjA dynes per sq. 
cm., and the strain xjl, so 

F = stress x A , 
x = strain x I, 

and \F .x = k stress x strain x .-1/, 

= h (stress x strain x volume of wire) ergs. 

Thus, l stress x strain represents the work done per unit vol¬ 
ume in extending the wire, or as this is elastically recoverable, 
A stress x strain represents the potential energy in ergs stored in 
unit volume of the strained material. 

Since, if stress/strain is constant, this ratio is itself Young's 
modulus, Y , alternative expressions for the potential energy per unit 

volume are : , . . . 

$ stress x sham erg per c.c. 

£ Y x (strain) 2 erg per c.e. 

£ (stress) 2 /Y erg per c.c. 

The above applies in its entirety only to a wire under longitudinal 
tension. But if such a wire is twisted by a couple applied as in the 
diagram on p. 215, and the angle in radians through which the 
extremity of the wire is turned is found to be proportional to 
the couple, we again say that Hooke's law is obeyed. If C be the 
couple in dyne cm. required to produce a twist 0 radians, then the 

work done is . 

\C6 ergs. 

If a dyne cm. be the couple required to produce one radian twist, then 

C = «0, 

and the work done in producing the twist is 

Aa0 2 ergs. 
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Actual behaviour of metal wires. 

(a) Copper. A length of about 2 metres of No. 22 S.W.G. copper 
wire, firmly attached to an upper support, and provided with an indes 
moving over a scale at its lower end, was loaded, with the results 
indicated in the graph. 



With the 6 kilogram-weight load, the extension was seen to be 

gradually increasing as time went on ; the 10-3 cm- extension was 

eventually far exceeded, and the wire broke. , 

The graph of load against extension, as can be seen, can be divide 

into three parts. Over the first part, OA, no observable extension 

occurred for loads less than 2 kgm. wt. The explanation of this is 

bv no means obvious ; it is often alleged that this W of lag , 

caused by small kinks, which must be removed before the J 

the reason is probably a very difficult task. 
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Next, from A to B the graph is linear ; thus 

load increment . . ... 

- : -;- is constant over this range, 

extension increment 

_ , r stress increment 

and so therefore is ——:—:-- • 

strain increment 

Lastly, beyond B, each successive increase in load gives a corre¬ 
spondingly greater increase in extension, until somewhere about I) 
the wire continues to extend without further addition to the load and 
flows plastically. The point on the graph (or more precisely, the 
load value) for the stage at which this plastic flow begins, is called 
the yield point for the particular wire under test. 

This specimen being expended, a second piece of the same wire 
was subjected to smaller loads up to 4 kgm. wt. After each load had 
been added, and the extension recorded, the whole load was re¬ 
moved. It was found that the wire returned to its original length 
in each case. Thus, for loads up to 4 kgm. wt., the stage represented bp 
the point B on the graph , the wire behaves elastically. For loads in 
excess of 4 kgm. wt., it was found that there was a permanent 
extension when the load was removed, although part of the strain 
disappeared. The return, when unloaded at some stage such as C\ 
may be represented by the line CX ; OX gives the permanent 
extension. 

Thus, for this material, it appears that the elastic property of 
recovering completely when the load is removed is possessed only 
over the stage from A to B. The stage represented by B is called 
the elastic limit for the specimen. For loads less than that for the 
elastic limit, the wire returns to the original length when unloaded. 
For loads in excess of that for the elastic limit, complete recovery 
does not occur, and the wire is permanently extended. 

The elastic limit should not be confused with the yield point ; 
it can be seen here that there is a wide range of loads, in excess of 
that for the elastic limit, but less than that for the yield point, which 
can be used to produce a permanent extension ; this wide separation 
of elastic limit and yield point is a characteristic of a ductile material 
such as copper. Referring to the curve again, suppose the wire to be 
extended elastically to B } or any point between A and B ; the work 
done on the wire, represented by the area between the graph and the 
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extension axis, is all recovered as work done by the wire when it 
returns. 

If the wire is extended to C and then unloaded, the work done on 
the wire is represented by the area OABCYO ; part of this only is 
recoverable, namely, that represented by the area CYX beneath the 
line CX indicating the unloading. The remainder represents the 
work done in overcoming the internal forces binding the particles 


together, and is dissipated as heat. 

(b) Steel. A longer specimen of steel piano wire, of slightly 
narrower gauge than the copper, suspended in the same way, gave 
elastic displacement for loads up to 12-5 kgm. wt. 


Load in 
kgm. wt. 

Extension 
in cm. 

0 

00 

31 

019 

6-3 

0-42 

90 

0-66 

12-5 

0-95 


The reader should plot the graph of load against extension, wmtu 
exhibits (though to a less extent than does the corresponding graph lor 
copper) a lag under small loads ; and although Hooke’s law is very 
nearly obeyed, the points are best represented by a curve the greater 
part of which is a straight line not passing through the origin Here 
no attempt was made to extend the wire to the elastic I*™ 1 , th 
readings in fact were a preliminary set made before starting reading 
in a Young’s modulus determination (see p. 211) m order o 
that the elastic limit would not be reached in this actual e^pen t 
The exnected course of the load-extension curve with greater loads 
Tould however, be of the same general form as that for copper 
except that the elastic limit and the yield point he rather 
together for this tougher and less ductile material. 

a sfssir 

beyond rvhich the gradient 
the curve decreases. Complete recovery occurs on unloading 
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from a point on the linear part, while permanent extension is ob¬ 
served on unloading from beyond this; so the elastic limit lies close 
to the limit of proportionality, although the two need not necessarily 
coincide, since Hooke’s law and the elastic behaviour usually 
associated with it are two quite distinct things. At the yield point, 
plastic flow begins and the wire flows, thinning uniformly. The 
stress rises to a maximum, which we will call the breaking stress 
(though this is usually calculated with respect to the original area 
of cross-section of the wire, instead of the thinned area). Then the 

wire thins locally, and breaks with a release of stress. 

• 

The yield. A sudden change in the behaviour of a stressed metal 
occurs at the yield point; and plastic flow begins. But investiga¬ 
tions with self-recording testing apparatus show that there is a sharp 
drop in the load, and a plastic yield under this lowered load, before 
the further plastic flow which ends in fracture. 

The diagram on p. 208, from a paper by C. F. Elam (Proceedings 
of the Royal Society, vol. 165, 1938), shows the behaviour of a steel 
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specimen 6 in. long, of diameter 0-40 in., under a continuously- 
applied load in a testing machine. At 1 there is a sharp drop in the 
load, to 2 ; at 3 this initial yield has finished, and further load is 

needed to complete the fracture. # 

The generally accepted picture of elastic extension is that under 

relatively small stress the crystal lattice of the metal is slightly 

distorted, but the structure is unimpaired, so that it recovers w en 

the stress is removed. But if the stress exceeds a certain value 

sliding occurs along the natural cleavage planes ofthe ^J„ a | 
glide over one another in much the same way as the. 
volumes do whenever one tries to cany a pile of boob. Bef 
eliding occurs, the whole crystal lattice is strained ; after glidmg th 
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From a paper »>y Sir Lawrence Bragg and J. F. Xye, 1‘roc. Roy. Soc., A, IDO, 474(1947) 

Bubble-raft with bubbles <)-7<> nun. in diameter. 


before the structure breaks down, and subsidiary peaks indicating 
this are found in the region between 2 and 3. 

The pile of books may appear a very homely analogy ; a better 
one, in the form of a working two-dimensional model, has been 
devised by Sir Lawrence Bragg. This is simply a raft of small equal 
soap-bubbles floating on the surface of a vessel of soap solution, and 
ending on two parallel rods, one of which can be moved to shear the 
pattern, while the other records tangential pull. The mechanism of 
increase of strain, relaxation of strain with glide, and further increase 
of strain, can be clearly demonstrated. The accompanying illustra¬ 
tion shows a portion of such a bubble-raft, in which the bubbles are 
uniformly distributed like the atoms in a metallic crystal, except at 
the boundaries of adjacent 44 crystals.” 

The splintered appearance of the edges of a fractured specimen, 
and the observable “stepping” on the outer surface of a single 
crystal that has been subjected to strain beyond the yield point 
also bear out this view of the mechanism of elastic extension. 


N.P, 
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Elasticity of rubber. Rubber owes its usefulness to the very low 
values of its elastic constants ; Y is about one fiftieth, and n about 
one ten thousandth, of the corresponding values for the average 
metal. But the effect of temperature change is even more remarkable. 
The elasticity of metals decreases as the temperature rises, the temp¬ 
erature coefficient (which is the fractional change per C. degree 
rise) being small, of the order 10~ 4 , somewhat greater than the co¬ 
efficient of thermal expansion. The elasticity of rubber increases 
as the temperature rises, and is roughly proportional to the absolute 
temperature, so that the temperature coefficient of elasticity is 
approximately the same as the coefficient of thermal expansion of a 
gas. While, therefore, a simple statical picture (p. 209) helps us to 
explain the elastic behaviour of metals, something analogous to the 
kinetic theory of gases (p. 217), invoking moving particles with 
energies of thermal agitation that are proportional to the absolute 

temperature, seems necessary for rubber. 

In natural rubber, and all synthetic materials showing rubber- 

like properties, the material is not crystalline in the usual sense 
of the word,* but is made up of molecules constructed on lo g 
chains of carbon atoms. The molecule of natural rubber, with 
a molecular weight of about 300,000, has for its backbon' * 

chain of some 20,000 carbon atoms end to end. The general picture 
of the structure of a mass of rubber is a three-dimensional network 
of such chains, interlocking with one another at a few_pomte along 
tire length of each but loose and free to swing round like a skipping 
Se SShese points. Thermal agitation causes £ free 

parts to rotate in some such way. An externa y app 

only to compete with this thermal agitation, which offers much 

resistance than the forces between the atoms oanetid the s iff 

is that large perfectly elastic strains can be produced 

small stresses at low temperatures Increasl g ^ „ , 

brings an elastic limit, at which the chains are ^ the 

zxtz =■•s" x&Lzx 
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YOUNG’S MODULUS FOR A WIRE 

At high temperatures, the effect of thermal motion of the un¬ 
attached portions of the chain will be greater, and so a smaller strain 
is produced for a given stress (or a greater stress is needed to give 
the same strain). It is found experimentally that the stress required 
to maintain a fixed extension is directly proportional to the absolute 
temperature. 

This section is a brief summary of some of the main points of an 
article by Dr. L. R. G. Treloar in the Physical Society’s Itcporls on 
Progress in Physics (1942-43). 


Measurement of Young’s modulus for the material of a wire. In 
making this measurement, it must be remembered that: 

(a) the elastic limit must not be exceeded ; and 

(b) the ratio of stress increment to strain increment for the range 
in which the stress-strain relation is linear is the quantity required. 

The observations needed are the length / cm. of the specimen, and 
its diameter d cm., together with the extension increment c cm. 
produced by a load increment of m gm. wt., or mg dynes. 

Then the stress increment is - dynes per sq. cm. ; the strain 

77(1 i 


increment is e\l ; and Y = 


l 

stress increment 
strain increment 


Airmgl 

= ~ d2c dynes per sq. cm 


It is easy enough to obtain a rough value of Y, and if we are aiming 
at an accurate result we shall be guided by this rough value, and 
also the value of the breaking stress, in planning the experiment, 

Y must be of the order 10 12 dynes per sq. cm., and the breaking 
stress between 10 9 and 10 10 dynes per sq. cm.; whence the maximum 
strain the wire can be expected to stand without breaking will be 
of the order 10~ 3 to 10~ 2 , while to be sure that the elastic limit is not 
exceeded the strain must be considerably below the maximum. 
Suppose, as a guide to the order of extension to be measured, a 
maximum strain of 0 005 is prepared for ; then a wire of length 
2 metres will extend 1-0 cm., and a vernier measuring to within 
0-01 cm. will measure this with 1 per cent, accuracy. 

The corresponding stress is 10 12 x 0-005 =5 x 10 9 dynes per sq. cm. 
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(about 5 x 10 3 kgra. wt. per sq. cm.). Suppose the maximum con¬ 
venient load is 50 kgm. wt., the area of cross-section of the wire 
must be 10 -2 sq. cm., or 1 sq. mm., whence the diameter will be 
about 1*2 mm. (about 18 S.W.G.). This diameter can be measured 
to about 1 per cent., using a micrometer screw gauge reading to the 
nearest 1/100 mm., so that the cross-section area, involving d 2 , is 
found with an accuracy of one part in 50. One would be very con¬ 
tent with smaller loads, in which case a thinner wire would be 
better, but there will be correspondingly less accuracy in measuring 
the diameter of the wire. 

In the usual simple form of school apparatus, the wire under 
test is fixed to a beam in the roof, and carries a vernier securely 
fixed near its lower end. Suspended from the same support is 
another wire of the same material carrying the reference scale, and 
also a sufficient load to keep it taut. Yielding of the support, and 
thermal expansion due to temperature change, affect both wires 


equally and so lead to no error. 

A preliminary test is first made, reading the vernier, putting on the 
greatest load it is proposed to have, removing the load, and reading 
the vernier again. If the two readings agree within one or two 
tenths of a millimetre, the elastic limit has not been exceeded, an 
the experiment can proceed. A set of readings as indicated in the 


(a) 

(b) 

(c) 

(d) 

(e) 

(/) 

( 0 ) 

(h) 


Load : 

Vernier readings 

Mean extension 
increment for 
load increment 

Loading 

Unloading 

Mean 

of 8 kgm. wt. 

0 





2 

4 

6 




(e)-(a) 

(fHb) 

8 

10 

12 




(ff)-(c) 

( h)-(d) 

14 






To work out the result in the most economical manner without 
drawing a graph, Allen and Moore’s Textbook of Tracheal Phjs.es 
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TORSION OF A CYLINDER 

recommends dividing them into two sets—here the first four and the 
last four. Take readings (a) and (e), (/) and (£ 7 ), etc., and from them 
obtain four separate readings for the extension increment for a load 
increment of 8 kgin. wt. 

Measure the length of the wire from the upper support to the 
point of attachment of the vernier. Measure the diameter of the 
wire in several places by means of the screw gauge ; measuring at 
different places along the wire corrects for tapering of the wire, and 
at each place two diameters at right angles correct for possible 
elliptic section. 

Young's modulus is then calculated from the formula of p. 211. 

In Searle’s apparatus, the extension is measured by more refined 
means. The wire under test and the comparison wire both carry 
rectangular frames which are connected by a horizontal member 
M bearing a spirit-level. One end of M is pivoted freely, while the 
other end rests on the point of a micrometer screw. When the 
specimen is strained, M is brought back to the horizontal by turning 
the screw through a distance equal to the extension, which can thus 
be measured to 0 001 cm., or perhaps 0-1 per cent. It might appear 
that this, and other more sensitive methods of measuring the ex¬ 
tension, are really wasted if the diameter of the specimen can only 
be measured to 1 per cent. But they allow thicker specimens to 
be used, so that the percentage error in measuring the thickness is 
also reduced. 

Torsion of a cylinder. Consider a thin hollow cylinder, of length 
l cm., internal radius r cm., thickness Sr cm., made of material of 
modulus of rigidity n dynes per sq. cm. The end area, shaded in the 
figure, is 7 r(r + 8 r ) 2 -77T 2 , which is 277-rSr sq. cm. if Sr is sufficiently 
small. 

The lower end is fixed, and the upper end experiences a couple C 
in the plane of the shaded area which, together with that of the 
constraint, rotates the upper end through a small angle 6 radians, 
and produces a shear strain <£ radians, since each generator of the 
cylinder is turned through an angle <f >, and if it were cut along a gen¬ 
erator and straightened out it would be exactly as the figure of p. 200 . 

The shear stress exerted on the upper face is then 

n<j> dynes per sq. cm. 


\ 
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The force exerted on each element of area of the upper face is then 
nf> x area of element dynes, and the moment of this about the axis of 
the cylinder is n<f> x area of element x r dyne-cm. The sum of all these 
moments must equal the applied couple C, so 

C = ncf> x total area of end x r, 

= n<f)X 27 rr Sr xr dyne-cm. 


Now the arc AT = r9 = l<f>, so (f> — rOjl ; 


whence 



27m . r 3 Sr 

l 


. 9 dyne-cm. 


A solid cylinder of radius a cm. can be regarded as an assemblage 
of coaxial thin cylinders, of radii varying from 0 to a, all undergoing 
the same rotation 9. Since the moments of couples add algebraically, 
the couple required to twist such a cylinder in the same way is 


cJ^9.Zr i Sr. 
I o 


Integration shows that the value of |^8r is Ja‘, 80 for a s0,id 

cylinder of length l cm. and radius a cm., the couple required to 
twist it through an angle 9 radians is 



ima x 


9 dyne-cm. 


21 
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The “ torsion constant ” for a cylindrical wire, that is, the couple k 
required to cause a twist of one radian is then 

, 777?« 4 

k = —^- dyne-cm. 

2 / 

For a thick hollow cylinder, of external radius a cm. and internal 
radius b cm., a similar calculation applies, but here the summation 
Zr 3 8r is from r = b to r=a, and tliis works out to £(a 4 -& 4 ), 
giving 

7772 (r/ 4 -b 4 ) , 

C = —-. 6 dyne-cm. 

It is interesting to note that the couple required to twist a hollow 
cylinder is a surprisingly large fraction of that for a solid cylinder. 
Thus, if b =0*5a, (a 4 -b 4 ) is nearly 0-9a 4 , while if b is 0-&/, (a 4 -b 4 ) is 
nearly 0 - 6 « 4 . 


Measurement of modulus of rigidity. Two methods are available. 
The statical method, illustrated in the figure, applies a measured 
couple C dyne-cm. by means of weights hanging tangentially from 
the rim of a wheel attached rigidly to the specimen. If m gm. wt. is 
applied to a wheel of radius R cm., then C = mgR dyne-cm. Two 
indexes fixed to the wire at a measured distance l cm. apart enable 
the twist of this length of wire to be found, without error due to any 
yielding of the fixed end clamp. The twist is represented by <f> in 
the figure, this symbol replacing the S of the last paragraph. The 
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diameter of the specimen is measured with a screw gauge, and a 
found. Then, as 



77 ra x 

2lmgR 
tt a^<f> 


dynes per sq. cm. 


In the dynamical method, a heavy disc, or other suitable body of 
known moment of inertia I gm. cm. 2 about the axis of rotation, is 
attached to the lower end of the wire and set oscillating about a 
vertical axis as a torsion pendulum (p. 298). If T sec. be the period, 


then T = 2n\j -p where 


so 


n 


. mia* 

k= ~2T’ 

477 n . 21 8t tII 
T 2 . 77 a 4 ” T 2 a K 


dynes per sq. cm. 


i 





Properties of Liquids 

A liquid possesses no definite shape, and transmits a locally 
applied stress equally in all directions. Only volume stresses and 
volume strains are possible, and the only modulus of elasticity is the 
bulk modulus, k, often called simply the “ elasticity ” of the liquid. 
For many purposes we choose to imagine liquids as incompressi 
(that is, k infinite and C zero) ; but water, for example, has a com¬ 
pressibility C of about 4 x 10- 5 per bar, which is about a hundred 

times as great as that of an ordinary metal. 

While the internal forces between the molecules of a liquid are n 
strong enough, in competition with thermal agitation, to marshal 
the molecules into any kind of pattern or indeedl to keep-them fro 
migrating freely, they are responsible for the cohes.on of drops and 
Se surface effects discussed in the next chapter. These " 

by H. N. V Temperley, who considers that the value u> of the order 
of 30-50 atmospheres, and calculates that the intrinsic pressure y. 
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of van tier Waals's equation (|>. 221), supposing this to be applicable, 
should give values considerably greater than tins. 


Properties of Gases 


Elasticity of gases. A gas occupies completely the volume of its 
containing vessel, and is continually under a stress, which is the 
uniform pressure between the gas and the walls of its container. In 
the case of a solid or a liquid, we tend to regard a stress throughout 
its bulk as a kind of defensive reaction against a deliberately applied 
external load, and distinguish between internal stresses (which are 
usually disregarded) and stress increments due to such loading. A 
stretched wire, for example, exerts forces on the constraints at its 


ends in response to the forces there applied to it—or at least that is 
the way in which we describe the matter, the reason being that we 
are used to seeing solids free from large external stresses and regard 
the introduction of a stress as something that must be done to the 
solid body. But a gas takes the offensive itself, and exerts a pressure 
on the walls of the container by continual bombardment of the walls 
by its molecules. A gas is always exertitig a pressure , is always stressed, 
and is always in a state of strain. 

The one thing common to all strained bodies is the possession of 
strain energy, which is liberated in the performance of external work 
when the strain is removed. In strained solids, this is potential energy 
stored in the solid by work done on the body by an external force. 
In gases, it is kinetic energy of translation of the individual mole¬ 
cules moving rapidly about, colliding with one another and with the 
walls of the container. The kinetic theory of gases is usually ex¬ 
pounded fully in works on Heat, so that only an outline will be given 
here, starting with the assumption made by this theory. 

The molecules of a gas are continually in rapid random motion. 
The volume of the molecules themselves is very small compared with 
the space occupied by the gas. The molecules of a given gas are all 
alike, and all of the same mass. They behave as if they were 
perfectly elastic spheres, so that no energy is lost when they collide 
with each other, or with the walls. The attraction of the molecules 
for one another is very small, so that the potential energy (using the 
term here to mean energy stored in a body of gas by work done 
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against molecular attractions) is negligible. The average kinetic 
energy of the molecules is proportional to the absolute tempera¬ 
ture. 

Accepting these assumptions, the physical behaviour of the ideal 
gas to which they are applicable can be forecast in considerable 
detail. 

A perfectly elastic sphere of mass m and velocity u impinging 
perpendicularly on a fixed rigid wall has its momentum reversed from 
mu to - mu , and the wall receives an impulse which is equal to the 
change in momentum of the sphere, which is 2 mu. If, during one 
second, a large number of such impacts occur, the average force 
on the wall, by Newton’s Second Law of Motion, is equal in 
absolute units to the total change of momentum in that second. 
The pressure is then obtained by taking the force on unit area of the 
wall. 

Suppose that a closed vessel of volume V c.c. contains a fixed mass 
of gas at pressure p dynes per sq. cm., the total number of molecules 
being n. The number of molecules per c.c., v, is then given by 
v = n/V ; and let m gm. be the mass of each molecule. 

Imagine for a moment that all the molecules are moving in a 
direction perpendicular to one wall of the container with \elocitj 
u cm. per sec., and consider 1 sq. cm. of this wall. AH the molecules 
in a prism of length u cm. and base area 1 sq. cm. strike the selected 
area in one second. The volume of this prism is u c.c., and the num¬ 
ber of molecules it contains is vu. Each molecule undergoes a 
momentum change 2 mu at right angles to the wall when it strikes it, 
giving the wall a corresponding impulse of 2 mu umts. Hence t e 
force on unit area is vu x 2 mu dynes, so the pressure is 


p = 2vmu 2 dynes per sq. cm. 

In reaching this conclusion, two extremely unlikely assumptions 

have been made. . .... .. 

(1) If the molecules are moving at random in all directions, lfc 

highly improbable that at any given instant they wUl all be simul- 

taLously moving in the same direction. It is more reasonable to 

suppose that they will, on the average, be distributed equally m six 

directions along any set of rectangular co-ordinate axes we like to 

choose, as in the diagram. On the average, then, only one sixt 
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the vu molecules considered in the prism will be moving towards the 
wall in a direction at right angles to it. So it would be nearer the 
truth to write 

p = l x 2vinu 2 = \vtnu 2 dynes per sq. cm. 


(2) All the molecules do 
not have the same value of 
u , and we should really 
consider the average value 
of u for all the molecules. 
This is called the mean square 
velocity, and is given the 
symbol c 2 . Thus, the ex¬ 
pression for the pressure 
should really be 

p = \vmc 2 dynes per sq. cm. 



or, pV = \nmc 2 . 




220 


GENERAL PHYSICS 


If the average kinetic energy of a molecule, \mc 2 , is proportional 
to the absolute temperature T, then \mc z = ctT , where a is a constant, 

and %nmc 2 = §naT, or, p V = CT, 

where C, written for §na, is a constant for the particular mass of gas 
taken ; if this mass is one gram-molecule, the symbol R is used 
instead of C , and the constant R is called the Gas Constant. 

How will such an ideal gas behave? To begin with, if we have a 
fixed mass {n fixed, and therefore C fixed), (1) at a constant temper¬ 
ature, the product pV is constant. 

Or (2), if we keep p constant and vary T , V is directly proportional 

to T. 

Again (3), if we keep V constant and vary T } p is directly propor¬ 
tional to T. > 

These three statements represent the behaviour of all the ordinary 

“ permanent gases ” (air, oxygen, nitrogen, helium, hydrogen, etc.) 
over a wide range of varied conditions, with a fairly high degree ot 
accuracy, and it is usual to treat them for all elementary purposes 
as following the ideal gas equation under most conditions. 

Conversely, it is believed that the assumptions made in building 
up the equation must be fairly near the truth (though some cannot 
possibly be really accurate) for the permanent gases. 

The value of VP, which we will write as c, can be found from the 
equation pV = \nmi* ; for nm is the total mass of gas occupying 
volume V, whence nm/ V is simply the density P gm. per c.c., so 

p = Jpc 2 , and c =j3p/p. 

For hydrogen at N.T.P., p is 0 00009 gm. per c.c., and p is 

76 x 13-6 x 981 dynes per sq. cm., 


so 


=v 


3 x76 x 13-6 x981 


0-00009 


= 1-86 x 10 s cm. per sec. 

Tn the eouation pV = RT, the quantity It, which is proportional 

V.- £=—rirz 

':,r“ 8 s >■ .•*>■. .»• 
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and so R has the same value for one mole of every gas supposed 
ideal. The following table, taken from Kaye and Laby’s “ 'fables ”, 
gives the values of c at 0° C. for the common gases. 


Gas 

Hydrogen 
Helium 
Nitrogen 
Oxygen 
Carbon dioxide 


c=s/T* 

18-39 x 10 4 cm. per sec. 
131 x 10 4 
4-93 x 10 4 
4*01 x 10 4 
3-92 x 10 4 


The equation which has been developed on page 220, namely, 

pV =RT 

is called the Ideal Gas (or Perfect Gas) Equation. In its derivation 
it is assumed that the volume of the molecules themselves, and 
the effect of attractions between them, arc both negligibly small 
effects, which is a fair approximation if the density of the gas 
is very low. But if these effects are not negligible, which must be 
reckoned with in most experiments with actual gases (for how can 
any gas liquefy or solidify at all if the molecules do not attract one 
another, and how can the liquid or solid have such considerable 
volume if the molecules themselves are inappreciably small?), then 
the measured pressure on the walls of the container is an under¬ 
estimate of the true pressure within the gas, and the volume of the 
container an over-estimate of the space available for the molecules 
to traverse. Of several approximate equations which have been 
proposed to modify the equation pV = RT to apply to actual gases, 
the most convenient is van der Waals’s equation : 

(p + Ji) (•’ ~b) =RT , 

where a and b are “ constants ” characteristic of the particular gas 
concerned, and are different for different gases. 

Here 2 ) represents the true bombardment pressure, which is 

greater than p as measured at the container wall, and a/ V 2 is the effect 
of attraction between the molecules, or the internal stress within the 
gas. If a/V 2 is sufficiently great, cohesion is manifested and the sub¬ 
stance is not a gas at all, but a liquid ; if a/V 2 is greater still, p is zero 
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and the container can be dispensed with, so the substance is a solid. 
The differences between the three states of matter, as far as response 
to external stress increment is concerned, are thus in a general way 
attributable to differences in the magnitude of the internal stress, 
and one of the great merits of van der Waals’s equation is that it 
enables us to picture the differences between the three states of 
matter as differences in degree rather than differences in kind. The 

quantity ^ is usually called the intrinsic pressure of the material 

when the equation is applied to explain the behaviour of liquids 
(cf. pp. 216 and 260). 

Adiabatic and isothermal change. The total translational kinetic 
energy in ergs of the n molecules in a chosen mass of gas is n x L»c 2 , 
which is | x.\nmc 2 , or § pV, or for one mole of gas, %RT. 

Suppose the volume of the gas increases. The pressure of the gas 
does external work in moving back the walls of its constraint. This 
must be drawn from the kinetic energy of the gas molecules, which, 
by the law of conservation of energy is therefore reduced. Thus the 
average kinetic energy falls, and there is a fall in temperature. 
Similarly, if the volume of the gas is reduced, work is done on the gas 
by an external agent ; this reappears as an equivalent increase in 
internal kinetic energy of the gas, and there is a rise in temperature. 
Ideally, there are two separate ways in which the stress-strain 

relation for a gas can be studied: , 

(1) We can prevent any escape of heat from, or access of hea o ie 

gas, when the change is said to be adiabatic. f 

Or (2), we can arrange to remove the heat generated by reduction o 

volume, or replace the heat abstracted by expansion, by maintaining 
the gas in a constant-temperature enclosure and waiting a little atte 
the change for temperature equalisation to occur, when the change 

is said to be isothermal. 

Boyle’s Law 

Boyle’s Law states: For a fixed mass of gas maintained at constant 
temperature, the pressure and volume are inversely proportional (o>\P 
sure x volume is constant for the particular mass of gas concerned). 
" This law may be verified with the apparatus illustrated, in which a 
fixed mass ol dry air, or other gas, is trapped by a mercury column 
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in a graduated tube, and the pressure may be varied 
by raising or lowering a mercury reservoir commun¬ 
icating with the gas tube. The pressure of the atmo¬ 
sphere, // cm. of mercury, is first read. A series of 
readings of the mercury levels A and //. and the 
volume 1’ of the trapped gas, is taken, some with 
B above .-1, some with B below A. Writing h cm. 
for the difference in levels (B - A ), which is positive 
if B is the higher, negative if B is the lower, the 
total pressure of the gas is p — (// +//) cm. of mer¬ 
cury. The product pY is found to be approximately 
constant, and the graph of p against 1 1’ is a straight 
line through the origin, showing that under these 
conditions Boyle s law is fulfilled. It is important to 
allow a little time after adjusting the apparatus 
before taking a reading, so that temperature equal¬ 
isation can take place. 

For air, oxygen, hydrogen, and others of the “ permanent gases ”, 
Boyle's law is closely obeyed at ordinary air temperatures, for 
pressure ranges between about half an atmosphere and two atmo¬ 
spheres. At higher pressures experiments have shown that the 
product pV is not constant for a given mass of gas, but varies with p 
in a manner which depends on ( a) the nature of the gas, and (b) the 
temperature at which the observations are made. 

Investigations over wide ranges of temperature have shown that 
for every gas there is a certain temperature, called its Boyle tem¬ 
perature, at which Boyle’s law is closely followed over a wide range 
of pressures. 



Applications of Boyle’s Law 

Air compressor. In the cycle tyre pump, illustrated in the dia¬ 
gram, the tyre valve A and the cup washer B on the piston are both 
made to allow air to pass only into the tyre (from right to left in the 
figure, p. 224). On the forward stroke of the piston, B presses against 
the wall of the barrel and the volume of air in the pump is reduced so 
that its pressure increases ; and when this pressure exceeds that in 
the tyre by sufficient to force air past A , most of the original pumpful 
of air enters the tyre. 
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Let the volume of the tyre (supposed constant) be V and that of 
the pump v, so that each stroke of the pump sends into the tyre a 
mass of air that occupies volume v at atmospheric pressure. Sup¬ 
pose the initial pressure in the tyre is one atmosphere, and let the 
final pressure after n strokes be p n atmospheres. Then, at the end 
of the n strokes, a fixed mass of air which occupies V + nv units of 
volume at one atmosphere pressure occupies V units at p„ atmo¬ 
spheres. So, by Boyle’s Law, 

p n V = 1 x(V + nv), 



= ^1 + -p-^ atmospheres. 


The increase in pressure is thus directly proportional 


to the number 


of* strokes 

As the pressure in the tyre increases, so does the pressure in the 
pump barrel needed to open the valve A, which must therefore open 
at a later stage in each successive stroke. There is a limit to the 
pressure attainable with this type of pump, quite apart from that 
set bv the strength of the barrel ; if, for example, the space beyond 
the piston when this is thrust fully home is 1/20 of the volume of the 
barrel, the minimum volume to which a pumpful of air can be re¬ 
duced is 1 /20 of its original volume, whence the maximum pressure 

attainable will be 20 atmospheres. 


Exhaust pump. The valves of the simple piston exhaust pump 
are arranged to allow air to pass only outwards from the vessel to be 

exhausted (that is, upwards in the figure). . . , 

Let the volumes of vessel and pump be \ and a, and let the initial 

pressure in the vessel be p 0 units. Starting with the P‘ sto " at ‘‘ 
bottom of its stroke, on the first upstroke the volume °f the ^ace 
in the pump increases, the pressure decreases, and the valve Bi 
opened by the excess pressure of the air in the vessel over the now 
diminished pressure in the pump barrel. At the top of the strok 
7 units of volume at pressure p 0 have become (V + v) units at 
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lower pressure p x ; whence, applying Boyle’s Law 
to this fixed mass of air, 

Pl (V+v)= Po V, 

p. = p n — units of pressure. 

1 1 1 0 V + v 

On the downstroke of the piston, li closes at 
once, since the pressure in the barrel immediately 
increases, while ,4 opens as soon as the pressure 
in the pump barrel exceeds that of the atmo¬ 
sphere, after which the barrelful of air escapes to 
the outside. On the second cycle of operations, 
the process is repeated, and the pressure after 
two strokes is given by 



p*-Pi( v +^) Po (v + v) (y+v)' 

P 2 =Po ( y* + units of pressure. 


The calculation can be carried on for each successive stroke, each 
time applying Boyle’s Law to a different fixod mass of air—the mass 
in the vessel at the beginning of the stroke. After three strokes, the 
pressure p 3 is 



and after n strokes p n is 



Successive pressures thus form a geometrical progression, and 
even with a perfect pump operating for an indefinitely long time it 
would be impossible to reduce the pressure in the vessel to zero. 
Apart from obvious mechanical difficulties, such as leakage past the 
valves, the chief factor limiting the vacuum attainable is that the 
valve A can only be opened by superior pressure from below. If the 
“ dead space ” above B is, say, one thousandth the total volume of 
the pump, and the pressure has been brought down to one thousandth 
of an atmosphere, when the piston next moves down, the barrelful of 
air at 1/1000 atmosphere pressure will be compresssed to 1/1000 its 
volume, and will just be at one atmosphere pressure, but this will not 

p 


n.p. 
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give the excess required to open the valve. This difficulty is over¬ 
come in modern piston-pumps by having a layer of oil over the top 
of the piston, so that what is effectively an oil piston sweeps out all 
the air above it ; and in a similar manner by the Toepler pump which 
employs a mercury column as a piston. 


The McLeod gauge. This pressure gauge is used for the measure¬ 
ment of low pressures down to about 1/100 mm. of mercury. 
A narrow capillary tube is attached to a bulb which communicates 
at By through a long vertical tube, with the vessel containing the gas 
of which the pressure p is to be measured. The volume V of the bulb 
and capillary together, and the volume v of the capillary down to a 
fixed mark X, are known. By raising the mercury reservoir R, a 
volume V of gas at the unknown pressure p is cut off at B and com¬ 
pressed to volume v t when the mercury levels stand at A in the 
capillary and Y in the connecting tube. The difference in levels h 
between X and Y is observed. Then the fixed mass of gas cut off as 
a volume V at pressure p cm. of mercury has been compressed to 
volume v at pressure (p +h) cm. So, by Boyle’s law, 

pV = (p+h)v, 


hv 

p = Tr -cm. 

V - v 

As p is proportional to h, a direct reading scale 
is attached to the side of the connecting tube. 

It is assumed in this calculation that the 
volume of the apparatus containing the gas 
under measurement is so large that the intrusion 
of the mercury column up the connecting tube 
causes no appreciable increase of pressure in it. 
The above theory of the McLeod gauge assumes 
that Boyle’s law is accurately obeyed over a 
considerable range of pressure ratios, a condition 
which is more nearly fulfilled at low pressures 
than at higher ones. 

Molecular gauges and pumps. The mean free 
path A of a gas molecule is the average dis¬ 
tance travelled between collisions with other 
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molecules. An approximate value for A can be calculated 
simply, in terms of the molecular diameter, a, and the number of 
molecules per unit volume, v. Any two molecules whose centres 
approach within a distance <j of one another collide ; so we can 
imagine any one molecule as surrounded by a sheath of radius a , 
collision occurring when the centre of another molecule touches this 
sheath. If our chosen molecule travels a distance x in a straight line, 
the sheath sweeps out a cylinder of volume 7 to 2 x, and the number of 
other molecules whose centres lie within this volume is u7tg 2 x. But 
this is all fictitious ; what we are trying to sav is that in travelling a 
distance x the chosen molecule collides with vtto 2 x others, so that the 

X 1 

average distance between collisions is-or A = — cm. 

VTTO'X VTTO- 

For an ideal gas, the assumption of p. 217 that a ~ 0 means that 
the mean free path would be extremely large ; in fact an ideal gas 
would presumably have no interesting mechanical properties apart 
from those of possessing internal kinetic energy and exerting a 
pressure on the walls of its containing vessel. But for real gases, the 
collisions of molecules with one another are responsible for many of 
the physical properties which distinguish one gas from another, and 
the mean free path is a very important quantity. 

As v is directly proportional to the pressure p, A is inversely pro¬ 
portional to p. For nitrogen at atmospheric pressure A is of the 
order 10~ 5 cm. ; at a pressure of 1 mm. of mercury, of the order 0-7 
mm. ; and at a pressure of 10 -3 mm. of the order 70 cm. ; which 
means in effect that at very low pressures a molecule rebounds from 
the enclosure walls many times between collisions with other 
molecules, so that the mean free path is then really of the order of the 
diameter of the vessel, and not that calculated from the formula. 

Theory shows that the coefficient of viscosity rj of a gas is pro¬ 
portional to pc\, where p is the density and c the root-mean-square 
velocity (p. 220 ) ; and the coefficient of thermal conductivity k is 
proportional to 77 C,. or to C x pc\, where C v is the specific heat at 
constant volume. The diffusion coefficient D (which is the mass of 
gas crossing unit area in unit time under unit concentration gradient) 
is proportional to Ac. These relations cannot be derived here, but 
the method of dimensions (p. 243) will show that those for t? and for 
D are physically possible expressions. 
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Since p is proportional to v , and A is proportional to 1/v, the pro¬ 
duct pX is independent of v, and thus independent of the pressure. 
But this conclusion is only true so long as the pressure is above the 
value at which the mean free path is limited by the dimensions of the 
vessel ; at pressures below this, A is effectively fixed and cannot 
increase as p decreases further ; so that at very low pressures pX is 


proportional to the pressure, whence 77 and k are at these low pres¬ 
sures proportional to the pressure. Pressure gauges for the measure¬ 
ment of very low pressures (less than 10 -2 cm. of mercury), apply 
these results, employing the viscous damping of an oscillating sys¬ 
tem, or the rate of emission of heat by conduction from a wire 
carrying an electric current, as the effects by which p is estimated. 

The method of action of the modern high-vacuum pump is to 
some extent analogous to the simple experiment in which a flask is 
“ evacuated ” by placing a little water in it, boding until there is a 
steady efflux of steam, and then removing the flask, sealing it 
quickly, and cooling it. The air has been replaced during boiling by 
steam at atmospheric pressure ; and when the flask is cooled, the 
pressure within it becomes the saturated vapour pressure of water at 
the final temperature. Matters are not quite so simple as this, for 
the problem is to evacuate a vessel attached to the boiler, and no 
merely the boiler itself; the air must be persuaded to diffuse out ol 
the vessel into the boiler, where it can be dealt with, and must be 
prevented from diffusing back again ; and a liquid with a vapour 
pressure much lower than that of water at ordinary temperatures 
must be used. Mercury, which has a vapour pressure at ordinary 
temperatures of 10 -* mm. and can be heated without fear of chemical 
decomposition, and the low vapour-pressure Apmzon 1 

developed at Messrs. Metropolitan-Vickers Electncal Co. Ltd., 
which have a much lower vapour pressure than ™ ercury , d 

be heated to such high temperatures, are the liquids comm °"' y of al , 
(It must be remembered, incidentally, that the b ° llin S P 
liquids under the pressures obtaining within such a pump 

= 
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enclosure containing mercury vapour just as il the enclosure were 
evacuated. Suppose the vessel A to be evacuated is maintained at a 
high temperature, and placed in communication with a similar 
vessel B containing mercury vapour at the same high temperature. 
Mercury vapour diffuses into A and air into B , and after a short 
time the pressure of the air in A is half what it was at the start. Now 
remove B and replace it by a similar vessel C of mercury vapour , 
again, diffusion halves the partial pressure of the air in A, and it 
becomes one quarter of what it was to begin with. Continuing this 
process, the partial pressure of air in A is reduced to a very low value, 
for most of the air has been replaced by mercury vapour. If A is 
now cooled the mercury vapour is condensed, and the pressure in A 
will be very little above the saturated vapour pressure of mercury 
at the low temperature. 


In practice, the effect of repeated exchange of the second vessel 
is achieved more conveniently by having a continuous stream of 
mercury vapour flowing past an orifice communicating with A, 
which need not really be heated itself, and by having the initial 
pressure so low that diffusion of air back from the mercury stream 
into A is very small indeed. That is, the pump will not work on its 
own, but must have the way prepared for it by a fore-vacuum or 
“ backing ” pump of the piston or other equivalent type, which gives 
a pressure of the order of 0T-0-5 mm. of mercury. 

The mean free path of air molecules at such a pressure is of the 
order of about 01 mm., and if the orifice is of about this width, air 
molecules diffusing into the mercury stream pass out of A unimpeded 
by collision, and once in the stream of mercury vapour are carried 
away by it. In Gaede's pumps, known as diffusion pumps, great 
importance was attached to the dimensions of the orifice, for it was 
supposed that the whole effect of the pump depended on unimpeded 
diffusion of the air through this into a slowly moving stream of 
mercury vapour. Any mercury vapour diffusing in the reverse 
direction condensed, and liquid air traps interposed between the 
pump and the vessel .-1 prevented vapour from passing into A and 
kept the mercury vapour pressure there very low. 

Langmuir showed that the dimensions of the orifice are not of 
critical importance if a rapid stream of mercury vapour is sent past 
it in the direction of the fore-vacuum ; for if the speed of the stream 
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exceeds the mean velocity of the air molecules, those leaving the 
orifice are caught up and swept away with little chance of diffusing 
back. Pumps made on the same general lines as Gaede’s, but with 
much wider communication between the vessel and the mercury 
stream, and with a much more rapid directed stream of mercury 
' vapour, are called condensation pumps. The processes of diffusion 
and condensation play similar parts in both the Gaede and Langmuir 
pumps, but the condensation type is much more efficient, and all 
modern pumps are designed on these lines. 

The diagram shows a typical single-stage condensation mercury 
vapour pump, made of metal. A backing pump, attached to the side 
tube at the left, maintains an outlet pressure of a fraction of a 
millimetre of mercury, and the vessel to be evacuated is attached to 
the wide opening at the top. Mercury vapour from the boiler comes 
up the central tube, and is deflected down by the umbrella-like cap, 
the whole of the annular space within the pump at this level forming 
the “ orifice ”, into which air molecules diffuse downwards as 




231 


CONDENSATION PUMPS 

indicated, to be carried away into the fore-vacuum. In the lower 
part of the pump, mercury vapour is condensed by the water-jacket, 
and mercury returns to the boiler by the annular siphon-trap shown. 

As a general rule, it can be stated that the lower the fore-vacuum 
pressure, the greater the efficiency of this type of pump becomes ; 
thus, two such pumps connected in series, the first acting as fore¬ 
vacuum to the second, will be much more effective than one alone ; 
and two or more pumps in series are often built up together in the 
same container over the same boiler, being known as “ two-stage , 
etc., pumps. 

At very low pressures, when the mean free paths of the molecules 
are considerable, most molecular collisions will be made with the 
walls of the containing vessel and the connecting tubing. If the 
number of these collisions is reduced by using short connecting 
tubing of wide gauge, the molecules will meet with much less ob¬ 
struction in their passage out towards the pump, so that wide 
connecting tubing is invariably used ; the upper opening of the pump 
in the figure is intended to join on to a tube of about two or three 
centimetres diameter. 


Isothermal elasticity of a gas. The stress to which a gas is sub¬ 
jected is a uniform pressure p dynes per square centimetre. If a 
small increment Bp produces a diminution 81' in its volume F c.c., 
or an increment -8F, then the elasticity, which is stress incre- 


ment/strain increment, is 


hp 


= -I 


r &P 


-BV/V ' 8F 

Considering very small increments indeed, this is written, 

- dynes per sq. cm. 


If Boyle's law is obeyed, 

pV = a constant, 

at constant temperature. So, if the pressure change to p + Bp, and 
the volume to F + SF (where 8F is actually negative), 

(p + 8p ){V +BV)=pV ; 

or, neglecting the very small product Bp : B V, 

pBV + F8p = 0, 
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For very small increments this is usually written 

- V —p dynes per sq. cm. 

CL V 


Thus, the isothermal elasticity of a gas obeying Boyle’s law is equal 
to the pressure. 

It is usually called the “ elasticity ”, and not the “ modulus of 
elasticity ”, because the term “ modulus ” implies a constant ratio 
between stress increment and strain increment, as when Hooke’s 

law is followed. 


External work done by a gas during small expansion. Consider a 
fixed mass of gas, exerting a pressure p dynes per sq. cm. on the 
walls of its container, occupying volume V c.c. 

The work done by the gas during an expansion cannot depend on 
the shape of the container, so suppose this is a cylinder of cross- 
sectional area A sq. cm., closed by a fight frictionless piston. Let 


WORK = />, V y log, 



ISOTHERMAL EXPANSION 

the gas expand by a small amount, 81’ c.c., pushing back the piston 
a distance .r cm., so that SF = Ahx. The force exerted by the gas on 
this piston is pA dynes ; the work done by the gas is then 

pAhx ergs = ph V ergs, 

and is represented on a p-V diagram by the area of a narrow strip, 
as shown shaded in the figure. 


External work done by a gas during finite isothermal expansion. 
Let the temperature remain constant at T absolute, and the fixed 
mass of gas expand from volume \\ c.c. at pressure p x dynes per sq. 
cm. to volume V 2 c.c. at pressure p 2 dynes per sq. cm. Then, as for 
each small volume change during the expansion the external work 
done is represented by the area of the corresponding strip beneath 
the graph and the F-axis, the total work done is the sum of all such 
areas, represented by the area KLMN in the figure. The graph can 
always be drawn, and the area calculated from it ; but important 
formulae for the external work are obtained by using the calculus. 

For all values of p and F, if Boyle s law holds, p V =/>, Y\ = p 2 V 2 = 
a constant, k say. The external work done during a small expansion 
8F c.c. when the pressure is p dynes per sq. cm. is phV ergs. As 
pV =k, p = klV, so the external work for a small expansion is 

yhV ergs. 


The external work done for an expansion from V x to V 2 is 

f r » k ... . . V 2 

J v ydV = k log e ^ergs. 

7) Vo 

As p l V 1 =p 2 V — = tt hence the external work may be written 

V 2 V 1 

k log ' p 2 ; 

or, remembering that k =p x \\ =p 2 l the formula can be WTitten as 

PiVi pr ergs; 


or 


Vo 

PtY 2 ^°ge yr ergs ; 
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or Pi^ilog^ergs; 

Pi 

or P 2 ^ 2 lo ga^ergs. 

Pi 

If we are dealing with unit mass, or one mole, when the gas constant 
R can be appropriately introduced, since p x V 1 =p 2 V 2 =RT, any of 
the four expressions above may be written 

RT log e ^, etc., 

while for any quantity x moles we get 

x RT log,. ^ , ete. 

* 1 

If V t is greater than F 2 , the external work done by the gas is 
negative ; for, of course, external work must be done on the gas by 
an external agent to reduce its volume.. 

Adiabatic elasticity of a gas. When the pressure and volume of a 
fixed mass of gas change under adiabatic conditions, the relation 
between the pressure p dynes per sq. cm., and the volume F c.c., is 

pyy = a constant * 

specific heat at constant pressure 
where y is the ratio speci fi c heat at constant volume^ ’ 

and has the value 1-66 for monatomic gases, approximately 1*40 for 
diatomic gases (under ordinary conditions the value for air is 1-4 ), 
and is less than 1-40 but greater than 1 for gases of higher atomicity. 

If a small pressure increment Bp causes a volume mcrement d 
(which is, of course, really negative), then 

(p+Sp)(r + SV)y=pVY. 

Dividing both sides by p V y , 

(1 +Bp/p)(l + 8F/F) y = 1, 

expanding the second bracket and neglecting powers of SF/ V higher 
than the first, _ 5 t//i 7 \_l • 

(l+^/p)(I+ySF/F)=l, 

whence, by rearranging, 

-r^=yp. 



ADIABATIC CHANGES 


2:r» 


Considering infinitesimally small changes, 

, • fl P 

rv= yp - 

The adiabatic elasticity of a gas at pressure p dynes per sq. cm. is 
thus yp dynes per stp cm. 


Hence 


adiabatic elasticity yp 


isothermal elasticity p 


= . =r 


This is a general result, true for real gases as well as ideal gases, 
and true also for solids and liquids—that the ratio of the adiabatic 
and isothermal elasticities is equal to the ratio of tin* specific heats 
at constant pressure and constant volume. 

The compressions and rarefactions of sound waves succeed one 
another so rapidly that each is an almost perfectly adiabatic change. 
The adiabatic elasticity is thus that concerned with the propagation 
of sound in gases. 


External work done during adiabatic change. For a finite adialmtic 
expansion of a given mass of gas from pressure p x dynes per sq. cm. 
and volume V x c.c., to pressure p 2 dynes per sq. cm. and volume 
V 2 c.c., as at every stage p V y a constant, say c, and V x y = p 2 V 2 y = c , 
the external work done by the gas during a small expansion 8Fat 
pressure p is as before p 8 V ergs = c V~ y V ergs. The area beneath the 
appropriate adiabatic pV graph represents the work done, and the 
integral calculus shows that this external work is 


or, 

as 



ft*VY i_ i_\ 

y- iv ly-v 


ergs, 


p V y = c. 


This is the work done by the gas in extending its boundaries 

against an external constraint. If the volume of the gas is reduced, 

the result is negative. We can then either write that the work done 

by the gas is this negative quantity, or, dropping the negative sign, 

say that the external work done on the gas by the external agent is 
positive. 
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EXAMPLES ON CHAPTER 8 


1. State Hooke’s law and describe, with the help of a rough graph, 
the behaviour of a copper wire which hangs vertically and is loaded with 
a gradually increasing load until it finally breaks. Describe the effect of 
gradually reducing the load to zero, (a) before, ( b ) after, the elastic limit 
has been reached. 

A uniform steel wire of density 7-8 gm. per c.c. weighs 16 gm. and is 
250 cm. long. It lengthens by 1-2 mm. when stretched by a force of 
8 kg. weight. Calculate (a) the value of Young’s modulus for the steel, 
(6) the energy stored in the wire. (N.) 


2. Explain the terms stress, strain, modulus of elasticity. 

Describe with full experimental details a method of determining 
Yoimg’s modulus for a steel wire. 

The upper end of a rubber cord is fixed and the extensions caused by 
suspending various masses (M gm.) from its lower end are measured. 
The results are given in the following table : 

Mass M gm. 100 150 200 250 300 

Extension in cm. 6-5 10-5 14-5 19’5 25-0 

Draw a load-extension graph and from it determine the work done in 
increasing the extension of the cord from 7-5 cm. to 22-5 cm. (N.) 

3. Define Young's modulus of elasticity and explain how you would 

determine this modulus for a steel wire. 

Calculate the extension of a steel wire of length 4 metres and diameter 
2 mm. when loaded with a weight of 8 kilograms, if Young s modulus for 
the steel is 2 x 10 13 dynes per cm. 2 . How much strain energy wouhibe 

stored in the loaded wire? ' ' 


4. Give a general account of the phenomena of elasticity. State the 
general law governing the behaviour of elastic substances ^ der s ^' 
and show how it is applied to the quantitative definition of the thre 

Prl D C jnbeht 0f Yo^todulu, can be determined experimental^ 
explaining the precautions taken to ensure accuracy. I 

5. Describe in detail an experimental method for the determination 
° f A m a ss' o f200 grm i s fastened to one end of a flexible wire lOOemJong 

-iSS 

increase in length when the mass is in its lowest position. 
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7. Explain the possible meanings of the term “ modulus of elasticity ” 
as applied to (a) solids, {b) fluids, and describe a method of measuring 
one particular modulus in one case. 

A steel bar is heated to a temperature of T° C. and its ends are secured 
in rigid clamps. If the bar is now allowed to cool, prove that tho 
temperature at which it breaks is independent of the distance between 
the clamps. 

8. Assuming Young's modulus for brass to be 10 12 dyne/cm. 2 , find tho 

energy stored in a rod of 1 sep cm. section and 10 cm. in length if com¬ 
pressed by a load of 10 kilograms. (CJ. N.) 

9. Describe the changes which take place when a wire is stretched by 
a gradually increasing force until it breaks. How would you determine 
Young’s modulus for a material in the form of a wire? 

A uniform wire fixed at its upper end has a weight attached at its 
lower end. If the strain energy per unit volume of the wire is 2 > 10* 
ergs per c.c. and the increase in length per unit length is 2 x 10“\ find 
(a) Young's modulus, (b) the stress in the wire. (C. S.) 

10. Assuming that the bulk modulus of water is 2-2 x 10* kg./cm. 2 , 
calculate the approximate depth below tho surface of an ocean of pure 
water at which the density is one per cent, greater than the density at 
the surface. 

Compare the law of increase of pressure with depth upon which you 
base your conclusions with tho law of decrease of pressure with increasing 
height in an atmosphere supposed to be at the same temperature 
throughout. (C. S.) 

11. Describe an accurate method of measuring Young's modulus. 

A uniform horizontal rigid bar of mass 100 kg. is supported hori¬ 
zontally by three ecpial vertical wires A, B and C, each of initial length 
1 metre and cross-section 1 sq. mm., B is a copper wire passing through 
the centre of the bar ; A and C are steel and are arranged symmetrically 
one on each side of B. If Young's moduli for copper and steel ure 
1-5 x 10’ 2 dynes per sq. cm. and 2 x 10 12 dynes per sq. cm. respectively, 
find the tension in each wire and the extension. (O. & C.) 

12. Define Young’s modulus, and describe briefly how you would 
measure it for the material of a wire. 

A steel wire of diameter 0-8 mm. is clamped firmly at its ends .4 and B 
so that it is horizontal and just taut, the distance AB being 1 metre. 
A mass of 100 gm. is then hung from the mid-point C of the wire ; cal¬ 
culate the depression of C below the line AB. (Assume that the portions 

AC, CB of the wire are straight. Young’s modulus for steel =2 x 10 12 
dynes/cm. 2 .) (C . g } 

13. What is meant by Young’s modulus? 

How would you attempt to find its value for a cylindrical bar of steel 
having a circular cross-section of radius 2 cm.? 

A bar of this kind is heated to 300° C. and its ends are then fixed in 
rigid clamps. What force does it exert on the clamps when it cools 
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to 0 °C.? (Young’s modulus for steel =2-1 x 10 12 dynes per sq. cm. 
Coefficient of expansion of steel = 1-1 x 10 -5 per C C.) (C. S.) 

14. Explain what is meant by a modulus of elasticity. Describe a 
method of determining Young’s modulus for a wire. 

A wire is suspended by one end. If its length is l, its area of cross- 
section A, and the density and Yoimg’s modulus of the material are p 
and q respectively, find the potential energy of the wire due to stretching 
under its own weight. (C* S.) 

15. A steel rod, 10 cm. in length, is held by abutments at the ends 

which prevent any change in the length of the rod. What pressure will 
be exerted on the abutments if the temperature of the rod is raised by 
50 °C.? (Young's Modulus for steel =2-2 x 10 12 dynes/cm. a . Coefficient 
of linear expansion = 1*2 x 10 -5 cm./cm./ °C.) (C. S.) 

16. Define stress, strain, elastic limit , Young's modulus. 

A thin uniform wire of radius r is clamped horizontally between rigid 
supports A and B, so that it is just taut and the length of wire between 
A and B is 21. A mass m is hung from the mid-point C, and displaces 
C through a vertical distance y, small compared with l. Find expressions 
for the stress and strain in the wire, and for Young’s modulus, in terms 
of m, l, r, and y, neglecting in each case squares and higher powers ot 
yll in comparison with unity. i u - & ’’ 

17. Explain what are meant by elastic limit, modulus of elasticity. 

Young's modulus. , • . 

Describe how you would determine Yoimg s modulus for a material 

in the form of a uniform wire, and make an estimate of the ac ^ ra *> c ° 

the determination. ' 

18. Define Yoimg’s modulus, and deduce an expression for the work 

done when a wire is stretched. . , . 

A light wire of diameter 1 mm. and length 2 metres ms hung ^ 

zontally between two supports 2 metres apart. If ^ o g • ht 

the material of the wire is 10“ dynes per sq. cm., 1find wlbat weigffit 
hung at its middle point will depress it 10 cm., and e & ^ 

C ° 19 g state Boyle’s law, and describe an experiment by which it could 

be Ag'i i ^ d globe of volume V c.c., filled with gas at P^ volS^e fthe 
evacuated by repeated connection with a second vessel of volume v.tne 
rat a t C er a v te eie. y be£g completely evacuated after e eject, on^dat 

the start. Obtain an expression relating the P ress ^ g 

in the first vessel with the number “““^XTe^ond one a volume 
If the first vessel has a volume of 500 c - c - ^ reduce the pressure 

of 50 c.c., how many connections will be necess y ^q. & c.) 

in the larger vessel by one-half? . • ^ 

20. A vertical barometer tube 100 «n. ?5 cm. 

meniscus is 30 cm. from the upper 
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closed end. When the tube us pushed into the mercury so that the open 
end is 35 cm. beicnv the surfuce, tiie meniscus is 20 cm. from the closed 
end. Calculate the atmospheric pressure. ((). &’ C.) 

21. State Boyle’s law and describe an experiment for verifying the 
law. 

A narrow glass tube of uniform section and scaled at one end contains 
air enclosed by a mercury thread of length 7-5 cm. When the tube is 
held vertically with the open end uppermost, the enclosed air column 
is 30 cm. long and wlion the tube is held horizontally the length of the 
air column is 33 era. Explain why this change in length occurs, and 
calculate the atmospheric pressure. (O. & C.) 

22. Give a good diagram of a simple form of air pump, such as is used 
for exhausting apparatus in the laboratory, and explain how it works. 

The barrel of an ordinary bicycle pump lias a volume of 200 c.c. It is 
connected to a vessel of volume 5 litres, which contains air at atmospheric 
pressure. Find (a) the pressure hi the vessel after ten strokes, (It) how 
many strokes are needed to bring the pressure in the vessel up to 3 
atmospheres. (O.) 

23. State Boyle's law, and describe an experiment to verify it. 

A 250 c.c. flask, fitted with exit tube and stop-cock, is attached to a 
rough vacuum pump and partially exhausted. When the flask is 
removed and the stop-cock opened under water and the water levels 
inside and out are equalised, it is found that 242 c.c. of water enters the 
flask. I he pressure of the atmosphere is 75-5 cm. of mercury. Find the 
pressure produced in the flask by the pump. (0.) 

24. State Boyle’s law, and describe an experiment to verify it. 

A wide capillary tube of uniform bore is sealed at <me end. Some air 
is trapped hi the closed end by means of a mercury thread 25 cm. long. 
When the tube is held vertical, with the open end upwards, the air 
occupies 30 cm. of the tube ; when the tube is inverted so that the open 
end points vertically downwards, the length of the air column is 00 cm. 
Calculate the height of the mercury barometer. (O.) 

25. State Boyle’s law. 

The following readings were taken with a Boyle's law apparatus of 
the usual kind. 


Reading of 

Reading of 


mercury level 

mercury level 

Volume of 

in closed limb. 

in open limb. 

air in c.e. 

in cm. 

in cm. 


76 

126 

30 

66 

85 

40 

56 

56 

50 

46 

33-5 

60 

36 

14-5 

70 
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Plot a graph of head of mercury against 1/volume, and use this graph 
to deduce the height of the barometer, explaining your calculation. 

(U.) 

26. State Boyle’s law, and show in a general way how it is explained 

on the kinetic theory. , , . u fe „ 

A barometer, the closed end of which is kept at a height of 86 / mm. 
above the surface of the mercury in the open vessel, contains a little air 
above the mercury. It reads 757 mm. when the true barometric height 
is 765 mm. If the tube is uniform, and the temperature remains con¬ 
stant, what is the true barometric height when the faulty barometer 

reads 742 mm.? (O. & C.) 

27. Assuming the temperature of the atmosphere to be constant 
calculate the height at which the barometer stands at / 5 cm., U 

reading at sea level is 76 cm. 

Density of air =1-3x10 gm./cm. 

Density of mercury = 13-6 gm./cm. 3 *•> 

28. Describe two forms of barometer and discuss their relative merits 

f ° A^ mer^iiry^barometer ts known to be defective and to contain asmaH 
Quantity of air in the space above the mercury. When an afcura 
barometer reads 770 mm. the defective one reads 700 nun. and when th 
accurate one reads 750 mm., the defective one reads /42 ram. Wh 
the true atmospheric pressure when the defective baromete ^ ^ 

750 min.? _ .. _ 

29 Describe, with diagrams, the construction and mode °^ ctl ° 

° f A^pistonpump of effective volume 

of volume 1 litre. of its 

InitiaT value 1 ?' 6 (Negle°t the volume of the connecting tubes etc.^and 
assume that the temperature remains constant.) , 

30 What is the relation between the pressure and the volum 

constant mass of gas at constant temperature. ^ 

Z an’exhaitst pump o^pisWnt^ 

Srde"f a th d e aTinthe^and thi density after three strobes 
of the pump. 



CHAPTER 9 


VISCOSITY AND SURFACE TENSION 

Viscosity 

Shear stress can be applied to, and transmitted through, a fluid, 
but shear strain cannot be permanently maintained therein. 1 be 
response to an applied shear stress is simply a flow in the direction 
dictated by the stress. A fluid at rest has no “ shape in its own 
right, but takes that imposed by the containing vessel and other 
solid surfaces immersed in it ; but while it is in motion from one 
vessel to another, or while solid bodies arc moving through it, this 
shape is being changed. 

Simple observations show that stress of some kind must be applied 
in order to set a fluid in motion, that a moving fluid exerts a stress 
on fixed solid bodies bounding it, and that a fluid resists the motion 
of a solid through it. It is also observed that the stress exerted by, 
and the resistance to motion through, liquids is very much greater 
than in the case of gases, while liquids vary considerably in this 
property among themselves. Liquids such as treacle and glycerin, 
for example, offer substantial resistance during any attempt to stir 
them ; we say they are viscous liquids. Others, such as water, 
alcohol, ether, etc., are much less viscous. Gases, of course, show 
the effect; but their stud}' is more difficult and will not be attempted 
here. We shall in this chapter consider the viscous behaviour of 
liquids. 

Coefficient of viscosity. Consider a plane P of area A sq. cm. 



x.p. 
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moving parallel to itself with velocity v cm. per sec. as indicated in 
the diagram, while immersed in a liquid ; below it, at distance y cm., 
is another parallel plane Q, which is at rest. 

Under suitable conditions, it is found that each layer of the liquid 
parallel to P and Q moves steadily as a layer ; that is, there is 
laminar flow, also called streamline flow. 

The behaviour of a fluid under laminar flow was described by 
Newton (Principia, Book II, Prop. LI) with reference to the rotation 
of a long cylinder in a uniform fluid. He there showed that mechani¬ 
cal actions in an interplanetary fluid could not offer a satisfactory 

alternative to universal gravitation. 

The velocity of the liquid in any one such layer is proportional to 
its distance from the fixed plane Q. There is thus a velocity gradient, 
v/y cm. per sec. per cm., at right angles to the planes P and Q , in the 

steadily flowing liquid. 

It is found experimentally that, for a given liquid, provided this 
laminar flow is maintained, the tangential stress exerted on the liquid 
by P, transmitted through the liquid, and experienced by the plane 
Q, is proportional to the velocity gradient. The constant of 
proportionality is called the coefficient of viscosity, tj, of the liquid. 


Thus, 


tangen tial stress 
^ — velocity gradient 


The unit in which tj is expressed is called the poise (m honour of 
Poiseuille, p. 249) ; 1 poise is the viscosity of a liquid in which a 
tangential stress of 1 dyne per sq. cm. maintains a velocity gradient 
of 1 cm. per sec. per cm., under laminar flow conditions. It should 
be emphasised that the coefficient of viscosity only has a meaning 

if laminar flow obtains. and of 

As the dimensions of tangential stress are ML 2 , ana 

velocity gradient LT^/L, the dimensions of V are 


or, 


ML-'T-t+iT- 1 ), 
ML-'T-K 


It is important to remember the dimensions of ip because direct 
analysis of the two chief problems ahead is difficult, and it is pro- 
posed to attack them by the method of dimensions. 
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Viscosity and rigidity. It will be seen that a fluid in motion 
behaves under shear rather like a solid at rest, and viscosity is 
closely analogous to rigidity. 

If we imagine for a moment that the planes P and Q are bounding 
a slab of rigid material, and that in 1 sec. the upper plane P is dis¬ 
placed through a distance v cm. as indicated in the diagram, the shear 
strain produced in this second is v[y. 

But if, in the actual liquid, P moves a distance v cm. in one second, 
liquid flows so as to destroy the shear strain that would have been 
produced in the absence of flow. Thus, in the liquid, v/y is the shear 
strain destroyed in one second, or the rate of disappearance of shear 
strain. Thus, 

velocity gradient = rate of disappearance of shear strain ; 
so we can write 

tangential stress 

^ rate of disappearance of shear strain 

Comparing this with the expression for the rigidity modulus, n, of a 
solid (p. 200), 


tangential stress 
shear strain 


it can be seen that the viscosity of a liquid in motion is a quantity 
essentially similar to the rigidity of a solid at rest. 


The Method of Dimensions 

An equation is necessarily a numerical statement, that is, a rela¬ 
tion between numbers of things of the same kind. Each term in 
an equation must therefore be measured in the same units, and 




244 


GENERAL PHYSICS 


therefore have the same dimensions. This Principle of Homogeneous 
Dimensions is useful in checking that an equation is not physically 
impossible. For example, the external work done by an isothermally 
expanding gas is given by 


ivork=p 1 V 1 log c 



The dimensions of work are M x L 2 T~ 2 t 

of pressure, M x L-^T~ 2 t 
of volume, L 3 , 


and of the logarithm zero, since all logarithms and exponents must 
necessarily be pure numbers and dimensionless. So, putting in 
dimensions of all the quantities, 


JPL 2 T~ 2 = Wlr'T~ 2 . L 3 . 
= M l L 2 T~ 2 , 


hence the dimensions of both terms of the equation are the same. 
The equation is thus possible ; but it may or may not be arith¬ 
metically correct, for we have no means of checking numerical 
factors, and the logarithm of any dimensionless ratio would fit. 

Dimensions can be used to forecast the form of possible equations, 
as the following example shows. 

The period r of a simple pendulum is believed to be independent 
of the amplitude of swing and the mass of the bob, and to depend 
only on the length of the string, l, and the acceleration of gravity, < 7 . 
Let the relation be 

r = k . l x g v . 

The dimensions of t are 7” ; of l, L' ; of g, ; and of k, zero. 

Making a dimensional equation, 

T l = (L l ) x .(L l T~ 2 )K 


Collecting indices, 


T'=L x+v . T~ 2v . 


Now the dimensions of the left-hand and right-hand terms must be 
the same so the powers of M, L, and T must individually be the 
same. Here M is not involved ; L appears on the left-ban si e as 
L° (not written down), and on the right-hand side as L , so 

x + y = 0 ; 
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while T appears on the left-hand side as T l and on the right-hand 
side as T~ 2v t so 

Solving the two equations for x and y, 

* = u=-h 

whence r = k . l ll2 g~ 112 . 


Three points should be noted : 

(1) The equation gives no clue to the value of k , which may be a 
pure number (and is actually 2tt if the swings are so small that the 
amplitude is as we believed irrelevant), or may involve a dimension¬ 
less ratio or product of factors we never considered. Thus if the 
amplitude or semi-arc of swing s is considerable, powers of the 
dimensionless ratio sjl do occur in k, which is found to be 



(l + + ••• higher powers of . 


But this could never be revealed by dimensions. 

(2) We start by choosing only those factors already known or 
believed to be relevant, and discarding others. The justification for 
discarding the mass of the bob is experimental, but if it is included 
as m z in the expression for t, we soon see that 2=0. The amplitude 
of swing was discarded for the same reason, but as indicated in (1) it 
may for all we know be relevant. 

(3) A simple functional relation, products of powers, is assumed. 

Another example of similar type is : How does the pressure p due 
to a liquid column depend on the vertical height h , the density p and 
the acceleration of gravity g ? 

Let p=k.h z p v g : . 

Putting in dimensions, these are : 

for p , ML~ l T~ 2 ; for h, L l ; for p, ML~ Z ; for g, LT~ 2 ; for k , zero. 
Making a dimensional equation : 

ML~ l T~ 2 = L x . {ML~*y . ( LT~ 2 y . 


Collecting up indices : 

ML- l T- 2 = M''L x ~*v+ s T - 2 ‘. 


Equating the indices of M, L, and T separately : 

For M , y = 1; for L, x - 3y + z = -1; for T, - 2z = - 2, 
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so x = l, y = 1, 2 = 1, and 

p = k . hpg. 

As there are only three independent index equations available (for 
the powers of M, L , and T), relations involving more than three 
factors require rather more thought. Whatever the number of 
relevant factors, some useful information is always obtainable, but 
this does not emerge as a single explicit relation (see p. 252). But 
sometimes, as in the problem of flow through a capillary tube, a 
result is obtainable on the foregoing lines by reducing the number 
of independent factors, as by assuming that pressure difference p 
and length of tube l always occur together as the pressure gradient 
pll. 

Laminar flow through a tube. Suppose that laminar flow is 
maintained in a liquid flowing through a cylindrical tube. The 
“ laminae ” are concentric cylinders, the outer of which is in contact 
with the walls of the tube and can be assumed at rest, while maxi¬ 
mum velocity occurs along the axis of the tube, and the velocity 

distribution is as indicated in the diagram. 

An expression can be found for the maximum velocity in terms ct 
the radius of the tube (r cm.), the viscosity of the liquid (77 poises), 
the pressure difference (p dynes per sq. cm.), and the length of the 

tube (l cm.). . 

First, suppose that p and l are together concerned as the pressure 
gradient , p/l. 

Let u, the maximum velocity, be represented by the formula 

u = k .7?* .r v . ( p/l) z , 



Side of tube Velocity zero 

Laminar flow through a tubo. 
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where k is a numerical constant, of zero dimensions, which we shall 
not be able to find by this method. The dimensions of the quantities 
concerned are : 

for u, LT ~ X ; rj, ; 

r, L l ; and for p/l, ML~ l T~ 2 /L, or ML~ 2 T~ 2 . 
Making a dimensional equation, 

M°L l T~ l = (ML~ X T~ X ) X . L v . (ML- 2 T~ 2 Y 
or, = M x+Z . L-*+v-*’~T~ x - 2z . 

Equating separately the powers of M, L and T : 

0 = x + z ; 

1 = - x + y - 2z ; 

- 1 = -x-2z ; 


giving 

whence 


x= -1 ; y = 2 ; z = l ; 

u = k — T cm. per sec. 

¥ 


Detailed analj'sis of the problem shows that I* = 1/4, so the true 
formula is 



cm. per sec. 


It is important to know whether or not the flow through the tube 
is actually laminar. With laminar flow, it is easy to measure rj by 
finding the volume transmitted per second by a tube of measured 
radius under a measured pressure gradient ; if the flow is turbulent, 
rj plays an unimportant part in the matter. How can we tell what 
happens in any given case ? 

It was shown by Osborne Reynolds that streamline or laminar 
flow' takes place for small values of ?/, up to a limiting critical velocity 
u c . He found that there are really two critical velocities, a lower 
one at which laminar flow’ is unstable and turbulence possible, and a 
higher one above which turbulence is inevitable ; n c stands for the 
lower critical velocity. Applying the method of dimensions, it can 
be shown that if any such critical velocity exists, and if it depends 
only on the density (p gm. per c.c.) and the viscosity y of the liquid 
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and the radius r of the tube, then 

K7) 

■ c pr* 

where k is a number, about 1150. The usual way in which this 
statement is put is to combine u, p, r, and r\ to give a dimensionless 
product, K = uprlr) t which is here called the Reynolds’ Number for the 
conditions discussed. 

Reynolds’ Number is really a name for the form of the dimension¬ 
less product - x a velocity x a length , rather than for any numerical 

value. Such products, involving the appropriate velocity and 
length, occur in many fluid-flow problems (cf. p. 252). In the present 
case the length can be either the radius r or the diameter d of the 
tube ; the authorities listed in the bibliography vary in their choice, 
though d is preferred in technical literature. 

If the Reynolds’ Number, upr/g, is less than about 1150 (or, if upd\f] 
is less than about 2300), then streamline or laminar flow occurs; 
for higher Reynolds’ Numbers flow is probably turbulent. 

Substituting the value r 2 p/4rql for u in the expression 

upr 

k = —, 

V 

1 r 3 p 

we get for Reynolds’ Number k = - • y • p » 

so laminar flow occurs if 

1 ? . n is less than 1150. 

4 rf l 

Clearly, in designing apparatus, we must try to avoid tubes of large 

radius, and the use of big pressure gradients. 

The dangers of setting up apparatus at random may be seen Iro 

the following figures, (a) actually used in an experiment, an ( ) 
differing very little from these, and made up for an example 
"=0-075 cm., , (at 12“ C.) =0-013 poise, Pi l -1-2 * W ^ 
per sq. cm. per cm., gives a Reynolds’ Number of 

1 4-2 x 10-^x1-2x103 = abQut ?40 

4 x 1-69 xlO- 4 
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(b) r = 0-l cm., p/l = 10 3 dynes per sq. cm. per cm., tj (at 20'-' C.) 
= 0 01 poise, gives a Reynolds’ Number of 

1 ' 10 -3 x 10 3 


4 * 


10- 4 


= 2500. 


In the first case, flow is laminar, in tlie second case turbulent. 

It is obviously necessary, to be on the safe side, to work in all 
experiments of this kind with a long narrow tube and a small 
pressure difference, so far as possible. 


Volume transmitted per second ; Poiseuille’s formula. The form 
of the expression relating the volume of liquid transmitted per 
second, V c.c. per sec., the coefficient of viscosity, 17 poises, the 
radius, r cm., of the tube, and the pressure gradient, ;>// dynes per 
sq. cm. per cm., can be found by the method of dimensions. 

Let V =k. t) x . r v . {p/l) 1 , 

where k is some numerical constant with no dimensions. 

The dimensions of V are L 3 T ~ X ; of 77, ; of r, L 1 ; 

and of (p/l), ML~ 2 T~ 2 . 

Making a dimensional equation, 

M°L*T~'= (ML-'T- 1 )* . L v . {ML-*T~ 2 y 
or, M°L?T~ X = M *+ : . L ~ x+V ~ 2z . T~ x ~ 2z y 

and, equating the indices of M , L and T separately, 

0 =x+z, 

3 = -x +y - 2z, 

- I = - x - 2z, 
whence x = -1, y = 4, 2 = 1. 

v*v 

Thus V =k ~y c.c. per sec., 

V 1 

a result in agreement with the empirical formula of Poiseuille (1842), 
who showed that the volume issuing per second was proportional to 
the pressure gradient and to the fourth power of the radius of the 
tube. 

Proper analysis shows that the numerical value of the constant 

k is 7 t/8 ; 

. T/ Trr^P 

.. V — -q— y c.c. per sec. 
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This equation is known as PoiseuiUe’s formula. It may be arranged 
to give 77 explicitly, 

7 Tl^p 

71 = wi poises - 

Measurement of 77 by the capillary-flow method. The radius r cm. 
of the capillary is measured by, for example, finding the mass of a 
mercury thread which occupies a measured length. A narrow 
capillary should be selected, for reasons explained on p. 248, to 
ensure laminar flow. 

The density p gm./e.c. of the liquid is found by any convenient 
means. The length l cm. of the tube is measured. 

The apparatus illustrated is then assembled, with the capillary 
mounted horizontally at a distance h cm. below the free surface of 
the liquid in the reservoir, which should be fed from above rather 
faster than the liquid can escape through the capillary, so that this 
head is constant. Tap-water is the liquid indicated in the diagram. 

The volume of liquid flowing through the tube in a measured time 
is collected and measured, and thus V, the volume flowing per 
second, is determined. 

The pressure difference across the ends of the tube is hgp dynes 
per sq. cm., and the pressure gradient pjl is Jujp/l dynes per sq. cm. 
per cm., so 77 is obtained by substituting in the PoiseuiUe formula, 
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The work clone per second by the potential energy sacrificed by 
the liquid flowing is hgp V ergs. Some part of this is used in pro¬ 
viding the issuing jet with kinetic energy. The work actually done 
in overcoming the viscous resistance of the liquid is thus less than 
hgpV, say h'gpV ergs, where h' is slightly less than h. It follows 
that a correction should be made for the kinetic energy of Un- 
issuing jet, since the measured h is really an over-estimate of the 
effective pressure head. Details of this correction are given in tin- 
standard practical text-books. 

Resistance opposing motion of a solid sphere. A solid sphere 
moving through a fluid imparts a shear stress to the fluid, with 
resulting transient shear strain, as it cleaves its way through. The 
sphere itself experiences a viscous drag tending to oppose motion. 
The size of the force on the sphere depends in the first place on 
whether the motion of the fluid relative to the* sphere is “ laminar ”, 
or whether it is turbulent. Assuming laminar conditions, tin- 
resistance F dynes must depend on the velocity, v cm. per see., and 
viscosity, rj poises, of the fluid, and the radius r cm., of the sphere. 
In any ordinary experiment the walls of the container will not he so 
remote that their presence can he neglected, and the dimensions of 
the containing vessel may affect conditions. But it can he supposed 
to start with that there is a large expanse of fluid. 

Using the dimensional method again, let 

F = k.r, x . v y . r : , 

where k is some numerical constant. 

The dimensions of F are JILT" 2 ; of 77 are ; of v are 

LT~ X ; and of r are L l . 

Making a dimensional equation, 

MLT~ 2 = (ML-'T-')* . (LT~ 1 ) V . (L)* 
or, MLT~ 2 = M x L~ x + y + : T~ x - y . 

Equating the indices of M, />, and T separately, 

1 =-r; 1 = -x +y + z) -'1= -x -y. 

Hence a: = l,y = l,3 = l, and the form of the equation is 

F = kqrv. 

The true value of k, obtained by analysis, is 6 tt, so 

F = G-rTjrt’ dynes. 
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This is known as Stokes’ formula. It is true only for small values of 
v (so small that powers of v higher than the first can be neglected) 
in a large expanse of fluid, and if there is no slipping between fluid 
and sphere. 

If the sphere is moving along the axis of a tube of radius R cm., 
the only addition to the formula which is dimensionally suitable and 
leads to the above equation when R is infinite, is a series involving 
powers of rjR, and the usual form of the corrected equation is 





where a is a numerical coefficient (about 2-4), usually determinable 
experimentally. A further correction of the same type is made for 
finite depth of the fluid. 

The Reynold’s Number relevant in this connection is the product 

—, where r is the radius of the sphere. If r is such that -—<1* 
V . 

laminar flow conditions hold, and Stokes’ formula applies. 


Dimensional problems with more than three factors. We have 
conveniently supposed in deriving the form of the Poiseuille and 
Stokes’ formulae that the density of the liquid was not involved, and 
then discussed the important part played by the Reynolds’ Number 


rvplrj which includes the density p. 

We cannot have it both ways, and it is only honest to admit that p 

was omitted because we knew beforehand that it would not appear 
in the answer we happened to want, and because its inclusion would 
give us four unknown indices to solve by means of three independent 

equations. 

Let us begin again, this time assuming that p is involved. 


(a) Resistance to a moving sphere 

With the same symbols as before, let the viscous resistance to a 
sphere be given by 

F = k.p w r) x v''r z f 
and the dimensional equation 

MLT-* = (ML- 3 )” . (ML-'T- 1 )* . (LT~ 1 Y . 

= M w+X . L~ 3w ~ x+v+t • T~ x ~ v . 



DIMENSIONAL METHOD WITH SEVERAL FACTORS 



Giving x + y = 2\ w + x = 1 ; -3w-x + y + z = l. 
Expressing all in terms of w, 


So 

or 


x = 


1 - w ; y = 1 + w ; 2 = 1 + w, 

F = kp u 'r j '- u 'v l " c r l "° t 
F = fc. i)vr . 


The dimensions of the product pvr/r), which is Reynolds’ Number, 
are zero, and so w may have any value ; though, of course, it does 
not follow that every value of w gives an equation with a physical 
meaning. 

If w = 0, F = krjvr , 

as holds for small values of v. 


If «> = 1, F = kpv 2 r 2 t 

or the resistance is proportional to the square of the velocity and 
independent of the viscosity. 

If w = 2, the resistance is proportional to the cube of the velocity, 
and both p and rj are involved. 

The equation may be rewritten 



each of the brackets being dimensionless. Any products or arrange¬ 
ment of products of these brackets will still be dimensionless, so 



where q and w may be any numbers of either sign, gives the general 
result. The left-hand side might, of course, include a number of such 
terms with different q and w. 

Here we started with four unknown indices, and obtained useful 
relations with one undetermined. Or, starting with the five in¬ 
dependent quantities F , rj, v, r, p, we have found relations involving 
two independent dimensionless products. We can always extract 
some useful information in this way ; if we are given n independent 
quantities, the three index equations lead to relations involving 
(n - 3) independent dimensionless products. Often it is better to try 
to find the dimensionless products at the start, instead of using the 
index equations, in the following way : 
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on 


(b) Flow through capillary tube 

Let the velocity u of axial flow in a capillary tube depend 

• r, p/l, t), and p. 

One dimensionless product available from these five quantities is 
the appropriate Reynolds’ Number 

purh ; 

another is r ^ 


j , as is seen from p. 247 ; 

L 


another is —. y , which is the quotient of the first two and not 


Ur) 

r 

^ 2 ‘ l 

independent of them. 

So all possible relations are of the form 

(5-T)°(T) 4=constant - 

If a = 1 and 6=0, the result of p. 249 follows. 

If a = I and 6 = 1, 

/ l r V 

u=k\l- . -j , 

’ p t 

or the velocity is proportional to the square root of the pressure 
gradient and independent of rj, as is actually found for turbulent 

flow through wide tubes. 

Terminal velocity of a falling sphere. A sphere falling vertically 
through a viscous fluid (see diagram) is acted on by: 

(а) its weight, W dynes, acting downwards, 

( б ) the Archimedes’ upthrust of buoyancy, U dynes, equal to the 
weight of fluid displaced, acting upwards* and 

(c) the viscous resistance F dynes, acting upwards. 

The resultant downward force is then 

W - U - F dynes; , . 

. t j / Upthrust T U dynes 

and the sphere is accelerated until F has reached | 1 

such a value that \ vve*ht IW dyne, 

W-U-F=0. X 


The sphere has then attained its terminal velocity, 
and will travel uniformly with this velocity. 


Viscous T J- H M 
resistance! F dyne. 
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Let p gni. per c.e. be the density of the fluid, and a gin. per c.c. the 
density of the material of the sphere, the other symbols being as 
already used in this chapter. Suppose the fluid is extensive. 

The mass of the sphere is Jn-rV gin., and its weight II' is 2 ,vFay 
dynes. 

The mass of fluid displaced is gin., and its weight pial to 
iTrr'py dynes, is the upthrust. 

If v cm. per see. now represents the terminal velocity, and F tin- 
maximum viscous resistance, 


Since F=W -U, 


F = (iTnjrv dynes. 
tt-T/ru = * 7 Tr\j (<j -p) : 


whence 


2 r-(j {a - p) 

I) v 


v = - — -— cm. per see., so 77 = - ~(a-p) poises 


2 r-t 7 
9 v 


Therefore by measuring v, r y a, and p, the viscosity >7 can be 
calculated. 

The term “ fluid " has been used in place of liquid throughout this 
section, as the argument and findings are approximately true if the 
fluid is a gas—and even hold if the sphere is a small drop of liquid 
falling through air or other gas. Thus, if 77 is known and 1: measured, 
the radius of very small drops falling through the air can be measured, 
since 




977c 


2(j{a -p) 


This method was used by Townsend, and in a corrected form by 
Millikan, to determine the size of small charge-bearing droplets as 
part of their respective pioneer experiments on the determination of 
the electronic charge. 


Measurement of 77 by the falling sphere method. This is an 
excellent method for the measurement of 77 for a viscous liquid such 
as glycerin at room temperatures. 

The liquid is contained in a tube, carefully set up vertically (see 
diagram). This is by no means the infinite ocean of fluid demanded 
by the simple theory, but with small ball-bearings of about 2 mm. 
diameter falling down the axis of a tube of about 2 cm. diameter, 
the error is not considerable. (It could be evaluated, and the factor 
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a, which is about 2-4, of the formula of p. 252 
found, varying the conditions by using 
spheres of different small diameters.) 

The density of the liquid, p gm. per c.c., 
and that of the material of the spheres, a gm. 
per c.c., are first determined by the specific 
gravity bottle or other suitable means. 

Three reference marks A, B , and C are 
made on the tube, say by fine rubber rings ; 
A should be several centimetres below the 
free surface of the liquid, and the distances 
AB and BC equal. 

The diameter of a ball-bearing is carefully 
measured using a micrometer screw gauge. 
It is moistened with the liquid and then 
gently set on the surface ; these are necessary precautions, as a 
dry sphere sent in with a splash usually carries with it a small 
parachute of air for at least part of the journey. The times t r and t 2 
sec. taken to cover the distances AB and BC are measured. These 
should be very nearly equal; if they are not, the terminal velocity 
had certainly not been reached at A and we have no means of know¬ 
ing whether or not it was reached even at B, so the whole experiment 
fails. If they are nearly equal, then (AB + BC)l(t l +t 2 ) gives the 
terminal velocity v, and rj is found by substituting in the formula 

Jr*g(°-P) ises , 

1 9y 

Variation of r, with temperature. The viscosity of every liquid de¬ 
creases as the temperature rises, and the change with temperature is 

very considerable. Thus, for water, v is 1-79x10 P 013e f 0 

and 6-6 x 10~ 3 poise at 40° C.; for glycerin, 46 0 poises at 0 C an 
3-5 poises at 30° C.; for pitch (a true liquid) 5-1 x 10 poises at 
and 119 x 10 2 poises at 100° C. 



Surface Tension 

Several effects, aU grouped together as aspects of the same general 

phenomenon, are observed at the surface of a liquid. 

The free upper surface of a liquid at rest m a vessel is able to 
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support small objects, themselves denser than the liquid : small 
quantities of liquid gather themselves up into drops, which approach 
a spherical shape more nearly if the drops are very small ; ripples, 
distinguishable from the “gravity waves “ which involve the body 
of the liquid, are propagated along the surface of a liquid in a trough. 
All these observations suggest that the surface of the liquid behaves 
rather as if it were a stretched skin or membrane. This is intelligible 
if we suppose that the attraction between neighbouring molecules of 
liquid greatly exceeds the attraction between tlie surface layer of 
liquid molecules and the molecules of air or vapour above it ; any 
increase in surface area, as by the small depression of the surface by 
a solid placed on it, the distortion of a drop, or the displacement of 
the surface in wave propagation, thus does work against this 
molecular attraction, or increases the potent ial energy of the system. 

Definition of surface tension. Imagine a line described in the free 
surface of the liquid. Elements of surface on this line are in equili¬ 
brium, just as are elements of string in a stretched string, because 


the forces acting on them from either side are equal and opposite. 
Considering one side of this line, 
experiments suggest that the force 
acting at right angles to it is pro¬ 
portional to the length of the line. 

The force per unit length acting 
at right angles to a line described 
in any direction in the surface of 
a liquid (and acting in, or tan- 
gentially to, the surface) is called 
the surface tension, or coefficient of surface tension, of the liquid. 
The usual symbol is T ; the units are dynes per centimetre ; and 
the dimensions of T are those of force divided by length, or 
M xLx ( Time)~ 2 IL , which is M x ( Time ) -2 . 

There is one very important distinction between the surface of a 
liquid and the stretched skin to which we liken it. For a solid mem¬ 
brane, any extension of the area increases the tension in the membrane. 
The surface tension of a liquid is independent of the area of the sur¬ 
face, and is not altered by any change in the area of the surface. 

Surface energy. Consider a wire frame, with two parallel sides at 
distance l cm. apart, completed as in the diagram by a thin wire which 

R 

N.P. 
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is free to move. Suppose that’we 
have a soap-film (which is simply a 
layer of liquid bounded by two sur¬ 
faces) on the frame, and that the 
surface tension of the liquid soap- 
solution is T dynes per cm. The 
wire experiences a force of 77 dynes 
due to each face of the film, in the 
direction shown, and in order to 
balance this an external force of 
277 dynes must be applied. Now let the wire move outwards a 
distance x cm. The work done on the system by the external force 
is 2Tlx ergs ; the film has increased in area by 2 lx sq. cm. Hence, 
the work which must be done on the film to produce unit area of 
fresh surface is 2Tlz/2lx f or T ergs. If, during the operation, there 
has been no other means by which the film can gain energy, then 
the gain in potential energy of the film is T ergs per square centimetre. 
Starting with the wire adjacent to the parallel fixed end of the frame, 
we can imagine that the whole of the film was formed in this way, 
and that each square centimetre of it is thus a reservoir of T ergs 

potential energy. 

The work which must be done on the surface to produce 1 sq. cm. 
of fresh surface is, with the assumptions we have made, the same as 
the potential energy per unit area, called the free energy per urn 
area, or more simply the surface energy of the film. Its va ne “• & 

per sq. cm. Actually, extending such a film causes a fall in temp** 
ture, so that there is a flow of heat from the surroundings to the him, 
and the total energy of unit area is greater than T ergs. 



Boundary of liquid and solid. Where the free surface °f a UqnM 
meets a solid boundary, the two intersect at a definite , & ^ ; 

which depends on the nature of the liquid and of the 
Ingle of Intact between a liquid and a solid ,s -»n^e,me,,sured 
within the liquid, between the solid surface and the tang P 

•»—~ 



ANGLE OF CONTACT 



glass, where the angle of contact is about 136°, the liquid surface at tlie 
junction is shaped as Fig. b. The angle of contact may be measured 
roughly by inclining a Hat glass plate in the surface of the liquid 
until the surface appears to be continuous right up to the glass. 

Fig. c represents a portion of a liquid - solid boundary, l cm. long ; 
the angle of contact is a, and the surface tension T dynes per centi¬ 
metre. At the boundary the liquid exerts on the wall a force Tl 
dynes in the direction shown, and the wall exerts an equal and 
opposite force Tl dynes on the liquid. If a is less than 90°, the 
vertical component of this force, Tl cos a, is so directed as to pull 
down on the wall, and the reaction pulls the liquid upwards ; if a 
is greater than 90 , the solid wall is pulled upwards, and the reaction 
on the liquid pushes it downwards. 

The rise (or fall) of liquids in narrow tubes (capillarity) can be 
explained in this way, as is done on p. 275. Liquids for which the 
angle of contact is less than 90° “ climb up ” narrow tubes, while 
mercury and other liquids for which this angle is obtuse “ climb 
downwards The converse of this effect is shown when a small 
object is placed on the surface of a liquid. A clean steel needle, for 
example, placed on water is drawn through the surface and sinks, 
for as a is zero the resultant boundary forces on the solid act down¬ 
wards ; if the needle is greased, so that a is greater than 90°, the 
resultant force on the needle is directed upwards, so that its weight 
can be supported by the surface. 

Further discussion. Students are often reluctant to accept the 
idea of a tension acting at right angles to a “ line in the surface ”, 
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Top of "surface layer 


• • 



Thickness of 
L "surface layer" 


and even some standard advanced books regard this as a fiction, 
useful or otherwise. There is a real difficulty here, which is worth 
examination in terms of stress. 

It is agreed that a liquid surface does behave as a stressed mem¬ 
brane. Imagine that the “ surface-layer ” has a thickness d cm., and 
that there is a uniform stress S dynes per sq. cm., then the force 
acting at right angles to an element 1 cm. long and d cm. deep is 
S x 1 x d dynes, whence T=Sxd. The existence of this stress can 
be explained, and guesses at the value of d can be made, but neither 
can be measured ; the surface tension T is the observed quantity. 
For water {T = 73 dynes per cm.), if we imagine d to be of the order 
10" 5 cm., which is about the order of the thinnest soap films on wire 
frames, S works out to 7-3 x 10 6 dynes per sq. cm., which is well 
below the measured tensile strength (p. 216); while if d is 10 8 cm., 


of the order of molecular diameters, S is 7-3 x 10 9 dynes per sq. cm. 
still below the stress calculable from the van der Waals’s intrinsic 

pressure (p. 222). 

Dr. R. C. Brown {Proceedings of the Physical Society , May 1947 
describes Bakker’s stress explanation of surface tension. The total 
pressure P at any point in a liquid at rest is the sum of the hydro¬ 
static pressure p and the intrinsic pressure K ; the total pressure , 
and not p , is the quantity that is the same in all directions at a given 
point—that is, whatever the values of p and K individually, 

P=p+K is the same in all directions. 

Within the surface layer (which is supposed of small but unknown 
thickness), take a small element of area lying at right angles to the 
surface (Fig. a). On both sides of it there is a long column of liquid 

parallel to the surface, and the effects of molecularattract .onmth^ 

direction are the same as if it were in the body of the liquid, so that 

P =p x + K, 
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where p s is the hydrostatic pressure parallel to the surface, and K 
the intrinsic pressure within the liquid. 

Now take another element at the same place, lying parallel to the 
surface (Fig. b). Above this there are few molecules to exert attrac¬ 
tions, and the intrinsic pressure must be the same on both sides ; 
but as before, 

P = P V + A',, 


where p u is the hydrostatic pressure at right angles to the surface, 

and K s the intrinsic pressure in that direction. As P is the same in 

both cases, p u -p x = K - K s , and as K s < K, then p x < p v , or, there 

is a defect of hydrostatic pressure in a direction parallel to the surface. 

This is the surface stress which causes the surface to tend to contract, 

and if only the thickness of the surface layer and the distribution of 
^ * 

stress oyer it were known, the value of the surface tension could be 
calculated from it. 

The range of molecular attraction is very limited, so that the 
widely-spaced molecules of vapour, or of air, in the space above the 
free surface can have only a very small effect on K s within the surface. 
The value of the surface tension should thus be affected only very 
slightly by the nature of the substance beyond the surface, if this is 
gaseous. But the presence of another liquid would be expected to 
raise K s very considerably, so that the interfacial tension between 
two immiscible liquids should be less than the surface tension of 
either. If the material beyond the boundary is a solid, the attraction 
between the solid and liquid molecules should also raise K s ; if this 
attraction is small, either on account of the materials themselves, or 
because intimate contact is impossible (as with a solid surface fouled 
with dust), K s is still less than K, and the surface of contact tends, 
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like a free surface, to contract. If the attraction is large, it may 
happen that K s exceeds K ; then p x exceeds p yi and the surface of 
contact tends to expand, so that the liquid spreads over the solid if 
this is possible. It is often said that a liquid spreads over a solid if 
the “ adhesion ”—that is, the attraction between solid and liquid 
molecules—exceeds the “ cohesion ”, or the attraction between the 
liquid molecules that gives rise to K. 

The conception of intrinsic pressure, or internal stress, applies 
equally well to a solid ; but the foregoing hydrostatic argument can 
only apply to a liquid, and there is no question of any tension in 
the surface of a solid. What happens here is that the internal 
stresses cause the surface layers to be strained, and the surface 
energy of a solid is best regarded as energy due to strain (p. 203). 
This strain energy is usually reduced when a layer of liquid covers 
the solid surface, since the liquid molecules exert attractions which 
reduce K s within the solid boundary. So, a liquid possesses surface 
energy, and also exhibits surface tension because of its fluid nature ; 
a solid possesses surface energy, but can have no surface tension ; 
and when the surface of a solid is covered by liquid, its surface energy 
is altered. 

Angle of contact and surface energy. If the surface tension is 
T dynes per cm., the potential energy of each square centimetre of an 
air - liquid surface is T ergs. When the liquid is in contact with a 
solid, suppose the surface energy of the solid - air boundary is S ergs 
per sq. cm., and that of the liquid - solid boundary L ergs per sq. cm. 




SIMPLE WIRE-FRAME METHOD 



Consider the element shown in tlie diagram, 1 cm. thick, at rest, 
the angle of contact being a. Let the boundary A H move a distance 
hx to the right. 

The reduction in area of the liquid - air surface is hx cos * sq. cm., so 
the work done by surface tension is Thx cos a ergs. The gain in energy 
of the solid - air face, which is increased by hx sq. cm., is Shx ergs, 
and the loss of energy of the solid - liquid boundary, which is decreased 
bv S.r sq. cm., is Lhx ergs. 

Thus, Thx cos * = Lhx - Shx, 


or, cos * = (Ij -S)iT. 

If S is very small, and L is very nearly equal to T, the angle of 
contact is very nearly zero. If S exceeds L, as happens with mercury 
on glass, cos a is negative, and a obtuse. 


Measurement of surface tension ; direct methods. It is impossible 
here to give in full the experimental details of various direct methods 
of measuring surface tension. For these, one of the standard 
practical text-books should be coasulted. Here an outline only of 
the simpler methods, together with an appropriately simple account 
of the theory, is given. That this is, in fact, a deliberately simplified 
approach may not be evident ; but the reader who seeks a fuller 
treatment should consult Champion and Davy’s Properties of Matter 
(Blackie). 

One important general precaution must be mentioned. All 
apparatus must be scrupulously clean, as very small contaminations 
have a great effect on the surfaces involved. 


Simple wire-frame method. A carefully-cleaned wire frame, in 
the form of a rectangle with horizontal sides 1 cm. long (see diagram), 
is suspended from one arm of a sensitive balance, and counterpoised 
with the upper side just clear of the surface of the liquid concerned. 
The beaker of liquid is raised a little, so that the side of the frame 
engages the surface, and then lowered again. On raising the balance 
beam, it is found that a further m gm. must be added in order to lift 
the upper side of the frame clear of the liquid. 

The downward force on the frame, assuming it to act tangentiallv 
to the wire, and neglecting the weight of the film of liquid raised, is 
277 dynes ; this is balanced by the added weight, mg dynes. 
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Thus 


2 Tl-mg, 


or T = mg 121 dynes per cm. 

With a really clean wire, consistent results are usually obtained 
by this method. The value of m is quite large enough to be measured 
fairly accurately ; for example, with water, for which T is about 
73 dynes per cm. at ordinary temperatures, a frame 5 cm. long will 
need 730 dynes, or about three-quarters of a gram weight, to lift it 
clear. The disadvantage of an ordinary balance for this purpose is 
the need for continual adjustment of weights, with a rupture of the 
film every time the correct weight is exceeded. The torsion balance, 
as described in Searle’s Experimental Physics, is better, since this 
allows a steadily increasing pull to be applied to the frame until it is 

lifted out once for all. 

Weighing a solid cylinder immersed to different depths. A vertical 
cylinder of radius r cm. is weighed in air, and then weighed again 
while partially immersed in a liquid ; its base is a vertical distapce 
h cm. below the free surface (see diagram). The difference between 
these two weighings gives the upthrust, V, which is brought to 


Archimedes’ principle, as the cylinder displaces nr h c.c. of 
liquid the upward force due to buoyancy is nr*hp■ gm wt„ where p 
gm. per c.c. is the density of the liquid, or nr'hpq dynes 
Acting round the perimeter, and pulling at an ang e a 

vertical, @ is the surface^ tension force. The horizontal component of 

the force on any element of the perimeter is balanced by the force 

o„ the corresponding element at the opposite side oj a diameter s 

that only the vertical component is mvolved. This is inn 

dy The resultant upthrust on the cylinder is then 

jj = jrr 2 hpg - 2tttT cos a dynes. 




205 


LIMITING THICKNESS OF A LARGE DROP 

Values of U for different values of h are 
determined, and a graph of U against h 
drawn. This is a straight line, of which 
the gradient gives -nr-pg , and the intercept 
on the axis of U gives 2 nrT cos a. 

The radius r of the cylinder is found 
by using callipers or any other convenient 
method. 


Limiting thickness of a large drop. The 
shape taken by a drop standing on a 
horizontal surface is determined by the 
condition that the potential energy shall be a minimum. If there 
were only surface tension to consider, then this shape would be that 
giving minimum area for a given volume—that is, spherical ; if only 
that due to the weight of the drop were involved, then the drop would 
spread out until the centre of gravity was as low as possible—that is, 
it would settle into a uniform very thin sheet. As both effects are 
present together, the resulting shape is a compromise such that the 
sum of the two contributions to the potential energy is a minimum. 
Small drops are very nearly spherical as a rule ; larger ones are ap¬ 
preciably flattened, and very large drops may take the form of a flat 
disc with rounded edges. Once this last stage has been reached, the 
thickness of the drop is independent of its size (sec diagram). 



t 

nr 2 h PS 



Consider a section cut out of the edge of such a large drop, at rest 
on a horizontal plate, the angle of contact between liquid and plate 
being a. Let the density of the liquid be p gm. per c.c., and the 
surface tension T dynes per cm. Let the vertical thickness of the 
drop be h cm., and the horizontal thickness AB of the section l cm. 

This section is in equilibrium under three horizontal forces, 
namely : 

Tl dynes to the right, at AB ; 

Tl cos (180° - a) dynes to the right, at EF ; 

a force to the left acting over the area A BCD, 
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which is the average hydrostatic pressure \gph, multiplied by the 
area l x h, or \gphH dynes. 

Thus Tl + Tl cos (180°-a) = IgphH, 

or, T[l- cos a) = \gph 2 , 


as cos (180° - a) = -cos a, so 

T « \gph 2 l (I - cos a) dynes per cm. 

Note that if the liquid wets the plate, a is 0, and cos a = 1 ; so h is 
always zero—in other words, the liquid will spread over the plate as 

a film. 

At the level KL, y cm. below the upper surface, the tangent to the 
edge of the drop is vertical. Applying the same argument as above, 
the part of the drop above this level is in equilibrium under forces 
Tl dynes at AB, to the right, and \gpyH dynes over ABKL to the lett. 


Hence Tl = \gpy 2 l, 

or T = \gpy 2 dynes per cm. 

Measurement of y and h thus enables both T and « to be deter 
mined. 


A thread subjected to pull by a soap film on one side only. A soap 
film is formed on a wire ring which has a thread tied “ th f ^ 

as shown in the diagram (a). When the fibn is ” 

lies loosely in it. If the film on one side is broken the thread is pu 
hi an arc, as shoivm by the surface tenjior.of thesurviving Mn. 
What will be the tension in the thread, and what shape will it take. 
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Consider an element of the thread APB (diagram b ); let the radius 
of curvature at P be r cm., and let the arc subtend at the centre of 
curvature 0 an angle 80. The length of AB is r80, and the arc is in 
equilibrium under three forces, the tensions F, acting tangentiallv 
at A and B, and the force 27Y80 acting normally outwards at I J (the 
factor 2 is included because the soap film has two surfaces). If we 
resolve in the direction of OF and at right angles to it, the com¬ 
ponents of F at right angles to OP cancel out, and along OF we have 

27Y80 = 'IF sin 80'2 ; 



(0 
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as 89 is very small, we can write 89 for sin 89 ; hence 

2Tr89 = 2F89/2, 

or, F = 2Tr dynes. 

As the surface tension T is the same wherever P is taken, and as the 
tension F in the string must be the same throughout its length, it 
follows that r must be the same wherever P is taken, so that the 
thread sets in an arc of a circle. 

This result may be used to measure T for a soap solution by 
observing the shape of the curve taken up by two initially parallel 
threads attached at their lower ends to two points AB which are 
l cm. apart, on a horizontal glass rod of mass m gm., when the space 
between the threads, rod, and support is filled with a thin soap film 

(see diagram). 

Let <f> be the angle made by the threads at A and B with the rod, 
and F dynes the tension in the thread. The rod is supported by the 
vertical pull of the double-sided soap film along AB, and by the 
vertical components of the tensions acting at A and B ; thus 

mg = 2TI + 2F sin <f>. 

Now F = 2Tr, 
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so mg = 2 Tl + 4 Tr sin (f>, 


and 


T = 


mg 


dynes per cm. 


2/+4rsin<£ 

Alternatively, considering the narrowest portion PQ of the film, 
of width x cm., the tension in the string here acts vertically and, 
neglecting the weight of the film below PQ, 

mg = 27'.r + 2F = 2Tx + 47V, 

so T = - m< ^ -- dynes per cm. 

To find r, and also <f>, the distances BC and QE are measured. 
Then QE (2 r - QE) = (IBC ) 2 ; and \BC = r cos <f>. 


Pressure difference across a curved surface. If the only forces 
acting on the surface of a liquid lie in the surface itself, we should 
expect the surface to lie in one plane : and if the surface is not 
plane, there must be some force acting at right angles to the surface. 
This will be provided if, for any curved liquid surface, the pressure 
is greater over the concave side than over the convex side. 

Consider first a cylindrical liquid surface, the radius of the curved 
face;of the cylinder being r cm. Take an element of this surface, 
1 cm. wide and of length rhO, subtending an angle Bd at the axis of 
the cylinder. Let the pressure over the convex side be P dynes per 
sq. cm., and that over the concave side P +p dynes per sq. cm. 

The element is in equilibrium under the forces T dynes at the ends, 
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directed as shown in the diagram, and the forces due to the two 
pressures P and P +p, acting on opposite sides of the element of 
area rS0 sq. cm. 

Resolving along the normal to the element, 

Pr80 + 2 T sin 80/2 = (P +p) rSO. 

As 80 is so small that sin 80/2 can be taken as 80/2, 

27 1 30/2 =prhd, 
so T=pr, 

T 


dynes per sq. cm. 


Now, an element of any curved surface can be constructed, as 
in the diagram below, by taking a number of cylindrical elements of 
radius of curvature r v and arranging them along an element of arc of 
radius of curvature r 2 . If both centres of curvature are on the same 
side of the surface, it is said to be synclastic; if they are on opposite 
sides, it is said to be anticlastic. The radii r x and r 2 are called the 


principal radii of curvature of the 
element lies. 



Synclastic surface 
(«) 


surface at the point where the 



Anticlastic surface 

(b) 
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Repeating the preceding argument, it can be Been that for the r x 
curvature, there will be a pressure excess 

r 

,h - r, ’ 

and for the curvature a pressure excess 

V 

p., = — • 

“ r 2 

The resulting pressure excess p equals p x + p 2 , or 

p — -h — — 1 ( — + — ) • 

r, r 2 \r x rj 

For a synclastie surface (Fig. a), r x and r 2 have the same sign, and 
the pressure is greater on the concave side. For an ant iclastie surface 
(Fig. 6), r, and r 2 have opposite signs and tin? pressure difference is 
numerically 

T (I -1) , 
v r 2 J 

the pressure being greater on the side of smaller radius of curvature. 

As T is constant, it follows that any liquid surface subjected only 
to surface tension and pressure difference between the faces will have 
the form represented by the equation 

(— ± — ) = constant, 

V, 'i 

and it is possible for an anticlastic surface to be stable in the absence 
of any pressure difference at all if 

(!-i)=o. 

v 'i V 

For a spherical surface, r x = r 2 = r, and 

2 T 

P = ~ dynes per sq. cm. 

Soap films are double-sided, whence the appropriate expressions 
for the pressure difference between the faces of a soap film are : 

2 T 

P = ~ dynes per sq. cm. for a cylindrical film, 

P = 2 T ±-~) dynes per sq. cm. in general, and 


P = 


4 T 


dynes per sq. cm. for a spherical soap bubble. 
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Adhesion of moistened planes. Two plane surfaces separated by a 
thin film of liquid require considerable force to separate them. 
Suppose the film is 0 01 cm. thick ; at the edge, if the liquid wets the 
plates, the surface will be curved, of radius of curvature 0-005 cm. 
The pressure within the liquid will then be less than that of the 
atmosphere outside by T/0-005 = 2007’ dynes per sq. cm. If the 
liquid is water, for which T is about 73 dynes per cm., this is 14,600 
dynes per sq. cm. Suppose the area of the plates covering the liquid 
is 100 sq. cm. The resulting force holding the plates together is 
1,460,000 dynes, or about 1-5 kgm. weight. 

Pressure difference across a broken liquid column. Again, suppose 
that the liquid wets the solid, so that the radius of curvature of the 
surfaces of the broken thread is initially the radius of the tube. If 
there is no pressure difference between the ends A and B (see 
diagram), then 

Vi = V\ ~ 2T/r, 

Vi = P3 ~ 

so Pi =P 3 > 

and similarly Ps = Ps> e ^ c * 



If, however, the pressure at A exceeds that at B, the right-hand 
surface of the first pellet accommodates itself to take up part of the 
pressure difference, or all of it if it is small. In the extreme case, 
the surface will be turned inside out completely, when 

Pi -Pi -ZT/r, 
p 3= p 2 -2Tlr=p 1 -iTlr; 


and similarly 

Pb~P 3 ~ 4T/r =Pi - ST/r, 

across each pellet being 4 Tjr. 

* 

A 


, the pressure drop 





\2I 





FILMS ON PARALLEL CIRCULAR RINGS 
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Communicating soap bubbles of dif¬ 
ferent radii. Two bubbles, A and B, of 
radii r a and r b ( r b being the greater) are 
separately blown on the two jets of the 
apparatus shown. On opening the two 
taps on the horizontal limb, so that the 
bubbles communicate, A is seen to col¬ 
lapse and B increase in size, until the 
remaining spherical cap of A has the 
same radius of curvature as B. This is 
because the pressure excess in A, ±Tlr a , 
is greater than that in B, which is 4:T/r b ; 
the final common pressure excess is 4 T/r, 
where r is the radius of each bubble 
finally. The complete calculation of r 
is a rather difficult problem for which 
the actual pressures must be known, as 
of course it involves Boyle’s law. 



Soap films on parallel circular rings. By introducing circular rings 
of thin wire, previously wetted with soap solution, into the surfaces 
of a soap bubble, and pulling them apart, a soap film as in the 
diagram can be formed. If r is the radius of each ring, then for the 
cylindrical sides, the pressure excess p is equal to 2T/r ; if r' is the 



radius of the two spherical caps at 
the end, then p=4T/r\ As the pres¬ 
sure excess is the same throughout the 
bubble, 

27 T /r = 47’/r', or r'=2r. 



s 


N.P. 
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If the sides are not cylindrical, but have principal radii of curva¬ 
ture r x and r 2 , then 

p = 2T (1/rj + l/r 2 ) =47 7 /r / ; 

and shapes such as those shown are obtained. 

If either of the spherical caps is broken the pressure excess at once 
becomes zero. The only shape for the other end is a plane, for which 
r is infinite and 1/r zero. The cylindrical side film, however, adjusts 
itself to a curved surface (anticlastic), for which the two principal 
radii of curvature satisfy the equation 

(1/ri-l/r 2 )=0. 

This is called a catenoid. 

Measurement of surface tension by spherical bubbles (Jaeger’s 
Method). A fine-bore tube A is held vertically with its lower end at 
depth h cm. below the free surface of the liquid (see diagram), and is 
connected with a liquid manometer M, and a Winchester bottle F 
from which a slow steady stream of air can be sent by allowing 
water to drip slowly in through the dropping tube V. As the 
pressure in A slowly increases, liquid is forced down it by the air, 
until eventually a hemispherical bubble of air, of radius the same as 
that of the bore of the tube, is formed. Before this stage is reached, 
the pressure excess in the bubble will be less, as the radius is greater; 
the pressure excess will also be less as the bubble grows, prior to 
detaching itself. This maximum pressure excess is observed on the 
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* . 

manometer, and expressed as P dynes per square centimetre ; it 
represents the pressure needed to overcome tlie head of liquid of 
density p gm. per c.c. in the beaker, plus the pressure excess within 
the drop. 

Thus P =yph + 2Tjr. 

Measurement of p and r, together with P and h, enables T to bo 
determined. 

This method is convenient for measuring the value of T at different 
temperatures. 

Rise of a liquid in a capillary tube. A column of liquid of vertical 
height K cm. above the free surface of the liquid in a vessel (see dia¬ 
gram) stands in a capillary tube. The density of the liquid is p gm. 
per c.c., and the radius of the tube at the place where the meniscus 
stands is r cm. The angle of contact is a. 

Assume that the meniscus is spherical in shape. (This cannot 
actually be true, as the following reasoning shows. If the pressure is 
the same at all points at the level A within the liquid, and the ex¬ 
ternal air pressure is the same over the upper surface, different parts 
of the meniscus are at different vertical heights above A ; hence 
there must be different pressure excesses and therefore different 
radii of curvature at different points on the meniscus surface.) 

Suppose that the radius of curvature of the meniscus is R cm. 
Then 

r = R cos a. 


The pressures at B and C outside the liquid are very nearly the same, 
so the pressure defect in going from B to A 


must be balanced by the pressure due to the 
vertical column h cm. of liquid. 


Hence 


2T 

R 


2 T cos a . 
- - - =I >P9. 


or 


T _ hrgp 

2 cos a 


dynes per sq. cm. 


As T must always be positive, if a is 
greater than 90°, h must be negative; in 
that case, the liquid would “ climb down ” 
the tube instead of up it. 
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To measure T by observing the rise in a 
capillary tube, we must thus determine the 
density, find the radius of the capillary at 
the actual point where the meniscus stands, 
measure the vertical height h, and determine 
the angle of contact. It is of the utmost im¬ 
portance that the capillary tube, and the 
vessel containing the liquid, should be clean 
and free from grease. 

This formula can also be derived by another 
method. Considering the perimeter of the 
meniscus, there is a force T dynes for each 
centimetre of perimeter, directed as shown in the diagram, acting 
on the tube. An equal and opposite reaction acts on the liquid. 
Resolving the forces acting on each element of the perimeter on 
the liquid, the horizontal components cancel by symmetry, and the 
vertical components reinforce each other to give a total upward pull 
on the liquid of 

2nrT cos a dynes. 

This supports the weight of the vertical column below the meniscus, 
which is a cylinder of height h and radius r, capped by a small 
“ concave lens ” of liquid, the volume of which is I/Sttt 3 if the 
meniscus is hemispherical, and very nearly this in most other 
practical cases. 

The weight supported is thus 

( 7 rr 2 h + r 3 ) pg dynes. 



Hence, 

277 rT cos a = {nr 2 h + far 3 ) pg, 


or, 

rp = W l + fa) r P9 dy nes per cm. 

2 COS a 

Some interesting points arise in comparing the two methods. 
No correction for the volume of the meniscus appears in the first 
method, which assumes the meniscus to be part of a sphere, whic 
it cannot be. The second method also makes this assumption but 
this time in order to make the correction that a spherical surface, 
according to the first method, does not require. The second method 
assumes that the tube is uniform ; the first method only requires that 

0 
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the value of r be known at the place where the meniscus stands, 
and this appears to be correct experimentally. Both are simplified 
versions of the correct theory. 

Some further points. The surface tension of all liquids decreases 
as the temperature rises. This is to be expected, since at higher 
temperatures the molecules themselves possess greater average 
kinetic energy, and are moving about more rapidly, reducing the 
effect of molecular attractions ; so that less work is needed to bring 
a molecule from the interior of the liquid to the surface. 

Impurities, contaminations, and dissolved substances all lower 
the surface tension of a liquid. Simple experiments to show this are : 
pour a shallow layer of water in a large flat dish, and touch the sur¬ 
face with a rod moistened with alcohol ; the surface will part leaving 
the dish dry below. The surface has broken at the “ weak spot " 
contaminated with alcohol. A wooden spill is laid on the surface of 
water in a large dish ; at one end of the spill, just touching the 
water, a small piece of camphor is placed. The spill moves, with 
the camphor to the rear, for the surface contaminated with camphor 
exerts a pull less than the pure water round the rest of the spill, 
which thus moves away from the contaminated part. 

All experiments carried out in the ordinary school laboratory to 
measure surface tension usually give low values, on account of the 
great difficulty of securing really clean apparatus and maintaining 
it uncontaminated during an experiment. 

Surface tension, curvature, and vapour pressure. Molecules 
evaporate from the free surface of a liquid, and exert a pressure 
which depends on the number of molecules per unit volume in the 
space above it; molecules also return to the liquid from this space, 
and the pressure reaches a maximum steady value, called the 
saturated vapour pressure, or simply the vapour pressure, when the 
number of molecules returning to the surface per second is equal to 
the number leaving it per second. A molecule will leave the surface 
if it possesses sufficient kinetic energy to do the necessary work 
against the attractions of its neighbours, and any factor which 
expedites departure will raise the vapour pressure. Temperature 
is the chief of these factors, for if the temperature is raised the average 
kinetic energy is increased. The shape of the surface is another 
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factor, for if a molecule is escaping from the 
peak of a convex surface, there are fewer mole¬ 
cules in its immediate neighbourhood than if 
the surface were plane, so the effect of their 
attraction is reduced ; similarly, a molecule 
escaping from the trough of a concave surface 
experiences a greater attraction than it would 
if the surface were plane. It would then be 
expected that the vapour pressure would be 
greater over a convex surface than over a 
plane, and less over a concave surface than 
over a plane. 

The effect of surface curvature on the vapour pressure of a liquid 
can be calculated in terms of the surface tension, remembering that 
the pressure difference between the opposite faces of a surface of 
radius of curvature r cm., and surface tension T dynes per cm., is 
2TIr dynes per sq. cm. 

Consider a liquid in an enclosure containing only its saturated 
vapour, and let a vertical capillary tube of radius r stand upright 
in the liquid. Let p 3 be the s.v.P. at the plane surface, p t that over 
the concave surface, and p 2 that just inside the liquid in the tube. 
Let p be the density of the liquid in gm. per c.c., a the density of the 
saturated vapour, in the same units, and let h cm. be the vertica 
height of the column. 

2 T 

Then P\~P%=— > 

and, writing down the two expressions for the pressure at B inside 
and outside the tube, which must be the same, 

Pi +goh =p 3 
p 2 +gah=p 3 




Eliminating h and p 2 , 


Ps-Pi = 


2 T 


dynes per sq. cm. 


r p - <j 

Thus the vapour pressure over a concave surface of radius r is 


less than that over a plane surface by an amount 


p-a 
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similarly, the vapour pressure over a convex surface of radius r 

'IT a 

exceeds that over a plane surface by — •-. Some idea of the 

1 r p — a 

size of this difference may be gained by substituting rough values 
and making an approximate calculation. 

For a water drop of radius 0*0001 cm. at 20 C., p = 1 gm. per c.c., 
cr = 0*000017 gm. per c.c., T = 73 dynes per cm. The pressure 

excess is _ _. x-=- dynes per sq. cm., ^ 2o dynes per sq. cm., 

0*0001 1 

or about 2 x 10 -2 mm. mercury. 


v c = k- 


EXAMPLES ON CHAPTER 9 

1. Show that the critical velocity for the breakdown of streamline 
flow in a capillary tube is given by 

* 

P r 

where k is a numerical constant and the other symbols have their usual 
meaning. Show also that the critical radius for the breakdown of 
Stokes’ formula for a sphere moving with velocity v is 

r=k.?-. 

pv 

2. Prove that the force F resisting the motion of a sphere of radius r 
moving with velocity v through a fluid of density p and viscosity t? may 
be represented by 




3. Show that the pressure difference between the ends of a tube of 
radius r, through which a liquid of density p and viscosity tj is moving 
with axial velocity «, is given by 


p= k -p u '- Gt)“ 


4. A non-viscous liquid of density p is discharged through a pipe of 
radius r under pressure difference p. Find an expression for the volume 
V discharged per second. 

5. According to Svedberg, the maximum safe angular velocity at 
which a solid disc can be spun depends only on the radius R of the disc 
and the breaking stress 5 and density p of the material. Find the form 
of the relation between these quantities. 

6. Find the form of the relations expressing the pressure p of a gas 
in terms of its density p and the root-mean-square velocity c, and giving 
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the mean-free-path l in terms of the density p, the molecular diameter a, 
and the mass in of a molecule. 


7. Show that the expressions for the rise of a liquid in a capillary tube 
(p. 275), for the excess pressure in a soap-bubble (p. 271) and for the 
limiting thickness of a mercury drop (p. 265) are dimensionally correct. 

8. Obtain an expression for the velocity of propagation of ripples on 
the surface of a liquid in terms of the surface tension and density of the 
liquid, and the wave-length of the ripples. 

9. Find an expression for the period of oscillation of a small drop 
about its mean spherical shape in terms of the radius of the drop and the 
density and surface tension of the liquid. 

10. Find a formula for the frequency of vibration, n, of a stretched 
string in terms of its length, the stress, and the density of the material. 

11. The couple C which rotates the free end of a wire of length l and 
radius of cross-section r through an angle <f> is known to be proportional 
to <f>/l and to the modulus of rigidity n of the material. Find an ex¬ 
pression for C in terms of all these quantities. 

12. Find an expression for the couple C required to bend a cylindrical 
rod of radius of cross-section r and Young’s modulus Y into an arc of 
radius R, assuming that C is inversely proportional to R. 

13. Find an expression for the energy per unit volume in a strained 
material in terms of Young's modulus Y and the stress S. 

14. The maximum height h for stability of a vertical cylindrical 
column depends on the radius r of the column, Young s modulus Y for 
the material, the density p and the acceleration of gravity, g. Find an 
expression relating h, r, p, Y and g. 

15. Assuming that the volume of liquid flowing per sec. through a 

cylindrical tube depends on (a) the pressure gradient, (6) the radius ot 
the tube, (c) the coefficient of viscosity of the liquid, find by the method 
of dimensions how it depends on these quantities. *•) 

16. Define coefficient of viscosity, and explain how it can be measured 


Assuming that for a liquid flowing through a tube there isa cnti 
velocity above which streamline motion breaks down, sh°w, b y th 
method of dimensions, how this velocity must depend on (a) the radius 
of the tube, (b) the density of the liquid, (c) the viscosity of the 

liquid. 

17 Define the coefficient of viscosity of a fluid and describe a method 

0f CXgat g eby°th a e Shod of dimensions how the force opposing the 
motion ofa sphere through a viscous fluid depends on the radius of the 
sphere, its velocity, and the viscosity of the fluid. 
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Two equal drops of water are falling through the air with a steady 
velocity of 10 cm./sec. If the drops coalesce, what will ho the new 
terminal velocity? • * s d 

18. What do you understand by the viscosity of a fluid? The 
viscosity q of a liquid may be obtained by measuring the volume I' of 
the liquid flowing through a tube of radius r and length / in time t from 
the equation 

V _ npr* 
f Hli) 

where p is the pressure difference between the ends of the tube. Describe 
such an experiment, pointing out what precautions you would take to 
obtain an accurate result. 

Assuming that any direct measurement of />, t and 1’ can be made 
exactly, discuss the errors which will arise in the determination of q 
when the radius of the tubo is measured (a) by means of a travelling 
microscope, (6) by filling the tube with mercury ami weighing the 
mercury. (U. 8.) 

19. Define coefficient of viscosity. Explain how it is that small bodies 

free to fall through a viscous fluid eventually move with a uniform 
velocity. Show, without detailed calculation, that, for different spheres 
of the same material, this final velocity of fall is proportional to the 
square of the radii of the spheres. (C. S.) 

20. According to Stokes, the resistance experienced by a small sphere 

of radius a moving through a medium of viscosity q with velocity »\ is 
given by the expression Use this to find the terminal velocity of 

an oil drop of density 0-95 gm. per c.c. and radius Hr* cm., falling 
through air of density 0 0013 gm. cm. -3 , if the viscosity of air is 
181 x 10 -6 gm. cm. -1 sec. -1 . (X.) 

21. Explain what is meant by the dimensions of a physical quantity 
in mass, length, and time. Find the dimensions of weight, velocity 
gradient, coefficient of viscosity. 

A small sphere of radius r, falling under gravity in a liquid of viscosity 
q, ultimately attains a steady velocity v. Apply the method of dimen¬ 
sions to find how v depends on r, p , and tv, where w is the effective 
-weight of the sphere in the fluid, i.e v the difference between the true 
weight and the upward thrust due to the displaced fluid. (O. & C.) 

22. What do you understand by the surface tension of a liquid? 
Describe one method of measuring the surface tension of water. 

A film is formed by dipping a plain ring of wire into a soap solution 
and removing it. A loop of cotton, irregular in shape and wetted with 
solution, lies with its plane in the film, but does not toucli the wire ring. 
If the film is broken inside the loop, what shape does the loop take, and 

why? The total length of thread is less than the circumference of the 
wire ring. (C . S .) 
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23. Deduce an expression for the pressure difference between the inside 
and the outside of a non-spherical soap bubble. 

A spherical soap bubble is blown in a space where the pressure is 
negligible. The bubble suffers a small isothermal radial expansion or 
contraction. Discuss the stability of the bubble (a) if it is isolated, 
(6) if it is connected to a source of gas at constant pressure. (C. S.) 


24. What is meant by the surface tension of a liquid? Deduce an 
expression for the pressure difference between the inside and outside of 
a cylindrical soap bubble. 

A spherical soap bubble of radius 2 cm. becomes attached to the 
outside of a spherical bubble of radius 4 cm. Find the radius of curva¬ 
ture of the common surface. (C. S.) 

25. Obtain an expression for the pressure difference between the inside 
and the outside of a spherical bubble. Describe and explain a method 
for determining the surface tension of water which makes use of the 
expression. 

Two equal soap bubbles are blown and connected by a capillary tube. 
Discuss the stability of the system. (C. S.) 


26. The end of a straight tube of circular cross-section is placed in 
the focal plane of a converging lens and has a soap film stretched across 
it. The pressure of the air in the tube is adjusted so that the film 
assumes the form of either a convex or concave mirror. A pin is adjusted 
on the far side of the lens so that it is self-conjugate with its image 
formed by light which has passed through the lens twice and been 
reflected from the soap film once. Show how the position of the pin 
depends on the pressure in the tube. (G S.) 


27. What is meant by the coefficient of viscosity of a fluid? 
Assuming that the flow is not turbulent, show that the volume v cm. 
of a liquid of viscosity r) c.g.s. units, that passes per second through a 
uniform capillary tube of radius r cm. and length l cm., under a pressure 
difference of p dyne cm. -2 is given by the formula 

■npr 4 


v = 


Sir) * 


Two capillary tubes, AB and BC, are joined end to endI at B. AB \s 
16 cm. long, of diameter 0-4 cm. ; BC is 4 cm. long, and of diameter 
0-2 cm. The composite tube is held horizontally, as in Poiseuille s 
experiment, with A connected to a vessel of water giving a constant 
head of 3 cm., and C open to the air. Calculate the pressure difference 

between B and C. 

28. Describe and give the theory of some method of determining sur- 
face tension which depends on the measurement of the excess pressure 

W1 The hrnbs b of an open glass U-tube have internal diameters 5 mm. and 
1 mm. respectively. Calculate the difference in level in the mercury 
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surfaces in the two limbs. The surface tension of mercury is 4H0 dynes 
per cm., its specific gravity is 13-0, and the angle of contact between 
mercury and glass is 140°. ($*■) 


29. Describe in detail the experiments you would make, using a 
capillary tube method, to find the surface tension of a liquid which 
wets glass. 

A circular ring of thin wire of mean radius 2 cm., suspended hori¬ 
zontally by a thread passing through the 5 cm. mark on a metro rule 
pivoted at its centre, is balanced by a !i gm. weight suspended from the 
70 cm. mark. A beaker of liquid is then arranged so that the ring is just 
attached to the liquid surface when the ring is horizontal. It is found 
necessary to move the 5 gm. to the HO cm. mark in order to detach the 
ring from the liquid surface. Find the surface tension of the lit pi id. (X.) 


30. Define surface tension. Derive an expression for the excess 
pressure inside a spherical soap bubble in terms of the radius r and sur¬ 
face tension T. Describe how the value of T may he found from 
measurements on a bubble. 

The small space between two parallel circular glass plates is filled 
with water. Explain why it is much easier to separate the plates by 
sliding one over the other than by a direct pull. (X.) 


31. Describe how you would measure the surface tension of a liquid 
which has zero angle of contact with glass, and explain how you would 
calculate the results from the measurements made. 

A uniform rod AB, of mass 1-59 gm., is suspended horizontally by 
light flexible vertical threads AD and BC from a horizontal bar DC. 
When a soap film is stretched on A BCD the surface tension causes the 
threads to assume the form of arcs of circles of radii 13 0 cm., and the 
horizontal distance between the mid-points of the threads is then 
30 cm. Calculate (a) the surface tension of the soap film, (6) the tension 
in the threads. (O. & C.) 


32. What is meant by (a) the surface tension, (6) the surface energy 
of a liquid? 

A solid cylinder, of length L , radius r, and weight mg, is placed 
vertically with its lower end submerged to a depth h ( <L ) in a liquid 
of density p, surface tension T , and zero angle of contact. Find an 
expression for its apparent weight m'g, and sketch the form of the graph 
that would be obtained by plotting m' against h. Explain how values of 
p and T could he deduced from the graph. (O. & C.) 

33. Give a brief account of the phenomenon of surface tension, and 
explain its quantitative definition. 

Show that the pressure inside a spherical soap bubble will be greater 
than the pressure of the surrounding atmosphere, and deduce an ex¬ 
pression for the excess. 

A vertical tube, communicating with the atmosphere through a small 
orifice at the bottom, and closed at the top by a spherical soap film, is 
kept filled with hydrogen. If the vertical height of the tube between the 
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orifice at the bottom and the soap film at the top is 100 cm., the atmo¬ 
spheric pressure 760 mm. of mercury, and the temperature 17° C., cal¬ 
culate the radius of curvature of the soap film, and indicate whether 
it is convex or concave towards the outside. (Density of air at N.T.P., 
0 00129 gm. per c.c. ; of hydrogen, 0 00009 gm. per c.c. ; surface 
tension of soap solution, 74 dynes per cm.) (O. & C.) 


34. Describe a method of determining the surface tension of a liquid 
such as mercury which does not wet glass. 

A glass U-tube has its two limbs of radius a and b respectively. It is 
fixed vertically with the open ends upwards and partially filled with a 
liquid, which wets glass and is of density d and surface tension T. Find 
the difference in level of the liquid in the two arms of the U-tube. (O. S.) 


35. Define surface tension and surface energy. Find an expression 
for the excess pressure inside a spherical air bubble of radius r in a liquid 
of surface tension T. 

Calculate the total pressure (in c.g.s. units) inside a spherical bubble 
of radius 0-1 mm. at a distance of 10 cm. below the surface of a liquid 
of density 1-1 gm. per c.c., and surface tension 50 dynes per cm. 
(Height of mercury barometer, 760 mm. Density of mercury, 
13-6 gm. per c.c.) (O. & C.) 


36. What is meant by the surface tension of a liquid ? Describe a 
method of measuring the surface tension of a liquid, and deduce any 
formulae you use. 

Find the work done in blowing a spherical soap bubble of radius 
2 cm. with soap solution of surface tension 25 dynes per cm. (O. & C.) 


37. Find the difference in height between the water levels in two arms 
of a vertical U-tube if the internal radii of the two arms are 1 mm. and 
2 mm. respectively. The surface tension of water is 72 dynes per cm., 
and the meniscus in each limb may be assumed hemispherical. 


38. Calculate the radius of the largest drop of water that might 
evaporate at 0° C., without heat being supplied to it. The surface 
energy of water is 117 ergs per sq. cm., and the latent heat ofevaporatiion 
of water 606 calories per gram at 0° C. One calorie equals • * ^ 

ergs. 

3 y Two water drops of radius 0 00002 cm. coalesce. What rise of 
temperature will result? The surface tension of water is /4 dynes pe^ 

cm. 

40. Describe one method of determining the surface tension of a soap 


61 A thin circular rubber band, the radius of which when unstretched is 
2 0 cm., is placed on a soap film held in a frame. The film inside the> ba 
is then broken and the band is stretched outwards by the pull of the 
film outside. If the surface tension of the soap film is 30 dynes per crm, 
and thtTradius of the band becomes 21 cm., what force would be 
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required to double the length of the rubber band, assuming it t«i bo 
perfectly elastic? (C. N.) 

41. Describe in detail a method of determining the surface tension 
of a liquid, and indicate the advantages and disadvantages of f lie met hod 
you describe. 

A glass rod of mass m is suspended horizontally from a support by 
two vertical threads x cm. apart. The rod and suspending threads are 
now immersed in soap solution and removed with a film between the 
threads. The distance apart of the threads at the centre is now // cm., 
and the vertical distance between the support and the glass rod is It cm. 
Find the surface tension. (('. S.) 

42. Derive an expression connecting the curvature of a film with tho 
surface tension and the difference of pressure on the two sides. 

A bubble is blown between two equal rings, which are then drawn 
apart to form a cylindrical bubble with bulging ends. What is the ratio 
of the radius of curvature of the ends to the diameter of the cylinder? 
If the film over one end of the cylindrical bubble is broken, comment on 
the geometrical properties of tho remaining films. ((’. S.) 

43. Describe the capillary tube method of measuring the surface 
tension of a liquid. 

An inverted U-tube (Hare’s apparatus) for measuring the specific 
gravity of a liquid was constructed of glass tubing of internal diameter 
about 2 mm. The following observations of the heights of balanced 
columns of water and another liquid were obtained : 

Height of water (cm.) 2-8 4-2 5-4 6-9 8-5 9-8 11-0 

Height of liquid (cm.) 2 0 3-8 5-3 7 0 9 1 10-7 13 0 

Plot the above results, explain why the graph does not pass through 
the origin, and deduce from tho graph an accurate value for tho specific 
gravity of the liquid. (2s\) 

44. Derive an expression showing the change in the saturation vapour 
Pressure which is produced by curvature of a liquid surface. Discuss 
the effects of this change on meteorological phenomena. 

Calculate the change in the saturated vapour pressure due to curva¬ 
ture in the case of a water droplet of diameter 0 002 mm. at 15* C. given 
the following data : e 

Surface tension of water at 15° C., 74 dynes per cm. 

s.v.p. of water at 15' C., 1-3 cm. of mercury. 

Density of air under standard pressure at 15° C., 1-23 gm. per litre. 

Relative density of water vapour to air, 0 625. \ 
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When a body, subject to elastic constraints of any kind, is displaced 
from its equilibrium position against any such constraint, it suffers 
a restoring force tending to return it towards the equilibrium 
position. If also Hooke’s law holds, then the restoring force acting 
on the body is proportional to the displacement from the equilibrium 

position. 

As, by the Second Law of Motion, 

force = mass x acceleration, 

this means that the acceleration of the body is proportional to its 
displacement from the equilibrium position and is directed always 

towards it. , , 

The resulting motion is a type of great importance m all branches 

of Physics. It is called Simple Harmonic Motion (often written S.H.M.). 

If a particle moves in a straight line so that, at any instant, its acceleration is 
proportional to its displacement at that instant from a fired point m the line, an 
is always directed towards that point, the particle executes a linear simple harmonic 


motion. 

Examination of a familiar case will show what kind of motion this 
is While simple harmonic motion and motions that are nearly 
simple harmonic can arise in many ways, elastically constrained 
motion is the most important type of true s.h.m. 

Oscillations. A mass of M gm. hangs vertically from a spiral 
spring, fixed at its upper end. The spring obeys Hooke s «, «l 
the force required to extend it by 1 cm. is k dynes The load 

extension graph is the straight line OZ (see graph); the' 
line represents the weight Mg dynes of the mass. Thetwhn- 
intersect at P, and the steady extension when M is at equihb 
is represented by OQ, while PQ (which is Mg) is the tension m 

spring. 
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Areas beneath the graph and the extension-axis represent quan¬ 
tities of work. 

Let the mass M be pulled downwards a distance a cm., so that its 
state is represented by the point R on the graph ; the work done in 
producing this displacement is represented by the area PRSTQ ; 
this is the energy stored in the spring ready to restore matters when M 
is released. But to raise M a distance a cm. needs only Mga ergs of 
energy, represented by the area PSTQ. So the balance, represented 
by PRS , is still possessed by M when it has returned to the zero 
position ; and it must be in the form of kinetic energy. So M over¬ 
shoots the zero position. How far past this point will it go? 

The work done by the spring in contracting a distance a cm. from 
the equilibrium position is represented by the area PQUV ; but the 
work done in raising the weight through this distance is Mga ergs, 
represented by the area PWUQ, and this rectangle is completed by 
adding to PQUV the area of WPV, which is equal to that of PRS. 

In other words, the kinetic energy of the mass just suffices, together 
with the potential energy released by the spring, to raise the load a 
distance a cm. above the mean position, to the state represented y 

the point V on the graph. . * 

Here, the restoring force is downwards ; the potential energy j 

released by M in falling back to P is represented by the area WPQU ,. 

the work done in extending the spring to Q by the area VPQU, j 

M shoots through the zero position with kinetic energy represen j 

bv the area WPV , which suffices (together with the potential energy- 

given up by the faU of M) to extend the spring to R again, whenc « 

the whole cycle of events is repeated. 

So the mass M oscillates about the mean position travelling ^ ' 

wards and forwards with a maximum displacement « <«•““ 
side of the mean. This maximum displacement is called the P 

tU The f SodlMltlon does not depend on the amplitude 

onlv on the value of k and of M. This period, T, is defined as » 

the ^interval between two successive passages of the same point in the same^ ^ 

dir :f:;ni be seen that the oscillations are really a continuous con- 
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converted to kinetic energy as M travels towards the centre of its 
path, is all kinetic energy as M passes through the centre, and is all 
potential energy again when the upper turning point is reached. 
If the system described had no means of dissipating this energy, 
the oscillations would go on for ever. In practice, of course, work 
is done in overcoming air resistance and overcoming the internal 
forces in the spring, and this energy is gradually removed. The 
oscillations actually observed are damped harmonic motion. The 
extent of the damping, or means of dissipating energy from the 
vibrating system, is an important matter in actual problems. 

Equations of Linear Simple Harmonic Motion 
Let x cm. be the displacement at time / sec. from the mean 
position ; a cm. be the amplitude ; m gm. be the mass of the particle 
and let the velocity at displacement x cm. be v cm. per sec. 



Acceleration at a given displacement. From the definition of 
s.ii.m. , the acceleration is proportional to the displacement from 
the mean position and is directed towards it, so 

acceleration = - /x.r, 

where the minus sign indicates that the acceleration is always 
towards the centre, while x is measured outwards away from the 
centre ; /x is the constant of proportionality and is always positive, 
a point often emphasised by writing n as a square (tu 2 ), so that the 
expression for the acceleration is - 1 o 2 x. 

Velocity at a given displacement. The velocity, v cm./sec., at a 
given displacement .r cm. is given by 

* i _‘_ 

f . f • v = ±Jfi{a 2 - x 2 ), 

1 the double sign being used because each value of x is passed through 
* it wice during one complete oscillation—once on the outward and 
once on the return journey. The velocity is zero when x =a, at the 
extreme limit of the path, and the velocity is a maximum, s/fia cm. 
per sec., when .r = 0 at the centre. 


T 


N.P. 
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Energy at a given displacement. The total energy, 

kinetic energy + potential energy , 

must be the same at all stages of the motion. 

At displacement x, 

K.E. = \mv 2 = \my ( a 2 - x 2 ) ergs. 

Now, when x = 0, all the energy is kinetic, so the total energy is the 
kinetic energy when x = 0, namely \m\ia 2 ergs. 

Thus, at displacement x cm., 

P.E. = (total - K.E.) = \my.a 2 - (a 2 - x 2 ) = \myx 2 ergs. 

When x = a, all the energy is P.E., and is equal to \myxi 2 ergs. 
The following table illustrates the changes of energy during an 


oscillation : 


Displacement 
(x cm.) 

K.E. 

(ergs) 

P.E. 

(ergs) 

Total energy 
(ergs) 

0 

\nifua 2 

0 

\miia 2 

Between 

0 and ± a 

\m\i (a 2 - x 2 ) 

\myx 2 

\mya 2 

. n 

± a 

0 

\myja 2 

\mya i 


Displacement at a given time. The displacement x cm. at time 
t sec. is 

x = a sin [Jy.t + e), 

where {J~jxt + e) is called the phase, or phase angle, and €, variously 
known as the phase difference or epoch, depends solely on the dis¬ 
placement at the instant when timing is started. The jalue olj 
can be found from the initial displacement, for when t = 0, then 

x = a sine. 

If x = 0 when t = 0, then 

c = 0, and x = a sin Jy t. 

Jfx = a when t = 0, then 

€ = tt/ 2, and x = asin +tt/ 2), or 

x = a cos >//x t. 

The diagram on p. 291 shows the displacement-time graphs 
for each of the forms in which the s.h.m. equation may be met. 
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The thick line represents the general form x = a sin (Jpt+e ); the 
thin line x = a sin Jp t ; and the dotted line x = a cos Jpt. 


Period and frequency. In one complete oscillation, the phase 
(Jpt + e) increases by 2 tt, for the sine of an angle goes through all 
possible values as the angle goes through one complete revolution, 
or 2 t t radians. 

As Jfit + € increases by 2rr, and c is constant, Jpt must have 

increased by 27r, and t increased by 2nlJp ; thus the period, T sec., 
which is the interval between successive passings of the same point 
on the path in the same direction, is given by 

T = 2-rrjJp sec. 

But, n = displacement/acceleration (p. 289), so 

T = 2T'J di ° pl ° Cement sec . 

x acceleration 

This may be variously written as 

T = 2n/>J(acceleration at unit displacement), 


j}_2 7T I mass °f P ar l'd* 

'force at utiit displacement 


The frequency, n per sec., is the number of oscillations per sec.; 
thus 


n= 1/T = J/jl/27t, or Jfx = 2mi. 
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Substitution for J p in the displacement-time relation gives other 
forms of the equation which may be useful: 

x = a sin (27 mt + e) 


and 



The deduction of the velocity-displacement and displacement- 
time equations from the defining equation will be found in text-books 
of applied mathematics, w'here they should be sought by the student 
who has reached the stage of solving elementary differential equa¬ 
tions. They will be obtained below by considering a simple particu¬ 
lar case of s.h.m. It is recommended that an effort be made to 
memorise the equations listed above, and to understand wiiat they 
represent, without troubling at this stage about the most elegant 
proof. The basic minimum that must certainly be known is 
(i) any equation of the form 

acceleration = -/a (displacement) 


represents a simple harmonic motion. 

(ii) the period of this simple harmonic motion is 


I displaceme 

77 V nrrplcrntin 


nt 

acceleration 


Uniform circular motion as two S.H.M’s. at right angles. A 
particle describes a circle of radius a cm. with uniform angular 
velocity Jp radians per second. If we start timing when it passes 
A, then at time t the angle 9 = Jpt; BOB' and AO A' are two 
diameters at right angles, which we will take as co-ordinate axes. 
OP and OQ represent the displacements x and y along these axes 

at time t. 

Then, 

x — a cos 6 = a cos Jp t, 

and 

y = a sin 6 = a sin J ut = a cos ( v pt — tt/2). 

Thus P moves along AO A' with s.h.m., and Q moves along BOB’ 
with s.h.m. of the same amplitude and period, but differing in phase 
by t r/2 (or a quarter of a period “ out of step ”). 
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Uniform motion in a circle can thus be regarded as a motion com¬ 
pounded of two simple harmonic motions of equal amplitude and 
period, with a phase difference of tt/2. 

Proof of formulae. I his discussion can be reworked from first prin¬ 
ciples, showing that the points P and Q must necessarily execute 

s.h.m., and using the information emerging to prove the equations 
listed earlier. 

The velocity of the particle at time t (since v = rco) is JJz a cm. per 
sec., at - d'j to OA and 9 to OB. 

The acceleration of the particle at time t (since accel. =roj 2 ) is pa 
towards 0 at an angle 9 to AO and - o) to BO. 

The resolved parts of each of these quantities in the directions 

OA and OB give the values appropriate to P and Q respectivelv 
thus: i j> 
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For the displacements at time t, 

x = OP = a cos 9 = a cos Jp t 
y = OQ = a sin 9 = a sin Jpt. 

For the velocities, _ _ 

v x = Jp a sin Jpt = - Jp(a 2 -x 2 ) 

v v = Jpa cos Jpt = Jp{a 2 -y 2 ). 

Eor Me accelerations, 

accel. x = fta cos 9 towards 0 

= - pa cos 9 outwards from 0, 

— — px, 

so the motion of P is simple harmonic, as defined on p. 286. 

accel. v =fia sin 6 towards 0, 

= -pa sin 6 away from 0, 


= -py> 

and again, the motion of Q is simple harmonic, as defined on p. 286. 

The period of each s.H.M. is the time taken to describe one 
revolution (2tt radians) at Jp radians per second, so 

T = '2ttIJ p sec. 

Thus we have shown that if the equations listed on pp. 290-292 are 
applicable to the motion of a particle, then this motion is simp e 
harmonic, as defined on p. 286. 


Examples of simple harmonic motion. . 

(a) Mass on spiral spring. A mass of M gm. is hung fromaspiral 
spring, for which it is found that Hooke’s law is obeyed and that 

dvnes produce an extension of 1 cm. . 

It rests in equilibrium with the extension such that the tension 

just balances the weight of M. Consider a small downwards^ dis¬ 
placement x cm.; the additional tension is kx dynes, so the results 

force (upwards) is - kx dynes ; and, using 

force=mass x acceleration, 

the acceleration is Ic/Mx cm. per sec. per sec. upwards ; or, using t e 
algebraic sign to indicate direction, 

accel. —jyf • Xm 
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This is a simple harmonic motion, of period 

T = sec. 


It is here supposed that the mass of the spring is so small com¬ 
pared with M that it can lx? neglected. If this is not so, the effective 
addition to M is one-third the actual mass S gm. of the spring itself; 
so the usual formula becomes 



(b) Floating cylinder. A cylinder of mass M gm. and area of 
cross-section A sq. cm., floats upright immersed to a depth l cm. 
in a liquid of density p gm. per c.c. (see diagram). 

In equilibrium the weight is balanced by the Archimedes’ up¬ 
thrust. Consider a small displacement depressing it a distance x 
below the rest position. A further Ax c.c. of liquid are displaced, 
of mass Axp gm., giving an additional unbalanced upthrust of 
Axpg dynes. 

So, the restoring force is -Agpx dynes, and, using 

force = mass x acceleration, acceleration = - . x. 

Al 


The resulting motion is 


s.h.m., of period 


T = 2n 



As M = Alp, this may be written T = 2nJHg. 



i Resultant restating 
T force 

A pg x dyne. 


Floating cylinder oscillating in liquid 
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Liquid oscillating 
in a U-tube 


(c) Liquid column in a U-tube. A liquid 
column of total length l cm. and density 
p gm. per c.c. is at rest in a U-tube of 
uniform cross-section area A sq. cm.. 

Consider a small displacement x cm., 
as shown in the diagram; this causes a 
“ head ” of 2x cm., and a restoring force 
of -'2xApg dynes. 

The total mass of liquid is lAp gm.; so, 
using 

force = mass x acceleration , 


acceleration = 



Thus the motion is s.h.m., of period 

T = 2-nJWa sec. 

In both the last two examples, very heavy damping prevents the 
maintenance of the calculated motion and the results would only be 
true for a liquid of negligible viscosity. But in all three cases, it ; s 
not necessary that the displacement * should be extremely small, 
provided only that the limit of proportionality between restoring 

force and x is not exceeded. 


Approximate simple harmonic motion ; the simple pendulum. 
The simple pendulum consists of a small heavy bob, of mass m gm-. 
at the end of a light inextensible string of length l cm. firmly he 
at the upper end E. When puUed aside and released, it swings 

and fro in one plane. f 

Consider a small displacement x cm along the ^c f o 

o to P, and let the angle OEP be 8 radians. Then 8=x/l (see 
<lli External forces acting on the bob are the t en sj on ^es m 

the string, and the weight mg dynes actrng vertically dow^arfs. 
Resolve mg parallel and perpendicular to the tangent at P. 
ccmiponentf mg cos 6 acts radially and is ba anced by part of to 

tension T ; the component mg sin 8, acting towards O, is the only 
unbalanced force. 
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Thus, the restoring force is - mg sin 0, the acceleration is -g sin 0. 
Provided that 0 is so small that sin 0/0 is nearly equal to unity, then 

acceleration = -gO cm. per sec. per sec. 

Now, 0 = x/l, so 

acceleration = -j x cm. per sec. per sec. 

Hence the motion is simple harmonic, of period • , 

T = 2tt Jljg sec. 

Note that an approximation has here been made ; the motion is only 

truly simple harmonic if the arc of swing 0 is infinitely small. But, 

for all practical purposes in ordinary work, provided the arc of 

swing does not exceed a few degrees, the approximation is satis- 
factory enough. 

Angular simple harmonic motion. 

If a rigid body rotates about a fixed axis so that at any instant its angular 
acceleration is proportional to its angular displacement from a fixed line through 
that axis, the body executes angular simple harmonic motion. 
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The same calculations as for linear s.h.m. are applicable, with 
the substitution of the appropriate angular quantities for their 
linear counterparts. 

Thus, angular s.h.m. occurs when 

angular acceleration = -/x x angular displacement ; 


and the period is then 


I angular displacement 
T - 2 tt yj an g U i ar acceleration 


True angular S.H.M. Consider a body of moment of inertia 
/ gm. cm. 2 about the axis of rotation, suspended from a torsion wire 
obeying Hooke's law, and such that the couple required to give one 


radian twist is k dyne cm. 

For a small displacement 6 radi¬ 
ans from the mean position (see 
diagram), 

restoring couple = -k6 dyne cm. 

Using couple = moment of inertia 

x angular acceleration , 

the angular acceleration 

k 

= - -j d rad. sec. 2 ; 

this is simple harmonic motion, of 
period T = sec. 

fC 

This is the torsion pendulum, used 
for the regulation of one type of 
clock ; the arrangement is of con¬ 
siderable importance (see p. 216), 
and can be used to measure I if k 
is known, or k if / is known. 



Approximate angular S.H.M. ; the compound pendulum.A 
rigid body of mass M gm. is suspended from an axis thro g 
some point 0, at a distance h cm. from its centre of gravity G ( 

d “With the symbols of p. 105. the moment of inertia, / gm. cm.*. 
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about 0 is, by the theorem of parallel axes, 

I = Mk 2 + Mh 2 , 

where k is the radius of gyration for an axis through G parallel to 
that used. 

Consider a small displacement 0 radians ; the restoring couple, C, 
is - Mgh sin 0 dyne cm. Using C = Ia, 

Mgh . 

a =- j- sin 0, 


or, if 0 is so small that 0 radians can be written for sin 0, 



This is an angular s.h.m., of period 



The validity of this formula, and the approximation of the motion 
to s.h.m., depend of course on the angular amplitude being small. 
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Substituting l = Mk 2 + Mli 2 in (i), 

T = 2tt sec 

v hg 



Comparing (ii) with the formula for a simple pendulum of length 

l cm., which is T = 2tt\/Z/< 7 (p. 297), it is seen that 

7 k 2 +h 2 
1 = — z — cm. 
h 

This is the length of the simple pendulum which would have the 
same period as the compound pendulum ; such a simple pendulum 
is known as the simple equivalent pendulum. 


Some properties of the compound pendulum. Produce OG to O', 
such that 00' =1 and let GO' =h\ then 

l = (h +/i') (see diagram). 

But l = ( k 2 lh) +h, so 

h' = k 2 lh , or hh'=k 2 , or h = k 2 \h\ 

Substitute for h in l = {h +h'), 

, ** 7 / 

l= >? +h ’ 


or. 


1 = 


k 2 +h' 2 

h' 



Thus, if a fresh pivot were placed at O', the 
pendulum would have the same length, l, and 

thus the same period, T. nf 

Hence, two points can be found, one on either side of the centre o 

gravity, such that the period of oscillation .s the same wh.che 

the body is pivoted at. They are called centre o 

centre of oscillation respectively ; they are oo,„plot rdy irr t evoh a" 

able, and their distance apart is equal to the leng 

Si, £^^hat if OG > *. then OG' <* ; if. how¬ 
ever we start with OG < A-, then 00' > *. Thus there are n 
general two such pairs of points, though it may happen that all 
the four do not lie on the body itself. 
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h in cm. 


Suppose now the position of 0 is varied ; as 

T = 2 irJEpil 

V h/t 


then 


the period is very large both when h is very small and when h 
is very large ; there must therefore be a minimum period for some 
intermediate value of li. 

**+** k 2 + h 2 -2kh 2kh 

Wnte — as -— +- r . 

then l = 1- + of. 

h ’ 

which has its least value when h = k, and l = 2k , giving a minimum 

period of „ . -~ 

T = 2Trj2kjg sec. 

The diagram illustrates the foregoing points for a compound pen¬ 
dulum consisting of an ordinary metre-stick. 

Bifilar suspension. A uniform rod CD (p. 302), of mass m gm 
and moment of inertia / gm. cm. 2 about its centre of gravity is sus’ 
pended by two vertical strings of length l cm. from points A and B 
which are a distance a cm. apart. The rod is deflected sideways so 
that it rotates about a vertical axis through a small angle and is then 
released. Consider the rod at the instant when the angular dis¬ 
placement is 6 radians. CaU the displacements of the strings from 
the vert,cal, CAC' and DBD ' in the figure, each <t> radians ; if T 

djmes be the tension in each string, resolving these tensions hori- 
zontally and vertically, 

21 cos <p = tng. 
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and T sin <f>. a —G, 

the restoring couple. If 9 is small, <f> is also small, whence approxi 
mately 2T = mg and G = Ta<f> = \inga<j>. 


Now 

hence 


ad 

CC' = iad = l<f>, so <f> == 2 ^; 


G = \mg . a . 


ad 


= j e 

towards the zero position. As this is a restoring couple, the angular 
acceleration a towards the mean position, since O-Ia, is 


( \ mga 6' 
« = (-) UI •*» 


so the rod executes angular simple harmonic motion of period 

2sec. 

V rnnn 6 


sec. 


mg a 


Writing 7 = mF, where k is the radius of gyration about the cen re 
of oravity, and simphfying, the expression for the period i» 

47 rk f~l 

n V n 
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Composition of simple harmonic motions. A body executing two 
simultaneous simple harmonic motions in the same straight line has 
for its displacement at time t the sum of the individual displace¬ 
ments for the two separate motions ; that is, if at time t 

x x =a x sin (2irn l + e,), and x 2 = a 2 sin (27rn 2 t + * 2 ), 

then 

x =x 1 +Xz = [<i\ sin ]t + tj) + a 2 sin (27 m 2 l + e 2 )]. 

In general, the simplest way of compounding two such motions is 
to draw the displacement-time curve for each, and to add the 
ordinates for a sufficient number of instants to plot the resultant 
displacement-time curve. 

Two particular cases are important : 

(a) When n x is some multiple of n 2 . The resulting motion then 
repeats itself with frequency n 2 ; the actual displacement-time 
relation depends of course on the relative phases of the two at the 
moment when timing begins, as well as the relative amplitudes. 



The diagram shows the resultant for w 1 = 3?t 2 , the two starting in 
phase, and having equal amplitudes. 

(6) When n 1 is slightly different from n 2 . If n h > n 2 , in l//q sec., the 
first has made one vibration and the second w 2 /w 1 ; so they are out 
of step by (1 -njnj or {n l -n 2 )ln l vibrations after this time, and by 
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(n 1 ~n 2 ) vibrations after one second. During one second there must 
then be {n x -n^ occasions when they are exactly in phase, and 
(ttj-ng) occasions when they are exactly out of phase, an effect 
of alternate reinforcement and destruction known as beating. The 
accompanying diagram illustrates this. 

Resolution of periodic motion into simple harmonic motions. 
Fourier’s theorem states that any single-valued finite periodic 
function can be represented by a series of simple harmonic terms 
with frequencies that are integral multiples of that of the original 
function. This means that, although all we may be able to tell by 
first inspection is that a vibration repeats with frequency n, we can 


O 


y = a (V»i nt + j sin 3 fit + 5 sin 5 
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write it down as the resultant of a set of simple harmonic motions of 
frequencies 0, n, 2 n, 3 n ... thus : 

x = a 0 + a j sin {'Irmt + tj) + a 2 sin ( 2n . 2 nt + e 2 ) 

+ a 3 sin (2tt . 3«£ + e 3 ) ... , 
or in the equivalent form 

.r =a 0 + sin '2nnt + b l cos2nnt 

+ a 2 sin 2 t t . 2nt + b 2 cos 27r . 2 nt 
+ a 3 sin 2 tt . 3 nt +b 3 sin 2n . 3 nt ... 

All possible multiples of n are not necessarily represented, and it 
may often happen that all the a and b coefficients with a few ex¬ 
ceptions are zero—thus in the upper diagram of p. 303, «j and « 3 
are the only coefficients represented. 

The three figures reproduced on p. 304 show three important types 
of oscillation—the square-shaped graph, which represents a periodic 
“ on-off” or reversal, represented by a series of odd values of «, 
with a proportional to 1/n ; the "saw-tooth ” shaped, representing 
a uniform change with a sudden recovery to the start, represented 
by a complete series of sine terms with a proportional to 1 jn ; and 
the form which is of importance in the theory of vibrating strings, 
represented by a series of cosine terms with a proportional to 1/n 2 . 

Composition of simple harmonic motions at right angles. As 
simple harmonic motion is the projection on the diameter of a circle 
of the motion of a particle describing the circle with uniform speed, 
we can use the associated circular motion to help construct a time- 
base when compounding two simple harmonic motions at right angles. 

In the diagram (p. 306), two simple harmonic motions of the same 
period but different amplitudes are compounded. For one motion, the 
path of the particle is A O.B, and for the other B0 2 C, the mean positions 
being O, and 0 2 . The two starting-points, at * = 0, are A and B • 
drawing the two circles on AO,B and B0 2 C as diameters, and mark¬ 
ing off equal arcs round the circumference for equal time intervals, 
as GjVA ... and a 2 b 2 c 2 d 2 ... , the corresponding points on the paths 
of the particle are a, 6, c, d ,..., etc., and the motion is a straight 
hne inclined to the paths of the individual vibrations. 

In the diagram below, the periods are the same, but there is a 
phase difference of tt/ 2, or a quarter of a period, one starting at A , 


N.P. 
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Composition of s.h.m’s. at right angles; same period but different amplitudes, 

phase difference zero 

and the other at d 2 ; working round A, a lt b v ... on the left-hand 
semicircle, and d 2i e 2 , f 2 , ... on the lower, the resultant path 0,1,2, 

3, ... , which is an ellipse, is plotted. 

For two simple harmonic motions of different periods, the same 

method is used, but of course the arcs marked off to denote equal 
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s.h.m’s. of different periods at right angles 


intervals of time do not now subtend equal angles in the two 
circles. In Fig. a, the ratio of the vertical to the horizontal frequency 
is 1 : 2, and the two start in phase. Fig. b shows the same frequency 
ratio, with 7r/2 phase difference. The patterns thus traced out, 
which are called Lissajous’ Figures, are characteristic of the fre¬ 
quency ratio, and enable this to be found at a glance. If this is not 
a simple whole-number ratio, the 


patterns alter as the phase differ¬ 
ence progressively changes. 

Blackburn’s pendulum, indicated 
in the diagram, is a simple means 
of demonstrating Lissajous’ fig¬ 
ures. The sand-filled funnel 
swings as a pendulum of length 
BO in the plane of the figure, and 
together with the string triangle 
ABC as a pendulum of length DO 
in a plane at right angles to this. 
Sand issuing from the funnel 
traces out the motion on paper 
held below it. 
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Interpretation of Lissajous ’ figures. The frequency ratio, if this is 
expressible in terms of small whole numbers, may be read off at once 
from a pattern of the type a. The ratio vertical frequency /horizontal 
frequency always equals number of horizontal loops/number of vertical 
loops. 

In the case of an ellipse, representing two simple harmonic motions 
of the same period at right angles to one another, as r = a sin 'bmt 
and y = b sin (2 rmt + e), the ratio of the amplitudes, b/a, is given by 
tan a, where a is the inclination of the axis of the ellipse shown in the 
figure to the .r-axis. The phase difference € is also determinable, for 
OB gives the maximum value of y , which is b, and OC, the value of y 
when x = 0, is b sin e ; thus sin e = OCjOB. 



Damped vibrations. A pendulum swinging in air suffers a resist¬ 
ance to its motion, which is at each instant very nearly proportional 
to the velocity at that instant. As work is done in moving against this 
resistance, the energy of the pendulum is steadily reduced, and the 
amplitude of each swing is less than that of the previous swing. This 
is called damping, and it occurs in practice with every kind of 

vibration. 

The nature of the motion depends on the magnitude of the 

resistance, and three cases can be distinguished. 

(a) Slight Damping. Oscillations are maintained, though gradu¬ 
ally dying away ; and the period is slightly greater than it would be 
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if there were no damping. The extreme displacements a 2 , o 3 ... 
at the ends of successive swings form a geometrical progression ; 
thus 

a i _ (l 2 _ £3 _ g 

«2 «3 « 4 *“ 

where 8 is called the decrement. The logarithmic decrement, Iog e 8, is 
generally used in correcting for damping. 

( b ) Critical Damping. In critical damping, the resistance is just 
sufficient to prevent oscillation, yet not so great that the return to 
the zero position after displacement is indefinitely delayed. One 
quarter of a vibration is executed, with a period considerably greater 
than the undamped period. 

(r) Very heavy damping. In very heavy damping, the resistance 
is so great that the return to zero after displacement is very slow 
indeed. 

A proper discussion of damped vibrations is beyond the scope of 
this book, but two further points arc worth noting here. First, the 
abstraction of energy by any means must necessarily result in 
damping ; so that when a vibrating body is used as a source of 
sound, the very fact that it is communicating energy to the sur¬ 
roundings causes damping. Secondly, vibrations are a nuisance in 
many instruments with a swinging indicator—such as, for example, 
an ordinary balance or a moving-coil galvanometer—and it usually 
happens that sensitiveness is accompanied by a long period of swing ; 
in a well-designed sensitive instrument, matters are arranged so that 
the movement is just critically damped or dead-beat. 

Forced vibrations. A system which can execute harmonic vibra¬ 
tions has a natural free period and frequency of its own. But if it is 
subjected to a periodic driving force, it executes vibrations with the 
same (or very nearly the same) frequency as that of the driving 
force. These are called forced vibrations, or forced oscillations. 
The driving force itself usually originates from a system executing 
simple harmonic motion, and is transmitted from driver to driven by 
some kind of coupling. 

The diagram shows a simple device for illustrating forced oscilla¬ 
tions. Two pendulums .4 and B are suspended from a lath PQ y 
which is itself suspended by cords. The driver .4 is set swinging 
and B is driven by A via the coupling PQ y and oscillates with the 
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same period after a steady state of affairs has been reached. On 
starting the systems, the first impulse B receives starts it swinging 
with its own natural frequency, and some competition between the 
frequencies of A and B, observable as a beats effect, occurs in the 
early stages of B's motion. This stage is of short duration if the 
mass of the driver is considerably greater than that of the driven, 
and forced vibration proper then sets in. 

There are three cases to consider : 

(1) The frequency of the driver is less than that of the driven 
(that is, the driver is the larger pendulum, with the longer period). 
When this happens, the driven vibrates in the same phase (or very 
nearly the same phase) as the driver, with relatively small amplitude. 
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Variation of phase difference with frequency difference 

(2) The frequencies of driver and driven are the same. The 
amplitude of the forced vibration is very great, and the condition 
is called resonance. The driven vibrates a quarter of a period (or 
7 t/ 2 in phase difference) behind the driver. 

(3) The frequency of the driver is greater than that of the driven 
(that is, the driver is the shorter pendulum, with the shorter period). 
In this case, the driven vibrates with relatively small amplitude, 
and half a period (or -n in phase difference) behind the driver. 

The phase relations between driver and driven are important, 
particularly in the case of resonance. 

The diagrams illustrate the way in which the amplitude of the 
driven varies with the frequency of the driver, and also the phase 
difference between the motions of driver and driven for different 
driver frequencies. 

Effect of damping. Damping naturally reduces the amplitude of 
the forced vibration at all driver frequencies, but here there is no 
question of decay with time ; the amplitude attained is that at 
which the rates of dissipation of energy by the driven and of supply 
of energy from the driver are equal. This reduction is made greater 
at the resonance frequency and frequencies close to it; so that 
damping reduces the sharpness of resonance—that is, there is a 
small response by the driven over a wide range of frequencies, 
instead of a large response over a narrow range. 

Barton’s pendulums. The diagram shows a set of pendulums of 
different lengths, attached to a cord'^4C£ by which they are coupled 
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to a heavy driver pendulum of effective length DE. The “ bobs ” 
are light paper cones which are subject to considerable air-damping. 
The pendulum labelled K , seventh from the top, is of the same length 
as DE and thus has the same period as the driver. The accompany¬ 
ing diagram gives an instantaneous view of the system at the 



Barton’s pendulums; two pictures seperated by a short time interval 
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moment when D is passing its zero position and moving to tin* right, 
and a similar snapshot a fraction of a period later. Tin? resonant 
pendulum A , seventh from the top, and most displaced, hut here 
unlabelled, is seen to In* exactly a quarter of a period behind ]), 
while the shorter pendulums are more or less in phase* with I), 
having moved to the right in the later picture ; the larger ones are 
more or less out of phase with 1), as is shown by the fact that in the 
later picture they have moved slightly to the left. 

This apparatus illustrates conclusively that : 

(a) at resonance, the* elriven is a quarter period behind the elriver ; 

(b) if the driven has the shorter perioel (higher freepieney), elriver 
and driven are nearly in phase ; 

(c) if the driven has the larger period (lower freepieney), the 
driven is half a period behind the driver. 


The result of damping is shown by placing a camera in line with 
the cones, as indicated and taking time exposures (a) with the paper 
cones unloaded (left-hand picture), and (b) with heavy curtain rings 



From "Acoustics ", by Alexander Wood UUnchie) 
Barton s pendulums: left, unloaded ; right, loaded 
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slipped over the cones (right-hand picture), which increases their 
inertia and so reduces the effect of damping. The absence of any 
marked selective resonance in the first case, and the great response 
of one pendulum only in the second case, are clearly shown in the 
photographs. 

Energy exchange at resonance. Suppose driver and driven are 
pendulums with bobs of comparable mass, how is resonance main¬ 
tained? It might be expected that, since the coupling between 
driver and driven acts impartially towards both, once the driver A 
has set the driven B in motion, B would react via the coupling and 
return energy to A. But a consideration of the phase relation shows 
that this cannot happen ; for as B is a quarter of a period behind A, 
any reaction on A will be a quarter of a period behind B, and thus 
half a period behind A —exactly timed to reduce ^4’s vibration 
further. 

The usual sequence of events in these circumstances is then as 
follows : 

1. The amplitude of A steadily decreases, while that of B steadily 
increases, B swinging all the while a quarter of a period behind A. 

2. A is brought to rest, all its energy having been communicated 
to B. 

3. B now acts as driver, and A vibrates in resonance, a quarter ot 
a period behind B , and matters continue until B has been arrested 
and A swings with its maximum amplitude. All B's energy has been 
returned to A. 

The exchange is then repeated again as from the first stage. It 
will be noted that neither plays the part of both driver and driven 
at the same time, and that the whole energy of the system is trans¬ 
ferred to and fro from one to the other in a series of exchanges. 


EXAMPLES ON CHAPTER 10 

1. Explain what is meant by simple harmonic motion. ... 

Deduce an expression for the periodic time ofthevert.caloscdat.ons 

of a mass suspended by a helical spring, the extension ofwhrch pro 
portional to the load. The mass of the spring may be neglected 
Describe in some detail how such an arrangement might be used 
obtain an estimate of the acceleration due to gravity. * ; 

2. The velocity of a particle describing simple harmonic motion is 
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1G cm. per sec. at a distance of 8 cm. from the centre of the motion and 
8 cm. per sec. at 12 cm. from the centre. Starting from the definition of 
simple harmonic motion, calculate the period and amplitude of the 
above motion. 

A particle is subjected to two simple harmonic motions, of equal 
amplitudes and at right angles to one another, the frequencies being in 
the ratio of 1 : 2. Assuming the two motions to be in phase at the start, 
determine, by a graphical method, the resultant motion of the particle. 
Describe an experiment to illustrate this motion, and indicate how the 
accuracy of the frequency ratio may be tested. (X.) 

3. Define sim/ric harmonic motion. 

Show that a heavy body supported by a light spiral spring executes 
simple harmonic motion when displaced vertically from its equilibrium 
position by an amount which does not exceed a certain value and then 
released. How would you determine experimentally the maximum 
amplitude for simple harmonic motion? 

A spiral spring gives a displacement of 5 cm. for a load of 500 gin. 
Find the maximum displacement produced when a mass of 80 gin. is 
dropped from a height of 10 cm. on to a light pan attached to the spring. 

(N.) 

4. Explain the meaning of the term moment of inertia. 

Describe in detail how you would find experimentally the moment of 
inertia of a bicycle wheel about the central lino of its hub. 

A uniform cylinder 20 cm. long, suspended by a steel wire attached 
to its mid-point so that its long axis is horizontal, is found to oscillate 
with a period of 2 seconds when the wire is twisted and released. When 
a small thin disc, of mass 10 gm., is attached to each end the period is 
found to be 2-3 seconds. Calculate the moment of inertia of the cylinder 
about the axis of oscillation. * (X.) 

5. A steel ball-bearing of mass m and radius r is allowed to roll freely, 
without slipping, in a shallow saucer which forms part of a concave 
spherical surface of large radius R. Explain what forces are acting on 
the ball. Show that the motion of its centre of gravity will be approxi¬ 
mately simple harmonic and obtain an expression for the period of 
oscillation. (Moment of inertia of a solid sphere about an axis through 
its centre of gravity =|-wir*.) 

Find the frictional force acting on the ball when it is at a point where 
the surface of the saucer makes an angle 6 with the horizontal, and cal¬ 
culate the least coefficient of friction required to prevent slipping at 
this point. ^ j 

6. Define simple harmonic motion and discuss its importance. 

A horizontal diaphragm with sand sprinkled on it is oscillating verti- 
cafiy with simple harmonic motion. The amplitude of the vibration is 
gradually increased. If the frequency of the vibration is 100 cycles per 

S % C il at ' vh ? t value of the amplitude will the sand just be thrown clear 
of the diaphragm ? (C S ) 




316 


GENERAL PHYSICS 


7. A circular hoop is suspended with its plane horizontal by 

equally-spaced vertical threads. Find the tune of a small rotational 
oscillation. (C- S.) 

8. Obtain a relation between the period of a simple harmonic motion 
and the acceleration at unit displacement. 

A metal cylinder of height 15 cm. floats upright in mercury of density 
13-6 gm./c.e. It is set into vertical oscillation and the period is found to 
be 0-62 sec. Find the density of the metal, assuming friction to be 
negligible. (C* S.) 

9. Discuss the behaviour of solid bodies subjected to deforming forces, 
and describe a method of determining \ oung’s modulus for material in 
the form of a wire. 

Assuming that the extension of a spring is proportional to the tension, 
find the period of oscillation of a light spring with a weight of 100 gm. 
attached to it, if a weight of 1 gm. extends the spring by 1 mm. (C. o.) 

10. In the HC1 molecule the force required to alter the distance 
between the atoms from its equilibrium value is 5-4 x 10 J dynes per cm. 
What is the fundamental frequency of vibration of the molecu e, 
assuming the vibration to be simple harmonic, and the mass of the 
Cl atom to be infinite compared to that of the H atom, which is 

1-66 x 10 -21 gm. ? 

11. Define simple harmonic motion , and show how to calculate the 

period of a svstem executing such a motion. 

A mass M is suspended at the lower end of a light helical spring, fli 
is found to produce a statical extension L. The mass is displaced c * 
wards through a distance d below its equilibrium position, a » d 
released. Assuming that the spring obeys Hooke s law, show tha 
motion is simple harmonic, and find an expression for t e peri . 
culate, also, the maximum kinetic energy of the mass. ( • 

12. Deduce an expression for the time of vibration of a particle 

executing a simple harmonic motion in a straight line. c n rine. 

When a mass of 100 gm. is suspended from the end 

the latter is stretched 2 cm. Show that if the n ? ass , : c an( ? find 

further and then released, the motion will be simple harm » 
the time of vibration. The extension of the spring n > be 

to be proportional to the load, and the ma £ qj 

neglected. - 

13. Define “simple harmonic motion’', and find the penot 

particle executing such motion. sectional area A, 

A cylindrical air-tight piston, of mass Jf <«V filled 
slides without friction m the vertical necko that if the piston 

with air originally at atmospheric pr^ ’der isothermal conditions, 

is displaced from its position of equilibrium, under express ion for 

it will oscillate with simple harmonic motion, and find a I ^ & c>) 
the period. 
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14. Under what conditions will a vibrating body execute simple 
harmonic motion? Deduce an expression for the period of oscillation 
of a body moving with s.h.m. 

A particle vibrates with s.h.m. along a straight line. Its greatest 
acceleration is on- 2 cm. per sec. per sec., and when its distance from tho 
equilibrium position is 4 cm. the velocity of the particle is 377 cm. per 
sec. Find the amplitude and tlie period of oscillation of the particle. 

(0. C.) 

15. Explain what is meant by simple harmonic motion. Obtain an 
expression for the relation between the velocity and the displacement 
of such motion. 

A vertical spiral spring of negligible mass supports a heavy particle 
which stretches it through a length L cm. Show that the period of tho 
vertical oscillations of the system is the same as the period of a simple 
pendulum of length L cm. (0. & C.) 

1C. A test-tube of mass 6 grn. and of external diameter 2 cm. is floated 
vertically in water by placing 10 gm. of mercury at the bottom of the 
tube. The tube is depressed a small amount and then released. Find 
the time of oscillation. (O. & C.) 

17. Define simple harmonic motion, and obtain an expression for the 
velocity of a body moving with simple harmonic motion in terms of its 
period, amplitude, and distance from its mean position. 

A body moving with simple harmonic motion has a velocity of 4 ft. 
per sec. at a distance of 3 ft. from the mean position, and 3 ft. per sec. 
at a distance of 4 ft. from the mean position. What is its velocity at the 
mean position? (6. & C.) 

IS. Calculate the period of oscillation of a uniform rigid rod swinging 
about a fixed horizontal axis under gravity. Show that there are three 
other positions for the axis of oscillation which will give the same period, 
and show the connection between them. (O. & C.) 

19. A body oscillates under gravity about an axis at a distance li 

from its centre of mass. Find the value of h for which the time of 
oscillation is a minimum, and the value of this minimum time, in terms 
of the mass of the body and of its moment of inertia about a parallel 
axis through the centre of mass. (O. & C.) 

20. Obtain a formula for the period of a simple pendulum executing 
small oscillations. 

The period of a simple pendulum is 2 0 sec., and the mass of the bob 
is 50 gin. The bob is pulled aside through a horizontal distance of 
12 cm., and then released. Find the displacement and the kinetic 
energy of the bob 0-7 sec. after the instant of release. 

21. Give an account of the chief phenomena of forced vibrations and 
resonance. 
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22. A suspended galvanometer coil swings with damped harmonic 
motion. The first deflection from rest is 18-8 divisions, and the de¬ 
flection observed on the same side of the scale after ten complete swings 
is 6-5 divisions. Calculate the logarithmic decrement, and find what the 
value of the first deflection would have been in the absence of damping. 

23. By drawing the displacement-time curves and adding ordinates, 
compound the following pairs of s.h.m’s. in the same straight lme : 

(i) Frequencies n and 2n, equal amplitudes, in phase. 

(ii) Frequencies n and 3n, amplitudes 2a and a, in phase. 

(iii) Frequencies n and 1-5n, amplitudes a and 2a, phase difference 

24. Compoimd the following pairs of s.h.m’s. at right angles : 

(i) x= 3 sin 2-rmt, y = 5 sin 2imt. 

(ii) x = 3 sin 27 mt, y = 5 sin {2imt + tt/ 2). 

(iii) x = 3 sin 27m*, y = 5 sin (2 t mt + tt/ 6)- 

25. Compound graphically the following pairs of s.h.m’s. at right 
angles : 

(i) x = a sin 2 7 mt, y = a sin Airnt. 

(ii) x = a sin 2 7 mt, y - 2 a sin (Girnt + tt/2). 



CHAPTER 11 

WAVE MOTION 

A wave is defined as a disturbance, usually periodic, which travels 
with finite velocity through a medium, and remains unchanged in 
type as it travels. 

The chief characteristics common to all kinds of waves are as 
follow : 

1. The particles of the medium execute relatively small vibrations about their 
mean positions, but do not themselves suffer any permanent displacement in the 
direction of propagation of the wave. 

For example, a swimmer in deep sea water is carried vertically up 
and down (actually following a more or less circular path in a vertical 
plane), but is not transported bodily towards the shore, showing that 
the water in his immediate neighbourhood is behaving similarly. 
Again, if one end of a taut rubber cord be held in the hand, and 
plucked sideways with the other hand, a wave is seen to travel down 
the cord. The wave moves along the cord, but each portion of the 
cord as the wave passes it moves to and fro at right angles to the 
direction of travel of the wave. 

2. The wave is a transfer of energy, not of portions of the medium. 

3. Each successive particle of the medium performs a motion similar to that of 
its predecessors along the line of travel of the wave, but later in time ; this is 
rather like a rank of soldiers “ dressing ” on parade. This handing 
on of similar motion from one particle to the next constitutes the 
advance of the wave itself. 

A single pulse may fulfil all these conditions. But most of the 
important examples of wave motion in Physics arise from a con¬ 
tinuous vibration of the particles of the medium, and are regularly 
periodic waves. The simplest kind of vibration that an individual 
particle can execute is a simple harmonic motion ; in this case, we 
speak of the wave as a simple harmonic wave. If the individual 
particles execute a more complicated type of motion, attributable to 
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the superposition of several simple harmonic motions of different 
periods and amplitudes, then the wave itself can be regarded as 
several independent simple harmonic waves superposed on one 
another. 

In many important practical examples, a wave radiates in all 
directions from a relatively small source, and the amplitude of 
vibration of the individual particles falls off as the distance from the 
source increases. But we shall only consider the propagation of waves 
in which there is no such change in amplitude as the wave progresses, 
and each particle duplicates exactly the motion of its predecessors. 
This means that we are thinking of waves travelling out along a 
single straight line, such as waves propagated along cords or in 
cylindrical pipes. Most of the chief properties of waves can be 
demonstrated in this way, and shown experimentally with the help 
of a long piece of ordinary bunsen tubing (about 20 ft. long) firmly 
attached to a support at one end, and manipulated by hand at the 
other end ; or with simple acoustical apparatus described later. 


Transverse waves. A transverse wave is one in which the particles 
of the medium vibrate in a direction at right angles to the line ol 
propagation of the wave. Such a wave may be produced on a long 
rubber cord by waving the free end up and down, or from side to side. 
Transverse waves occupy a definite plane, and are said to e p ane 
polarised. A narrow slit, set across the cord, will allow the wave 
motion to pass beyond it only if the slit itself lies in this plane If 
the slit is inclined to this plane, there is partial transmission of that 
component of the vibration of the particles which lies in the plan 
containing the slit and the cord ; while if the slit is at right ang 
the original plane of polarisation of the wave, there is no tran - 

and the propagation of such a wave.consider a se^of 
, • i arc set out at equal intervals of 8 cm. along 

its motion being taken up and copied by B, C, D, . . . 

starting r sec. after the other ; that is, 

B repeats A’s motion but r sec. later, 

C repeats A' s motion but 2t sec. later, 

D repeats A’s motion but 3r sec. later. 
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Propagation of a transverse wave. 
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This successive repetition of the simple harmonic motion of A 
constitutes the propagation of a simple harmonic wave moving to 
the right in the figure. The velocity of propagation of the wave is 

v = S/t cm. per sec. 

The full line in the diagram indicates for each instant the position 
of the particles and thus shows for each instant the way in which the 
displacement y of the particles at right angles to the direction of 
propagation varies with the distance a: from the chosen origin 
(particle A). Each picture is thus a picture of the wave itself at the 

instant concerned. . , 

The maximum displacement a cm. of the individual particles is 

called the amplitude of the wave. # , 

Considering the lowest of the drawings (that is, the latest, tor 

time llr), the particles are most displaced upwards at D and down¬ 
wards at A , and G ; at these points the particles are at rest momen¬ 
tarily in their own simple harmonic motions, or the particle velo y 

is licrc zero. • 

The particles are moving most rapidly where they are passing 

through the mean positions of their simple harmonic motion^ No 
particle doing this is shown exactly in the drawing, but B and U 
are approaching it moving upwards, C and I have passed it moling 
upwards, and E and F are near it moving downwards^ 

The particle velocity is greatest where the displacement ms leas , 
the particle velocity is least where the displacement is greatest^ 
Successive pairs of particles in the same phase of th 
harmonic motions, such as .4 and G, B and H, CaMl t he 
out. The distance between such successive p P 

= — 

of the wave (written A). 

asr- izzsssxzx i = 

”7.‘..m«, — - *“> “ ™ 

one hand at th. other, the (re. hand ,,,„l ; on 
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Propagation of a longitudinal wave. 


11T 
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Each particle of the cord vibrates in its turn along a line in the 
direction of the original plucking, that is, along the string itself. 
This may be shown by making suitably placed chalk marks 
on the cord, and observing their displacement carefully ; a close 
Avatch is needed, as on a cord such as this the longitudinal waves 
travel much faster than transverse Avaves, and it is difficult to avoid 
exciting a transverse AvaA r e of small amplitude as well. 

Models to illustrate the propagation of a longitudinal Avave are 
described in many of the standard works on Sound. But probably 
the best Avay of understanding the propagation of such a Avave is to 
draAv out for oneself a series of diagrams shoAving the successive 
stages in the motions of the individual particles. 

The diagram on p. 323 , shoAvs successive stages of the s.h.m. in the 
direction of the cord propagated along from particle A to B, from B 
to C, and so on ; each instantaneous picture shows the state of the 
wave itself at that moment. 

As Avith a transverse wave, if the individual particles vibrate Avit 1 
amplitude a cm., this is called the amplitude of the wave. 

Instead of there being an obvious “ sine curve ” of displacements, 
with “-crest ” folloAved by “ trough ”, Ave see that the disturbance is 
passing along as a succession of compressions and rarefactions. 

Consider the three pictures, for the instants, 9r, 1 Or, and 1 r. 
The particles are crowded together most densely at the points 
marked P, Avhere they are moving most rapidly in them own simp e 
harmonic motions in the direction of the wave. In a longitudimd 
wave the maximum compression accompanies zero particle displacement and 
maximum particle velocity in the direction of travel of the wave. 

The particles are farthest apart at the points marked Q, where they 
are moving most rapidly in their OAvn simple harmomc> motrow 
the opposite direction to the direction of travel of the wave-Th 

maximum rarefaction accompanies zero particle displacement and maxmmm 

velocity in the opposite direction to the direction of travel of «>e *ave_ 

At the points marked if, the particles are most displaced font ards, 

at S which can be shown only in the lowest figure, ey 
in the opposite direction. In these cases the 
particles is the same as that (8) obtaining before the wate ar 
So the compression or rarefaction is zero when the part.de displacement 

maximum. 
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As before, the distance between successive pairs of particles in 
the same phase of their own simple harmonic motions is called the 
wave-length of the wave and indicated by A. 

If, instead of thinking primarily of the displacement of the 
individual particles, we fix attention on the density change that is 
really the observed result of this, we see that one whole wave-length 
contains one compression and one rarefaction ; and further, the 
compression wave is a quarter of a wave-length out of step with 
respect to the displacement wave, since zero displacement accom¬ 
panies maximum density change, and maximum displacement 
accompanies zero density change. 

Graphical representation of longitudinal wave. Instead of drawing 
an actual picture of the displaced particles, these displacements can 
be represented along the ar-axis by lines drawn up or down in the 
y-direction ; thus a figure can be drawn which shows, according to 
the usual conventions of graphs, the way in which particle displace¬ 
ment varies with distance along the wave, at a chosen instant. 

The diagram shows the method of constructing such a graph. 
Displacements such as BB' to the right, which is the direction of 
travel of the wave, are represented by lines such as Bb above the 
a-axis (with y positive). 

Displacements, such as EE' t to the left, or in the opposite direction 
to the direction of travel of the wave arc drawn, as is Ec , below the 
?-axis (with y negative). The lower diagram shows the same graph 
drawn with a larger scale for displacements, which are usually so 
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small with a longitudinal wave that a faithful copy of the displace¬ 
ments would be of little use. , 

A compression graph can also be constructed ; this can be regarded 

as representing the wave in its capacity as a travelling wave of com- 
pression and rarefaction, rather than a travelling wave of particle 

'"''consider any two particles, say at * and/ (in the dis 
tance araph of diagram (a). The displacement of the particle at e 
‘ tha g t of the particle at / is fh, and the difference in their displace¬ 
ments is hk. This difference hk divided b y** 
that is the ratio hk/ef, measures the extent to which their dlstrlb ’™° 

Jd .i»-. *"« -rr *’TrX'7 ?Z2 . 

ITlien p i Uclelt rthest from A are less displaced than those nearer 
so" the particles are crowded together 

is sloping forwards, as from A to B the P^cks are more ^p ^ ^ 

oi —d^sdTa^ 

the compression-distance grap may ^ „ fer to changes 

As the terms “ compression and raretac refer 

in the density of distribution of the particles, they m 
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to the changes in the density of the medium which are caused as 
the wave passes along. 

If the displacement-distance graph is a “ sine curve ", the com¬ 
pression-distance graph is a “ cosine curve ", starting with a 
rarefaction. 

Velocity, frequency, and wave-length. If the individual particles 
make n vibrations per second, as this is characteristic of all particles 
involved, n can be termed the frequency of the wave. 

Pairs of particles such as P v P 2 or Q lt Q 2 in the displacement- 
distance diagram, are in the same phase of their own simple harmonic 
motions, and are therefore a distance A cm. apart. But the disturb¬ 
ance that travels from P 1 (or Qj) to P 2 (or Q 2 ) must take exactly 
1 /m sec., since P 2 (or Q 2 ) is always one vibration ahead of P l (or Q x ) 
in space. 

Thus the velocity of propagation of the wave, which covers a 
distance of A cm. in 1/n second, is 

v = A-rl/w, 

or v = nX cm. per sec. 


Direction of motion ■ — — 



Various types of waves: expressions for velocities. It has been 
seen how, with a mass on a spiral spring, the period of oscillation 
depended on the mass M and the stiffness factor k of the spring 
(p. 295). If M is large and k small, the vibration is sluggish ; if M 
is small and k large, vibration is rapid. The frequency of vibration 
of the spring is proportional to Jk/M, or 


Istiffness /< 


actor 


inertia factor 


It is difficult in any elementary treatment to explain the handing 
on of the wave disturbance from one particle to another in proper 
mathematical terms. But we can imagine some kind of connection 
like a small spring between adjacent particles, and can see that, 
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whatever the details of the actual transference of the wave from 
particle to particle, it is reasonable to suppose that the speed of such 
transference, and hence the velocity of the wave along its line of 
propagation, is governed by the ratio 

stiffness factor 
inertia factor 


for the particular type of displacement in the particular type of 
medium. 

This is indeed the case, and some important formulae, which 
should be known (but which it is not proposed to prove here), are 

given below. 

(1) Transverse wave along a cord. The “ stiffness factor is the 
tension in the cord, and the “ inertia factor ” the linear density or 
mass per unit length. 

If T dynes be the tension, and m gm. per cm. the mass per unit 
length, then the velocity of propagation of a transverse wave is 

v = jTjm cm. per sec. 

Alternatively, if A sq. cm. be the area of cross-section, the 
longitudinal stress in the cord is T/A dynes per sq. cm., while the 
density p in gm. per c.c. is p=w?/A, we can write 

v = Jstress/p cm. per sec. 


(2) Longitudinal wave along a cord or thin rod. Here the small 
excursions of the particles constitute small longitudinal elastic dis¬ 
placements, and we should expect Young’s modulus to be involved 
This is, in fact, the “stiffness factor” required The inertia 
factor ” is the density of the material. Thus the velocity o 

longitudinal wave is given by 

v = JY]p cm. per sec., 

where Y is Young's modulus in dynes per sq. cm., and p is the density 


in gm. per c.c. 

HI Compression wave (sound wave) in a gas. The “ stiffness fac¬ 
to^ is the ^abatic modulus of elasticity, which is yp, where p 
is the pressure in dynes per sq. cm., and y is the ratio betwee^ 
the specific heat at constant pressure (C„) and the speci 
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constant volume (C,.), the value of which is about 1 *41 for air under 
ordinary conditions. The density is the “ inertia factor . 

Thus v = Jypip cm. per sec., where p is the pressure in dynes per 
sq. cm., p the density in gm. per c.c., and y the ratio C p /C v for the gas. 


(4) Electromagnetic reaves in space. Light, X-rays, y-rays, ultra¬ 
violet and infra-red rays, and radio waves, are all believed to be 
propagated as electromagnetic waves through space, and are stated 
to be transverse waves, since they can all he polarised. In a plane 
polarised beam of light, it is supposed that there is an alternating 
electric intensity in one plane, with an alternating magnetic intensity 
in a plane at right angles to this. It is difficult here to isolate the 
stiffness ” and inertia factors ; for, if we consider the electric 
intensity, the “ stiffness ” depends on the electrical properties of 
space, represented by its dielectric constant k 0 , while the “ inertia " 
depends on the magnetic properties, represented by the permeability 
of space m 0 . These roles are interchanged if we consider the mag¬ 
netic intensity. 

It can be shown that the velocity, c, of any electromagnetic wave 
in free space is given by 

c = 1 / \ LqUIq, 


where k 0 and m 0 are the dielectric constant and permeability, both 
measured on the same system of electrical units (that is, both on 
the absolute electrostatic, or both on the absolute electromagnetic 
system). 

The velocity v in a medium of refractive index p, is lip of the 
velocity in free space, 

or v = c/p cm. per sec. 

(5) Waves on the surface of a liquid. The formula for the velocity 
of waves of wave-length A cm. on the surface of a liquid of density 
p gm. per c.c. and surface tension T dynes per cm. is 



cm. per sec. 


For very large values of A the first term only is important, and v is 
very nearly given by 

v = JXgj'lTT cm. per sec., 
the “ deep-water waves ” velocity. 
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Similarly, for small values of A (“ surface-tension ripples the 

expression becomes _ 

v = J27tT/ p \ cm. per sec., 

where T is surface tension. 

Equation for a progressive wave. Using the symbol y for the dis¬ 
placement of a particle from its mean position, the displacement¬ 
time equation for simple harmonic motion, and taking y = 0 when 
/ = 0, is: 

y = a sin Jy t. 

Since the period of oscillation is T = 2t r/Jy and the frequency n Is 
1 jT = Jyl'2-rr, we can write Jy = 2im ; so that this equation becomes 

y = a sin 2? mt. 

This will apply to each of the individual particles if for each of 
them t is taken to be the “ local time ” t L , measured from the instant 

when each particle begins its motion. 

The wave travels outwards with a velocity v cm. per sec. If 
start timing when the wave reaches a certain particle, as A in the 
diagram of p. 321, and also take A as origin for measuring distances 
along the path of the wave, a particle at distance x cm. from A vi 
receive the disturbance x/v sec. later than A, and so at any later 
stage will have been oscillating for x/v sec. less time. That is, the 

local time, t L , is {t-x/v). 

Hence the equation 

y = a sin 27m ( t - x/v) 

represents the displacement at time t after the disturbance arrives 
at the reference point A of a particle at distance * cm. measured along 
the path of the wave from the reference point A , and thus describes 
motion executed by every particle involved in the transmission of the 

W£tV0 • 

As n = v/A, y = a sin 2im {t - x/v) can be rewritten 

y = a sin — (t - z/ v )> 

. 2tt . 

y = a sin (vt - x). 


or 
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Again, since n = \jT , and v = n\, y = a sin 2irn(t—x/v) can be written 



The three forms in which the wave equation may appear, namely, 

y = a sin 2mi (t - x/v), 


and 


y = a sin 
y = a sin 



should be committed to memory. 

The foregoing equations apply to the particle displacement. The 
density change, pressure change, and condensation in a longitudinal 
wave are all a quarter-period out of phase with the displacement. 
Thus the density change has its maximum value when / = 0 and .r = 0, 
etc., and the graph representing its variation with distance is a cosine 
graph. If Y represent the instantaneous density change or pressure 
change or condensation, and A the maximum value or amplitude of 
such change, then 

Y — A cos 2nn (t - x/v), 

Y = A cos ^ (t it - x), 

A 


or Y=A cos 2. (| - *), 

are the equations which represent the propagation of this change 
and correspond to the sine equations for displacement. 

On p. 326 it was shown that the compression or density-change 
at any place in the path of a longitudinal wave is given by the 
corresponding gradient of the displacement-distance graph, negative 
values of the gradient indicating compressions, and positive rare¬ 
factions. Also, it was seen on p. 324 that the particle velocity is in 
the direction of the wave, or positive, during compressions, and 
negative during rarefactions. Differentiation of ij = a sin 2nti (t - x/v) 
•with respect to x gives the gradient of the y/x graph, -2ima/t>x 
cos 2 t m{t -x/v ); differentiation with respect to t gives the particle 
velocity, 27rna cos 27m(t -x/v). When the cosine term is positive, 
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the gradient is negative and the velocity positive, so that this 
condition represents a compression. We can thus correctly repre¬ 
sent a compression wave of amplitude A as Y = A cos 27m ( t - x/v), 
positive values of Y indicating compressions and negative values of 


Y rarefactions. 

Whatever the actual form in which the wave equation is written, 
and whether it refers to particle displacement or to density change, 
the terms .r and vt (or x/v and t) appear together in the phase part. 
Any equation that does not give (or cannot be arranged to give) 
these two terms together cannot represent a progressive wave. 

The wave equation has been derived by considering the motions of 
the individual particles. It may also be obtained from the definition 
of wave motion as given on p. 319. Any of the lower lines of the 
diagram of p. 321, giving an instantaneous picture of the particles, 
shows what at first sight appears to be a succession of “ sine curves , 
each A cm. long. Thus, a distance A cm. along the abscissa represents 
a phase change of '2tt radians in the angle of which the sine is plotted, 
and a distance along this axis of d cm. (in either direction) a phase 

change of 2?rd/A. 

But, on closer examination it is seen that the sine curve is inverted, 
or reversed in direction. It is the graph y = a sin 27 tA/A, v here X is 
the distance measured, not from A, but backwards from the leading 
edge of the wave. This, at time t sec. after it has passed A , has reached 
a distance vt cm. beyond A ; and at this instant the value of A tor 
a particle x cm. to the right of A is (vt —x). 

Substituting {vt -x) for X, we have 

y = a sin -y (vt -x). . 


Twin waves arising from a single disturbance. So far wo have 
considered the motion of a wave in one direction from the momen 
it passed a chosen particle A, without considering how such a wave 
is usually started. It must surely begin by the communication t 
the medium at some point or other of an external force wh.chfth 
motion of the affected point is simple harmonic, we can caU a simp 

harmonic force. _ f a 

Still thinking of transverse waves along a cord, suppo 

(see diagram) Is a point on the cord to which a simpe 
force of frequency « is applied. The motion of A and all particles 
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the right of it is exactly as previously described, and the simple 
harmonic wave 

y = a sin ( t - xjv) 

travels to the right. 

A corresponding wave, with v reversed, moves out to the left of A. 
As A is taken as origin, distances measured to the left are accounted 
negative, from the point of view of A. The velocity of the wave is 
also reversed, but this is only involved in the calculation of “ local 
time ” for particles on its path. A particle x cm. to the left 
of A, at distance -x reckoned algebraically, has a “ local time ” 

t L = ^ =t +xjv ; thus the equation for the wave travelling 

to the left is 

y-a sin 2nn (t + x/v) . 

The action of a simple harmonic force at any point A thus origin¬ 
ates two waves as a rule, represented by 

y = a sin 277 n(t - xjv) travelling to the right, 

and 

y = a sin 2nn{t +x/v) travelling to the left. 

With longitudinal waves the result is a little different. If the 
motion of A under an applied simple harmonic force is to the right 
at any instant, twin waves travel in both directions from A, im¬ 
pelling both B (on the right) and C (on the left) towards the right 
very shortly afterwards. The displacement waves are thus in phase 
and oppositely directed, and can be represented by 

y = a sin 2 nn (t - xjv) to the right, 
and y = a sin 2irn(t +x/v) to the left (diagram a). 


< 


y=Qszn2'nn(t + -$-) 



B < a ) 

y^asin 271 »( 7 -£) 
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But particle B is travelling in the same direction as the direction 
of propagation of the wave, and thus belongs to a compression; 
particle C is travelling in the opposite direction to that of the left¬ 
wards wave, and thus belongs to a rarefaction. The twin compression 
waves are thus exactly out of phase, a compression traveUing to the 
right, and a rarefaction to the left, and can be written 

Y = A cos 2nn (t - x/v) to the right, 
and Y= -A cos 27m(t+x/v) to the left (diagram b). 

Superposition of two waves. A particle executing two simul¬ 
taneous simple harmonic motions follows a motion compounded ot 
the two independently, and its displacement at any instant is tne 
algebraic sum of the two displacements, if both are in the same line. 

Thus when two simple harmonic waves of the same type are travel¬ 
ling through the same body of medium, or along the same cord 
the particle displacement at any instant is the algebra,c sum of the 
two individual displacements. This resultant displacement at any 
tasiant for all the individual particles is often most conveniently 
found by drawing the two displacement-distance graphs (or^in¬ 
stantaneous pictures of the waves) for the same instant and addi 
the ordinates, as in the diagram, where the thick line is t e res “ 

displacement-distance graph obtained by adding the ordmates of th 
two Separate thin-line furves, and represents the resultant = 
Butin some cases it is very instructive to use the wave equations 
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instead. These are usually simple cases in which the waves have 
the same amplitude, frequency, and velocity and differ only in phase 
or direction. The phase difference corresponding to half a period 
is most simply shown as a difference in the sign of the amplitude. 

Case 1. Two displacement waves, a positive for both, travelling 
either in the same or opposite directions. 

Representing the separate waves by 

y y = a sin 2 rrn (< - x/v), 

and Vi = a sin 'lirn ( t±xjv ), 

the resultant wave is represented by y = y x + y 2 , so 

y = a {sin 2-nn (t -x/v) +sin 2 nn ( t±x/v )}. 

The trigonometrical formula required is that for the sum of two 
sines, which in terms of any two angles B and C is 

sin B + sin C = 2 sin § (B + C) cos \{B -C) 

(“ twice the sine of half their sum, times the cosine of half their 
difference ”). 

Case 2. Two displacement waves, a positive for one, negative for 
the other. 

The two waves can be represented by 

y x =a sin '2-rm(t -x/v)> 

and y 2 = - « sin 2 t m { t ± x/v). 

The resultant, y = y x + y 2 , is 

y = a {sin 'lim(t-x/v) - sin 2irn{t±x/v)} y 
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and the formula needed is that for the difference of two sines, 

sin B - sin C = 2 cos l(B +C) sin i (B - C) 

(“ twice the cosine of half their sum, times the sine of half their 
difference ”). 

Case 3. Two compression waves, A the same sign for both. 

If the waves are 

Y x = A cos 27m ( t - x/v), 
and Y 2 = A cos'27rn(t±xlv), 

then Y = Y r + Y 2 . 

Hence 

Y = A jcos 27m + c °s 27m ^±^J, 

and the appropriate formula for the sum of two cosines is 

' cos B + cos C = 2 cos \{B + C) cos i (B - C) 

(“ twice the cosine of half their sum, times the cosine of half their 
difference ”). 

Case 4. Two compression waves, A positive for one, negative for 
the other. 

If the waves are represented by 

Y 1 =A cos 27 m(t-xlv), 

and Y 2 = -A cos2im(t±xlv), 

then Y=Y 1 + 1 2 * 


Hence 

Y = A |cos 27 m(<-^)-cos 2i m(f±^)j , 

and the formula is that for the difference of two cosines, 

cos B — cos C — - 2 sm \ {B + C) sm \ {B -C) 

(“ minus twice the sine of half their sum, times the sine of half their 
difference ”). 


Reflection of a transverse cord wave at a rigid boundary. Consider, 
again a stretched rubber cord, fixed at one end to a rigid boundary, 
with the hand at the other end initiating a simple harmonic wave 
that travels along the cord to the support. The cord will exert a 
periodically varying force on the support, and the support "ill at 
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each instant exert an equal and opposite reaction on the end of the 
cord, which is thus subjected to a periodically varying external force. 

Such a force applied at any other point on the cord would inevitably 
originate twin waves, travelling outwards in both directions. But 
it is known that (a) the wave originally sent down the cord is not 
continued into the rigid boundary ; and also (b) only one of the two 
twin waves that ought to be caused by the support can actually be 
propagated, and that is the reflected wave travelling backwards 
along the cord. 

These observations can be reconciled with the expected generation 
of twin waves by the reaction of the support if the “ twin ” that 
ought to have been propagated into the support is such as to 
neutralise completely the continuation of the original wave into the 
support. 

Hence, to find the reflected wave by graphical construction, we 
must (diagram (a)): 

(1) draw the incident wave up to the support; 

(2) continue the original wave into the support ; 

(3) construct in the support a wave which, superposed on this, 
destroys it everywhere ; 

(4) construct the twin of this, propagated backwards along the 
cord ; this is the required reflected wave. 

Finally, to describe what is actually observed, we must remember 
that after part of the original wave has been reflected, the remainder 
is still approaching the support. The observed displacement of the 
cord in the neighbourhood of the support at any instant is obtained 
by superposing the approaching portion of the incident wave and 
the returning portion of the reflected wave. 



(2) Continuation of incident wave 
j into support 


X 


r\ 

(3) Twin " neuttalising (2) 


Y 


N.P. 



338 


GENERAL PHYSICS 



Diagram (6) shows the successive stages of the reflection of a single 
pulse at a rigid support. The left-hand side of each drawing shows 
the four construction steps, with the reflected wave drawn ahttle 
below the incident wave for clearness ; the right-hand side 


the observed state of the cord. , 

The same calculation can be done using the wave equa .on noth 

the following usual conventions : if x/v is positive for a wave 

travelling to the right, x/v is negative for a wave travelling to the 

left • and if the two waves within the support are to neutralise one 

another their displacements at every instant must be equal and 

be in the neighbourhood of the reflector. _ 

In this case : (1) consider y x = a sin -7 m [t x\v) , 
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(2) write down the equation for the original wave, continued into 
the support, 

2 /j = a sin 2 tt« ( t - xjv ); 

(3) neutralise this within the support by a wave of reversed 
amplitude : 

y 2 ' = - a sin 2ttm (t - xjv) ; 

(4) write down the twin of wave (2), with (/ +xjv) for {/ - xjv) since 
xjv has been reversed in sign : 

y.,= -a sin '1-n (t +xjv). This represents the reflected wave. 

The observed state of the cord at time / can be deduced by adding 
together the displacements of the incident and reflected waves, and 
is thus represented by 

!/=yi+y>‘> 

this is studied more fully on pp. 342-344. 

Some care is required in describing the observations. It is seen 
(a) that the reflected leave has been reversed in direction , and (/>) that 
it is reversed in amplitude, that is, a crest is reflected as a trough. 
These are indicated by the substitution of +xjv for -xjv, and -a 
for a. But from the point of view of the wave itself, there has been 
no change of phase, since a trough has succeeded a crest at exactly 
the same time interval, just as if there had been no boundary and no 
reflection. 

Reflection of a longitudinal wave at a rigid boundary. A longi¬ 
tudinal wave can be considered from two points of view : as a dis¬ 
placement wave, and also as a compression wave. 

For the longitudinal displacement wave, the same arguments as 
for a transverse displacement wave hold. 

The continuation of the displacement wave into the rigid boundary 
is 

y x =a sin 27771 (t-xjv). 

This is neutralised within the rigid boundary by 

y 2 ' = - a sin 277Ti (< - xjv) ; 

the twin of this, propagated as the reflected displacement wave, is 

y 2 = ~a sin 2im\t+xfv). 

But for the compression wave, it must be remembered that any 
small reaction of the boundary that would send a compression into 
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the body of the boundary would send as its twin a rarefaction to be 
reflected back ; any reaction which would propagate a rarefaction 
into the boundary would send as its twin a compression to be 
reflected back. 

The compression wave striking the boundary is represented by 

Y ± = A cos 27 m (t - x/v). 

Its imaginary continuation within the boundary is given by 

Y 1 =A cos 27 m(t -x/v). 

The wave to neutralise this within the boundary is given by 

Yf = - A cos 2 tt7i (t - x/v). 

The twin of this has x\v reversed because it is travelling in the 
opposite direction, and A positive because twin compression waves 
are generated with amplitudes of opposite sign, so the reflected 
compression wave is 

7 2 = +A cos 27771 (t + x/v). 

Thus, a compression is reflected as a compression ; and a rarefaction 
as a rarefaction. This does not conflict at all with the displacement 
reversal that occurs, but is to be expected, since displacement in the 
direction of travel of the wave causes compression, and if both 
displacement and direction are reversed, the compression state 
should be unaltered. 

Reflection of a longitudinal wave at an open boundary. The most 
important example of this is the reflection of a sound wave propa¬ 
gated down a tube at the open end of the tube. To begin with, the 
displacement wave is of minor interest here, and we shall consider 
only the compression wave. Next, it is obvious that only part of the 
energy is thus reflected, as a considerable portion is propagated out 
through the open boundary ; and we shall consider the compression 
wave travelling down the tube as two superposed waves : one of 
amplitude A that is entirely reflected, and another of amplitude A 
that travels on unhindered, the actual amplitude of the compression 

wave within the tube being A + A'. 

As the boundary is free from any kind of constraint, there is no 

solid wall to exert any pressure change on the air, and so the change 
in pressure at the mouth of the tube must always be practically zero. 
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This means that, when a compression reaches the mouth, the sur¬ 
rounding air rushes away causing a corresponding rarefaction, which 
initiates a pair of exactly similar twin waves, one neutralising the 
compression in the outer air, the other travelling back down the 
tube. A compression is refected as a rarefaction, and a rarefaction as a 
compression. 

Using the equations for a compression wave, if the incident wave 
is, for the purpose of reflection, given by 

Yy = A cos 2rrn (t - x/v ), 

the wave neutralising it outside the tube by pressure equalisation 
of the surrounding air is given by 

}V = - A cos 2 ttu (f - x/v) ; 

the twin of this, travelling back down the tube as the reflected wave, 
is given by 

)' 2 = - A cos 27m ( t + x/v). 

For the displacement wave, the amplitude a is not reversed in sign 
on reflection at an open boundary. The particles in a compression 
moving to the right arc moving to the right; those in a rarefaction 
moving to the left are moving to the right. Thus the displace¬ 
ment wave returns with a “ crest ” reflected as a “ crest ” ; or, in 
terms of the wave equations, if the incident wave is given by 
2 /j. =a sin 2 7m{t - x/v), the reflected wave is given by 

y 2 = a sin 27m (t+x/v). 

Stationary waves. When a succession of transverse waves is sent 
by hand down a long cord, the waves reflected at the fixed far end 
travel back quite independently of their successors on the outward 
journey, and the incident and returning waves are superposed. If 




J 
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the hand is agitated at random, a confused motion of the cord 
results, in which progressive waves in both directions can be more or 
less identified from time to time. But if the motion of the hand is 
suitably timed, the cord appears to vibrate transversely as a whole, 
with no sign of any progressive wave. It is then said to be exhibiting 
a stationary wave, or standing wave system. 

This can be done in several ways, as indicated in the diagram. If 
the cord is reasonably long and not too tightly stretched, as many 
as six or more independent segments may be obtained. The fre¬ 
quency of vibration of the hand must be twice as great for two 
segments as for one, three times as great for three segments as for 
one, and so on. 

It is observed that: 

(1) there is no sign of any progressive wave in either direction ; 

(2) the individual particles of the cord are executing simple 
harmonic motions at right angles to the cord ; 

(3) the amplitude of this simple harmonic motion is greatest at 
equally spaced points which are called antinodes, and zero at a set of 
equally spaced points which are called nodes; the ends are always 
nodes; 

(4) the pattern of nodes and antinodes divides the cord up into a 
number of equal segments ; 

(5) all particles in the same segments are vibrating exactly in phase, 
and adjacent segments are exactly out of phase with one another. 

Before going into detailed calculations, a simple graphical super- 



Nodes must exist, and be half a wave-length apart. 
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position will show that, if we can maintain two trains of similar 
waves in opposite directions on the cord, there should at least be 
nodes somewhere on it. 

For consider two waves of equal amplitude and wave-length 
travelling in opposite directions (see diagram). At the instant 
shown in the upper figure, the waves shown by the thick lines give 
a resultant displacement shown by the thin line, but points 
iV, N, N ... , half a wave-length apart, are points of zero dis¬ 
placement. A very short time, say r sec. later, as shown in the 
lower figure, one wave has moved a distance vt to the right, 
giving a displacement at the N points of NR upwards ; the other has 
travelled a distance vt to the left, giving each N point a displacement 
NL downwards. As NR must equal NL, the resultant displacement 
of each N point is zero, and this must always happen whatever the 
relative positions of the two waves. Thus, nodes must exist , and they 
must be half a wave-length apart. 

Next, what is the condition that the stationary wave system shall 
be maintained? It must be remembered that a wave starting at the 
hand and reflected at the fixed end returns again to the hand, where 
it is reflected again, and so on. Maintenance of the system is only 
possible if the waves reflected for the second time at the hand exactly 
reinforce in phase those initiated at that moment at the hand. The 
time taken for a wave to travel to and from the hand is 21/v sec., where 
l cm. is the length of the cord and v cm. per sec. the velocity of 
the wave ; and this must be a whole number of vibration-periods. 

If n is the frequency of the waves and A their wave-length, then 
this condition is satisfied if 


or, 

or, since v = nA, 
whence 


2//y = l/tt, 2/n, 3/«, 4/n . . . etc., 

2 l = vln, 2v/n, 3 v/n, 4 v/n . . . etc., 
21= A, 2A, 3A, 4A . . . etc., 


1 = A/2, 2A/2, 3A/2, 4A/2 . . . etc., 

and the length of the cord must be a whole number of half wave-lengths. 
Only waves the frequency of which is such as to give wave-lengths of 

21, 21/ 2, 2Z/3, 21/4, etc., 
can satisfy this condition for maintenance. 
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Analytical treatment. If the equation of the forward wave from 
the band is y x =a sin 2t7?i(£ -x/v), that of the reflected wave is 
(p. 339) y 2 = -a sin 27rn{t -x/v). 

The resultant displacement at distance x is y = y x + y 2 , or 

y = a sin '2tt7i [t - x/v) - a sin 2im (t + x/v), 
which, using the formula for the difference of two sines (p. 336) gives 

y = '2a cos 2nnt sin 2imx/v, 
or rearranging and remembering that v = wA, 

y = 2a sin ^ x cos 27m/. 

This cannot represent a progressive wave, since the x/v and t terms 
no longer appear together, as they must in any progressive wa\e 
equation (p. 331). It means that a particle at distance x from the 
hand executes a simple harmonic motion of frequency n and ampli- 

277 

tude 2 a sin -y x. 


This amplitude is zero when sin x = 0, that is, when ^ x 0, 

77 , 2t 7, . . . etc., or when x = 0, A/2, 2A/2, 3A/2, . . . etc., up to /. So 
we see again that the length l must be a whole number of halt 
wave-lengths. These points of zero amplitude are the nodes. 

The amplitude is ±2a, the maximum value possible, wen 

S in 2 ^ x = ± l > which is when = tt/2, .V/2, 5n/2, . . . etc., or 
A ** 


2n 
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when x = A/4, 3A/4, 5A/4, . . . etc. These points of maximum ampli¬ 
tude are the antinodes. 


Demonstration of stationary waves on strings. It is not proposed 
here to deal at all fully with the musical aspect of the sound waves 
propagated into the air by a suitably mounted vibrating string. But 
it is convenient to be able to use one's ear as a means of recognising 
the related frequencies of the various modes in which a string can 
vibrate. 

The sound waves sent out by the mount, which is set into forced 
vibration by the string, must have the same frequency (or frequencies) 
as those of the string itself. It should, however, be quite clear that 
in the waves travelling through the air we have longitudinal sound 


waves; while those travelling 
along the string and giving the 
stationary wave pattern which 
is being studied are transverse 
elastic waves. 

A musical note is recog¬ 
nised by its pitch, which de¬ 
pends on the frequency ; we 
can thus recognise the fre¬ 
quencies of the vibrations of 
the string if we can identify 
the pitches of the notes emit¬ 
ted when the string sets the 
air into vibration and propa¬ 
gates sound waves. 

The common chord doh mi 
soh doh' has three easily recog¬ 
nisable intervals : 

the major third, doh — mi ; 

the fifth, doh—soh ; 

the octave, doh — doh'. 

In the scale of C major, 
these notes are : 



Fundamental 



Second harmonic 



Third harmonic 





Fourth harmonic 



Fifth harmonic 
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and their frequencies on the scale used in Physics are : 

c', 256 ; e', 320 ; g', 384 ; c", 512 per sec. 

The frequency ratios corresponding to the intervals mentioned are: 

the major third, 320/256 = 5/4, 
the fifth, 384/256 = 3/2, 

the octave, 512/256 = 2/1. 

These simple frequency ratios are characteristic of the intervals , 
whatever the keynote doh may be. 

The velocity, u, of string waves is given by 

u = jTjm cm./sec., (p. 328) 

where T is the tension in dynes, and m is the mass per unit length in 
grams. 

Possible wave-lengths for stationary waves on a string of length 
l cm. are : 

(1) A x = 2/, known as the fundamental. 

(2) A 2 = 2//2, the second harmonic. 

(3) A 3 = 27/3, the third harmonic. 

(4) A 4 = 27/4, the fourth harmonic. 

(5) A s = 2?/5, the fifth harmonic. 

( x ) A x = 2//.r, the xt h harmonic. 

As u = nX, the corresponding frequencies are : 

(1) n \ = ii V“ ’ fundamental. (2) w 2 = ^» 860011(1 harmonic. 


(3) 


» 3 = I J-, third harmonic. (4) n 4 , fourth harmonic. 

~ t 7/2 


( 5 ) n .=lJL fifth harmonic, and in general 
v ' 0 21 v m 

n x = £jJ-> harmonic. 


The frequencies are thus in the ratio 1 : 2 : 3 : 4 : 5 : ... : x. 

The frequency ratio njn x is 2 : 1. Thus the second harmomc is 

an octave above the fundamental; 
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nJiio is 3 / 2 , so the third harmonic is a fifth above the second ; 
njn„ is 4/2, so the fourth harmonic is an octave above the second ; 
m 6 /m 4 is 5/4, and the fifth harmonic is a major third above the 
fourth harmonic, 

speaking now, of course, of the sound waves to which the vibrations 
of the string give rise. 

Many harmonics are present together when the string is excited 
in the ordinary way, the main note heard being that corresponding to 
the fundamental as a rule. If the string, while so vibrating, is touched 
lightly with the corner of a handkerchief or the finger tip at a point 
corresponding to a node for any particular mode of vibration, then 
all other modes are practically extinguished, and that one persists 
alone, to be recognised by the note it propagates. 

Thus, bowing or plucking the string anywhere at random, the 
second harmonic (accompanied by the fourth, sixth, eighth, winch 
are usually feeble) is obtained by touching lightly at the mid-point; 
the note is recognised as an octave above the fundamental. The 
third harmonic is isolated by touching one third the length along 
the string, and recognised as a fifth above the previous note, and so 


on. After proceeding like this for a little time, one can usually hear 
the notes corresponding to the higher harmonics superposed on the 
fundamental when the string is excited and not touched at all. A 
keen ear will detect considerable differences in the quality of the 
note as such when different means of excitation (bowing, stroking, 
plucking) and different points of attack on the string are employed, 
and also a change in quality as the note fades. The quality of a 
musical note is determined by the number and relative intensities of 
the higher notes or overtones superposed on the fundamental, but 
that is a matter best left for the present. Also, the higher members 
of the sequence produced by an actual instrument may not exactly 
coincide in frequency with the expected harmonic. 


Longitudinal stationary waves. Here there are really two inde¬ 
pendent wave patterns to examine : that for the displacement wave , 
and that for the compression wave. Suppose that the medium under 
discussion is a column of air or other gas enclosed in a tube of uniform 
bore, closed at each end by a solid reflecting boundary, with waves 
being propagated by means which we can imagine to excite small 
longitudinal vibrations close to one of these ends, say E (see diagram). 
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At each end the displacement wave reaching it is reflected with 
amplitude reversal, as p. 339 ; and each end must be a displacement 
node. The case is exactly the same as that for transverse displace¬ 
ment waves on a cord, and the argument of p. 343 can be applied to 
show that a stationary wave pattern can be maintained only if the 
frequency has one of the values which give a wave-length such 
that the length of the column l is a whole number of half wave¬ 
lengths. 

If y here denote the longitudinal displacement of a particle at 
distance x from the reference point E at time /, then the forward 
wave is given by the equation 


y x =a sin 'Inn (t -x/v), 

and the wave reflected from the other boundary (p. 339) by 

y 2 = -a sin 'Inn {/ + x/v). 

Superposing, the resultant displacement y = y x +y 2 is (exactly as on 
p. 344 by adding sines, and using v = nX) 


y = 2a sin 


2nx 


cos 2nnt. 


This is the same stationary wave pattern with nodes at 

x = 0, x = A/2, x = 2X/2, x = 3A/2, etc., 

up to x = l, which must be a whole number of half wave-lengths ; 
and antinodes at x = A/4, x = 3A/4, x = 5A/4, up to a- = (/ - A/4). 

The closed ends of the tube must always be displacement nodes. 
The diagram indicates various possible stationary displacement 
wave systems. 

For the pressure wave , however, matters are somewhat different. 
First, the maxima of the compression wave are A/4 out of step with 
the displacement-wave maxima, so that the closed end of the pipe 
must necessarily be a pressure antinode. Secondly, a compression 
is reflected back as a compression, without reversal of amplitude. 
Thus, if the forward compression wave is represented by 

Y X =A cos 2nn(t ~x/v), 
the returning wave is given by 

Y 2 = A cos 2ttti (t + x/v), 
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Y = Y x + r 2f 

= A cos 27 t/i (# - xjv) + A cos 2-nn [t + x/v), 
= 2A cos 2tttix . cos 2irnt, 


= 2A cos 


2ttx 

A 


cos 2-nnt. 


Thus, the pressure change varies harmonically with time, the fre- 
quency being n, and the amplitude 


2 A cos 


277a: 

A 



which is a maximum (±2A) when x = 0, A/2, 2A/2, 3A/2, ... up to /, 
giving the positions of the pressure antinodes ; and zero when 
a-= A/4, 3A/4, 5A/4, . . . , giving the positions of the pressure nodes. 

The stationary wave pattern may be shown in two ways. In 
Kundt’s tube (see diagram) sound waves of frequency about 
4000, sec. are propagated down the tube from the left end where a disc 
attached to the end of a glass rod excited into longitudinal vibration 
by stroking with a resined cloth acts as source. Adjustment of the 
plunger at the other end to make the length of the air column very 
nearly a whole number of half wave-lengths for sound of this 
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Diagrammatic sketch of dust heaps in a Kundt’s tube 
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frequency causes the stationary wave system to be set up. The 
displacement antinodes are made visible by sprinkling a line of dry 
lycopodium powder along the tube. This is thrown into violent agita¬ 
tion while the rod is sounding, and sets into a pattern of striations 
centred around each antinode when the sound ceases. Continued 
operation may cause small heaps of powder to collect at the nodes. 

The plunger P, closing the left-hand side of the tube, cannot both 
set the air in its neighbourhood in vibration and also keep it 
stationary at a node ; somewhere between the inscription “ Node *’ 
at P and the dotted line at Q the actual node must lie, and the 
position of P must be such that the amplitude of its oscillation is the 
same as that of the air particles surrounding it. 

Rubens’ tube, filled with coal gas burning at a scries of small jets 
at the top, demonstrates the pressure-change distribution ; the jets 
are longest above the pressure antinodes. 

Tube open at both ends. For the compression wave, there is an 
amplitude reversal on reflection at an open end. If 

Y X =A cos 2 -an (f -x/v) represents the forward wave, 
then Y 2 = - A cos 27 m(t+x/v), represents the reflected wave, 
the resulting stationary wave pattern, if formed, being given by 

Y = Y x + }' 2 = - 2.4 sin . sin 2- mt, 

with pressure nodes (and therefore displacement antinodes) at both 
the open ends, and spacing depending on A. 

If we consider the progress of a single pulse travelling several 
times up and down the tube, arriving at one end as a compression, 
travelling back as a rarefaction, reflected again as a compression in 
phase with a succeeding pulse, it can be seen that the condition for 
maintenance is that twice the length of the tube is a whole number of 
wave-lengths. The length of the tube must be a whole number of 
half wave-lengths, and possible wave-lengths to give the pattern are 

A = 2/, A = 2//2, A = 2//3, A = 2//4, . . . etc., 
with frequencies in the ratio 1 : 2 : 3 : 4 ... the whole of the possible 
members of the harmonic series. 

The diagram of p. 252 shows the pressure and displacement nodes 
and antinodes for the first four possible modes. 

Open organ pipes are of this type. 
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First four stationary wave-systems of tube open at both ends. 

Tube open at one end, closed at the other. The only additional 
point arising in this case is the condition for maintenance of a 

stationary wave system to be possible. 

Let a single pulse start at either end, say the open end, and folio 

its progress. 
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TUBE CLOSED AT ONE END 

It is reflected as a compression at the closed end, and returns to 
be reflected as a rarefaction at the open end. It will be in phase with 
a succeeding rarefaction if the length of the tube, l , is such that 
2/ = A/2 (since compressions and rarefactions are A/2 apart), or any 

odd number of half wave-lengths. 

Thus, possible tube lengths for a given A are ^ = A/4, 3A/4, 5A/4 ..., 
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4 4 

or, possible wave-lengths for a given l are A = 4J, A = x /, A = - 1... etc., 

<5 O 


■with frequencies in the ratio 1:3:5... etc., giving only the odd 
members of the harmonic series. 

The distribution of pressure and displacement nodes and antinodes 
is shown in the diagram. 

The wave-length of the longest wave which will give a stationary 
wave pattern with a closed tube is thus twice that for an open tube 
of the same length. From the acoustical point of view, this means 
that the frequency is half, and the pitch of the note an octave below, 
the corresponding open pipe note. Stopped organ pipes furnish an 
example of this type of stationary wave pattern. 


Beats. Consider two waves of frequencies n Y and n 2 , of com¬ 
parable amplitude, travelling with the same velocity over the same 
expanse of medium. 

Let them start, at the time we start timing, in step. Suppose /q 
is the greater. 

At time 1 \n 2 sec. from the start, wave 2 has executed one vibration, 
and wave 1, Tij/wo vibrations. 

So w r ave 1 is (— - l) , or ——— vibrations ahead of wave 2. 

\n 2 / n 2 

Hence, after-— such intervals, wave 1 will be — -—- x - — » 

n x - n 2 n i r h~ - 

or one whole vibration ahead of wave 2, and the two will be in phase 

(or “ in step ”) once more, reinforcing one another. 

The time interval between these reinforcements is 

n 9 1 1 

-- — x — sec. --sec. 

n l - n 2 n 2 n l - n 2 

So there are (w x -n 2 ) reinforcements per second. 

During the intervals between reinforcements, the relative phases 
undergo a complete cycle of changes, between 0 and 2tt. Thus t le 
combined wave due to their superposition waxes and wanes (n x - w,) 
times per second, giving rise to the phenomenon of beats. 

The diagram shows how, by the usual graphical method of adding 
ordinates, the displacement-distance curve for the combinec wave 

may be constructed. 

In the usual experiments to demonstrate beats, it is probably true 
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Superposition of two waves causing beats, 
to sav that the two waves do not follow identical paths through the 
medium, and that superposition only occurs at the receiving device. 
Thus, with two tuning forks of slightly different pitch, the striking 
characteristic throbbing heard is a beating due to the superposition 
of two simple harmonic forces of frequency n t and w 2 at the eardrum. 
Again, a curve such as that shown can be produced on the screen of 
a cathode ray tube by sounding the two nearly-unison forks close to 
a microphone, the amplified output of which is applied across the 
vertical deflection plates ; this picture shows the variation with 
time of the motion of the microphone diaphragm caused bv two 
waves that are superposed there, and may have arrived there by any 
paths. In short, beats are a phenomenon characteristic of frequency 
difference, and are observable whenever vibrations of slightly 
different frequencies are superposed, whether by the reception of 
such waves or not. 

Analytically, if we consider two compression waves of frequencies 
(n +p) and ( n-p ), differing in frequency by 2 p, 

Y X =A cos 2n(n +p) {t-x/v), 
and Y 2 = A cos 27r(n - p)(t-x/v); 

these superposed give 

Y = y j + Y 2 = 2 A cos 2np (t - x/v) cos 2 rm {t-x/v). 

The amplitude of this wave is itself a progressive wave of velocity v 
and frequency p , which gives the maximum value 2.4 for the ampli¬ 
tude twice per cycle, or 2 p times per second. 

Group velocity. Two waves giving rise to beats at a receiver mav 
arrive there by any path. But the particular case when they are 
everywhere superposed during their journey through the medium is 
important. Working in terms of wave-length instead of frequency, 
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b' b 



Group velocity in a dispersive medium. 


let the wave-lengths be A (full line) and A + dX (dotted line) as re¬ 
presented in the diagram. The resulting disturbance of the medium 
is then a succession of “ groups ” or travelling beats. If both waves 
travel with the same velocity v, then any two particular coincident 
crests, as a and a' are always identified with a particular peak, as A, 
and the group moves along also with velocity v. 

But if the medium causes dispersion (that is, if the wave velocity 
varies with the wave-length) matters are different. Let the velocities 
corresponding to wave-lengths A and A + (/A be u and v + dv, so that 
the dotted wave is overtaking the other with the relative velocity dv. 
Crest a ' moves beyond crest a ; and crest b' moves forward to 
coincide with crest b, covering the distance dX with velocity dv in 
time dX/dv. At the end of this interval, the peak of the group is a 
B, and has thus moved backwards relative to the individual va\es 
by a distance A. Relative to the waves comprising it, the peak 
of the group moves backwards by a distance A in time dX/dv , an 

i • r . . dX .dv 
has a retrograde velocity ot A-i-^ , or A^ • 
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Hence the group velocity, or the velocity with which the peak of 
each group travels, is 

dv 

V - X T\- 


Doppler effect. Consider a source S emitting n waves per second, 
which travel outwards from S with constant velocity v cm. per sec., 
and succeed one another in space at intervals A cm., where v = nX. 
If .S’ is at rest, an observer 0 also at rest records the reception of waves 
of frequency 11 (which we will call the true frequency) and wave¬ 
length A (the true wave-length). How are these observations affected 
if there is relative motion of S and O, due to motion of S alone, of 
0 alone, or of both together ? 

This is a general problem, important in sound and in optics, and 
in certain other examples as well. If the relative motion is in such 
a sense that S and O are approaching, then the observed wave¬ 
length is less than A, and the observed frequency greater than n ; 
if they are receding from one another, the observed wave-length is 
greater than A, and the observed frequency less than n. For there 
to be any observable change, the relative velocity must be at least 
an appreciable fraction of v as a rule. 

In terms of sound, this means that a relative velocity of approach 
raises a note above the true pitch, while a relative velocity of separa¬ 
tion lowers it below the true pitch. In the case of light, if the source 
emits a line spectrum in which each line has a definite true wave¬ 
length, relative velocity of approach shifts each line towards the 
violet (short wave-length) end of the spectrum ; while relative 
velocity of separation shifts each line towards the red (long wave¬ 
length) end. Nothing can be observed with a continuous spectrum, 
since a general shifting of all wave-lengths should still result in a 
continuous spectrum. These observations are known as the Doppler 
effect, or Doppler-Fizeau principle. 

It should be noted that the velocity of sound in air at 0° C. is 
about 33,000 cm. per sec. (or 1100 ft. per sec., or 750 miles per hour), 
so that ordinary vehicles travel at speeds which are a measurable 
fraction of this, while modern aircraft may approach and even 
exceed it. The velocity of light, 3 x 10 10 cm. per sec., is of a quite 
different order of magnitude, and nearly all the examples of velocities 
that can give a detectable wave-length shift are those of stars. 
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Also, the acoustic observer notices a difference in pitch, attribu¬ 
table to a frequency ratio, and really detects the ratio 

observed frequency/true frequency. 

The optical observer notices a difference in wave-length , and detects 
directly the difference (observed wave-length - true wave-length). 

Finally, the problem is not one of relative velocity alone. Motion 
of the source causes a result which is physically quite distinct from 
that of motion of the observer at the same rate. 

Case 1 : Fixed observer, moving source. Suppose the observer 0 is 
at rest, and that the source S is in motion with velocity u along the 
line SO. Let n be the true frequencj', v cm. per sec. the wave velocity. 
Then, whatever happens to S or to O, n is always constant and 
unalterable and v is fixed if the medium is at rest. But the Avave- 
length, or the distance in space between successive waves, is actually 
different in different directions. It is important to realise that this 
is not just an hallucination of the observer, but must happen whether 
there is any observer to record it or not. 

In diagram (a), the source S at rest is represented by the central 
dot, and the waves 1, 2, 3, 4, 5, emitted in that order, succeed one 
another in space at a distance v/n, which is the true wave-length; 
a stationary observer, wherever placed, finds the wave-length to 
be v/n. 

In diagram ( b ), A, B, C, D, E , are the successive positions of S, 
which is moving along the line X Y from A to 7 with velocity u cm. 



(a) Wave pattern from source at rest. (6) Wave pattern from moving source. 
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per sec. Wave 1 has been emitted when S was at A, wave 2 from B, 
and so on. The distances AB y BC y etc., each covered at velocity 
u cm. per sec in 1 fn sec., each measure u/n cm. If the observer O is at 
Y, the separation in space of the waves he receives is less than A by 
the distance that S has moved towards him in between successsive 
emissions, and so the observed wave-length A' is less than A by an 


amount SA = As v = nX. - = - , 

n n v 


so SA = - . A ; 
v 


or, rearranging this to show SA as a fraction of A, 

SA_w 
A v 

This is the formula applicable in the optical case. 

As velocity = frequency x wave-length, 

the apparent frequency n' corresponding to wave-length A' is such 
that v-n'X'y and as v = n\ y therefore n7» = A/A'. 


Now, 


A'=A-8A=A--A-A(—), 

V \ V J 


so 


A 

A' 


V - u 


and 


n' v 
n v-u * 


This, giving the frequency ratio, is the formula applicable in the 
acoustic case. 

It has been assumed above that S is approaching 0 with velocity u 
in the line of sight. From the figure, it is clear that if the observer 
were at X, so that S receded from 0 with the same velocity, each 

wave would be lengthened to the recipient by - cm.; then the 

n 

wave-length is apparently increased by 8A = -A, and the observed 
wave-length, A' = A + 8A = A 



and 


n' _ v 
n v + u ’ 


More generally, to an observer at Z (see diagram), along a line 
making an acute angle with the direction X Y y and so far away that 
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2 9 does not vary appreciably during the 

,9 observation, the displacement of S in 
the direction of Z between successive 
emissions is not u/n , but u cos 9jn. 
Reasoning as before, the proportional 
decrease in wave-length is 

8 A u cos 0 

X = v ’ 


S u 

Observer not in line of 
motion of source. 


whence 


A'=A 


'v-u cos 9 


v 




n 

ii 


v 


an< ^ n v-u cos 6 

If 0 = 0, cos 9 = 1, and we have the case already treated of the 
observer at X (p. 358); if 9 = 180°, cos 9 = - 1, and this is the case for 
the observer at Y. Or, we can say that the formulae first derived 
cover the general case, if we write u cos 9 instead of u. As the source 
moves along the line XY, 9 gets steadily greater, and u cos 9 de¬ 
creases ; when 9 = 90°, cos 9 = 0 , and n' =n ; when 9 is greater than 
90 3 , cos 0 is negative and n' is less than n. It will be seen that there 

y\/0 VIA) 

is a more or less gradual change from n' = ^ to n = v + u as 

source moves past Z from a very distant point beyond A to a very 
distant point beyond Y. But if Z lies in the line X Y, the change is 
sudden and occurs as the source passes over Z. 

The prime effect when the source moves is a change in wave-length. 

Case 2 : Fixed source , moving observer. Let S be fixed, emitting 
waves of frequency n and wave-length A, which form a symmetrica 
pattern around it (see diagram). Let the observer, 0, move towards 
S with velocity u cm. per sec., thus covering the distance from 
Q, where PQ is u cm., in 1 see. If the observer, O had remainedl a 
P throughout this second, he would have received only n waves, 
at the end of that second the space PQ would have contained a 

number tt/A of waves that had passed Q and not yet re “ he “ j 
But as the observer, O, actually moves from P to Q, these addition 
u/x waves are intercepted, so the frequency is increased by S«, 

= uj\ ; since v = nX, 1/A = njv. 
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Stationary source, moving observer. 




Bn = -n, 

V 


Bn u 
n v 


The prime effect with a moving observer is a change in frequency. 

The observed frequency n = n + Bn, 

u /v + u\ 

= n + -n, = n -), 

v \ v / 

. n' v + u 

and — =-. 

11 v 

Since ?zA = n'A' = v , the apparent wave-length A' for a velocity of 
approach u is given by 

A'=A —; 

v + u 

whence the expression for the wave-length change can be shown to be 

SA u 

A v+u * , 

with the sign of u reversed if the observer is receding. 

As before, if the velocity of 0 is u cm. per sec. at an angle 6 to 
OS, the distance covered in 1 sec. in the direction of OS is u cos 0 cm.; 
whence, repeating the argument with u cos 6 substituted for u, 

n' _v + u cos 6 A' v 
n v ’ A v + u cos 6 ’ 

SA _ u cos 6 
A v + u cos 6 * 

all with u reckoned as a velocity of approach. 
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Distinction between the two cases. Whether there is any practical 
distinction between the effect of moving source and of moving 
observer for a given relative velocity depends on the magnitude 
of u. Thus, considering a whistle borne on a locomotive travelling 
at 100 ft. per sec. towards a fixed observer, 

n'/n =vl(v-u) = 1100/ (1100 - 100) = 11/10; 

while, if an observer travel on a similar vehicle at the same speed 
towards a stationary whistle, of the same pitch, 

n'/n = (v + u)/v = (1100 + 100),/1100 = 12/11, 

appreciably different from the other case. 

The optical shift of spectral lines is caused by relative velocities 
of up to about 1/100 that of light, and so the distinction would be 
small. While astronomical evidence of another kind may perhaps 
indicate the contributions of the motions of source and observer to 
the relative velocity, it is always usual to treat stars as cases of 
“ moving source, fixed observer.’ 


General expressions. The foregoing treatment has worked out 
each particular case separately, but the formulae can be generalised 
using algebraic signs to denote direction. It is advisable not to re y 
on formulae ; the only safe rule is to relate every problem to a 

diagram, and work from first principles. 

So far we have worked out a series of particular cases related 

to diagrams, taking u to be positive if source and observer arc 

approaching one another. . 

For consistency, adopting the convention that the drrection 
which the sound travels to the observer is the positive d^ct.on, the 
observer’s velocity in the argument of p. 361 should be 
negative ; that is, we should write «„ = (-«)• 1 hen 

» becomes ^ = '^5, and so on. 

Considering only direct approach or recession, if«, verity 

of the source and u 0 that of the observer, both‘ ^ ckon f P° s the 

the direction of propagation of the sound and negative it 
opposite direction, then the ratio of observed frequency » to true 
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frequency n is — = —-— if the source alone moves, =-- if the 

1 J n v - u s n v 

observer alone moves, and — = -—— if both are in motion. 

n v - ii s 

If the medium moves with velocity w along the line joining source 
and observer, the effective value of v is v + w, whence 

n _ v + w - u 0 
n v + w- n s ’ 

this expression is only relevant in the acoustic case. 


EXAMPLES OX CHAPTER 



1. An explosive percussion signal on a rail is sot off by a locomotive 
passing over it. A listener 1 km. away with one ear to the rail hears two 
reports. What is the time interval between them? 

[Young’s modulus for steel =2 x 10 ,s dynes cm. -8 ; density of steel 
= 7-8 gm. cm. -3 ; density of air=0013 gin. cm." 5 ; ratio of spec i lie 
heats of air = 1-4 ; 1 atmosphere = 10® dynes cm. -2 .] (C. S.) 


2. Two wires, .-1 and B, made of the same metal, of equal lengths and 
with diameters in the ratio 7 : 4, when set into transverse vibration give 
notes whose frequencies are in the ratio 4 : 5. These notes are brought 
into unison when the tension in B is diminished by 1-5 kgm. wt. Find 
the tension in A and the original tension in B. (X.) 


3. A rope 5 metres long has a total mass of 245 gm. It is stretched 
with a constant tension of 1 kgm. weight. If it is fixed at one end and 
shaken by hand at the other, what frequency of shaking will make it 
break up into three vibrating segments? (C. S.) 


4. A stretched steel wire, 0-5 mm. in diameter, is supported at two 
points 30 cm. apart. What tension must be applied to make its lowest 
characteristic frequency of transverse vibration 1000 cycles per second? 
What approximations do you make? 

[Density of steel = 7-8 gm./c.c.] (C. S.) 

5. A weight of 5 kgm. suspended from the lower end of a uniform wire 

of length 1 metre and diameter 0-3<> mm. produces an extension of 2-5 
mm. Find the frequency of the note emitted when the stretched wire 
is stroked by a resined cloth. The density of the material of the wire is 
7-8 gm. per c.c. (jj.) 

6. Two strings of the same material and of the same cross-section are 

suspended on a sonometer. One is loaded with 12 kgm. and the other 
with 3 kgm. The first string is timed to the first harmonic of the second 
string. If the second string is 100 cm. in length, what is the length of 
the first string? c . 
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7. Write down expressions for the velocity of propagation along a 
stretched wire of (r/) transverse waves, (b) longitudinal waves. 

Find the ratio of the fundamental frequencies of transverse and 
longitudinal vibrations for a steel wire, diameter 1 mm., mounted on a 
sonometer and stretched by a force of 10 kilograms weight. 

[Young’s modulus for steel =20 x 10“ dynes per sq. cm.] 
Describe and explain a method of finding the velocity of longitudinal 
waves in a long steel rod. 

8. Distinguish between free, forced , and resonant vibrations, giving 
one example of each. 

9. Describe in detail an experimental arrangement for producing 

stationary soimd waves in air. Show how the displacement, particle 

velocity, pressure ancl density vary at a series of points A/8 apart. 

(C. b.) 

10. Distinguish between progressive and stationary waves. A 
sounding organ-pipe closed at one end is adjusted to resonance. De¬ 
scribe carefully the motion of the air in the pipe and the changes ot 

pressure with time at various points along the pipe. 

The second overtone of a pipe closed at one end has the same frequency 
as the third overtone of a pipe open at both ends. Neglecting end ettects, 

compare the lengths of the pipes. 

11. Describe an experiment to illustrate the formation of stationary 
waves (with more than one loop) on a string or wire. If a c JPP® r ™ 
0193 mm. in diameter is used, what must be the tension to forni loops 
30 cm. long when the frequency of vibration of the wire is 64 per sec.. 

Give the result in gm. wt. . , /m \ 

[The density of copper is 8-93 gm. per c.c.] \ •> 

12. Distinguish between progressive and stationary waves. 

Describe the motion of the air in a closed sounding orgar» P>P£ “ 

justed to resonance, and the changes of pressure with “* V “'° 
points along the pipe. Describe some expenmental evidence in supi g ) 

of your statements. 

13. What are the resonance frequencies of the air in a narrow pipe one 
metre long open at both ends at 20° C. and 740 mm. of mercury ? 

[Ratio of specific heats of air _ ‘ * . 

Density of air at n.t.p. = 0 '^, 13 gm./c.c. 

Density of mercury = qafcnWsec *1 <C. S.) 

Value of j 7 = 981 cm * /sec * \ , nd 

14. Explain the production of stationary warn ^fl^d 

waves is propagated along a wide pipe an 002 the frequency 

open end. If the amplitude of the w ves^ O , tn^ 1 at 

e . <- s d > 

t en*on A giv?S beatersVotd Xn mo" —"/made 



EXAMPLES 


3(55 


to give their fundamental tones simultaneously. Calculate the fre¬ 
quencies of vibration of the two tones, given that the densities of brass 
and steel are 8-4 and 7-8 gm. |>er c.c., respectively. (O. A: C.) 


10. Two wires vibrate transversely in unison. The tension in one 
wire is increased by 1 per cent, and now, when they vibrate simultane¬ 
ously, three beats are heard in 2 sec. What was tlie original frequency 
of vibration of the two wires? (X.) 


17. A vibrating tuning-fork is moving steadily with a velocity of 150 
cm./sec. normally towards a wall from which the sound waves are re¬ 
flected. If the frequency of the fork is 512 see. -1 , what will be the 
frequency of the beats heard by a stationary observer who has just been 
passed by the fork ? 

(Velocity of sound =330 m./see.] (C. 8.) 


18. Give an account of the formation of beats and deduce an expression 
for the frequency of the beats in terms of the frequencies of the sources. 

Two trains approach one another along the same line each moving 
with a velocity of 10 ft. per sec. A whistle of frequency 250 per sec. is 
sounded on each train. Find the frequency of the beats between the 
two sources as heard by an observer on either train. ((.’. S.) 


19. Show that when two notes of frequencies /,, /, are sounded simul¬ 
taneously beats *’ are produced of frequency/, 

An air-raid siren, situated 550 ft. from the vertical face of a sharply- 
rising cliff, emits a note which rises in frequency uniformly from 0 to 
250 c./sec. in 5 sec. and then drops uniformly through the same range in 
the same time. Observers notice a beating effect which they attribute 
to reflection of the sound from the face of the cliff. Discuss the pheno¬ 
menon, and show how you would expect the beats to vary in clearness 
and in frequency for observers in different situations. 

[Velocity of sound = 1100 ft./sec.] (C. S.) 


20. Explain why the motion of a source of sound affects its pitch ns 
heard by a stationary observer. 

What is the velocity of the source along the line joining the source to 
the observer if, as a result of the mot ion, the frequency of the note heard 
is (a) increased in the ratio 16 : 15, (6) decreased in the ratio 15 : 16? 
Assume that the velocity of sound is 1120 ft. per sec. and give the results 
in teet per sec. Derive any formula employed. (X.) 


21. Explain what is meant by the Doppler effect and obtain an accurate 

expression for it when an observer is moving towards or away from a 
tixed source. * 

An object is dropped from an aeroplane travelling horizontally in a 
straight line with a velocity of 250 kilometres per hour at a height of 
o kilometres Immediately the object strikes the ground a hooter near 

Von f-, aC V where 11 str,1 5? s 13 sodded and emits a note of frequency 
300 vibrations per sec. Neglecting effects due to air resistance, calculate 
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the time that elapses between the moment the object leaves the aero¬ 
plane and that at which the pilot first hears the hooter and also the 
initial frequency of the note heard. 

[2=980 cm. sec. -2 . Velocity of sound in air = 330 m./sec.] (C. S.) 

22. Give a general account of the Doppler effect, with examples in 
sound. Consider the bearing which the velocity of the wind may have 

on the effect. . 

A plane is travelling horizontally in a straight line in still air with a 

velocity of 400 ft. per sec. Find the percentage difference between the 
frequency of the sound of the plane heard by an observer on the ground 
at the instant when he sees the plane vertically overhead and the " true ” 
frequency. Assume the velocity of sound in air to be 1120 ft. per sec. 

23. How is it possible to learn something about the motion of the 

stars from their spectra? As an illustration consider the case of a star 
receding from the earth with a velocity of 300 miles per sec. Assume the 
velocity of light to be 186,000 miles per sec., and consider a spectral 1me 
of wave-length 3968 x 10 -8 cm. ' 

24. A source emitting sound of natural frequency n moves in a straight 

line l with constant velocity v. A stationary observer is at a point not 
on the line. Prove that, to him, the apparent frequency at any instant 
is ncl(c -v cos 0), where c is the velocity of sound and 0 the angle be¬ 
tween l and the line joining observer and source. , 

Calculate the rate of change of frequency at this instant and sho 
that if the source passes close to the observer he will notice a sudden -drop 

r I 

of pitch. 

25. When spectra of small areas of the sun’s surface at opposite ends 
of the solar equator are compared, corresponding lines m t 8 

A = 4500A. show a relative shift of 0 058A. Deduce the solar rotation 
period, assuming the earth to be in the sun’s equatorial plane. 

[Diameter of sun = 1-39 x 10 6 km. 

Velocity of light =3 x 10 10 cm./sec. 

1A. = 10 -3 cm.] 

20 A man is standing beside a railway line observing t he whistle of a 
passing train. The whistle, which has a natural 
cycles/sec., suffers an apparent change of £ l°° 

“ th0 • (C- SO 

-S <£= 

si mouonL ***. - 

SO rtrata d is 0 mo e v r . V ng r with uniform velocity . on a straight track between 
observer^m ^ 
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each of the bridges. If the velocity of sound is V, find the ratio of the 
wave-lengths of the waves reflected from A and B and the ratio of the 
frequencies of the echoes heard by the observer. (C. S.) 

28. Give an accoimt of the Doppler effect in sound and light. 

A man directs a beam of sound of frequency 12,000 cycles/sec. at an 
approaching motor car. He listens to the beats between the reflected 
sound and that emitted. What is the frequency of these beats if the 
car is travelling at 30 m.p.h. (44 ft./sec.)? ” (C. s.) 

29. Explain the effect of the motion of the source and of the observer 
on the apparent pitch of a note. 

An express train blowing its whistle travels through u station, anti an 
observer standing on the platform notices that as the engine pusses him 
the drop in pitch of the whistle corresponds to an interval of 0/5. What 
is the speed of the train? (Speed of sound in air = 1100 ft. per sec.) 

(O. & C.) 

30. Give an account of the Doppler effect in the propagation of sound 
and light. If 5 x I0~* cm. is the smallest difference of wave-length 
which can be detected by a spectrometer in the neighbourhood of the 
wave-length 6 x 10~ 5 cm., what is the smallest velocity of a star relative 
to the earth which can be measured? 

(Tiie velocity of light is 3 x 10 10 cm. per sec.) (O. & C.) 


CHAPTER 12 

GRAVITATION 

The solar system. The earth is one of a company of nine planets 
which travel in orbits round the sun. The others are the planets 
Mercury, Venus, Mars, Jupiter, Saturn, Uranus, Neptune, and 
Pluto. Numerous comets following very flattened elliptical orbits, 
and huge numbers of small planetary bodies called asteroids, com¬ 
plete the family of solar satellites. The planets are distinguishable 
from the “ fixed stars ”, some by their conspicuous brilliance and all 
by the fact that they describe paths of their own in the heavens. 
Five were known to the ancients, and are (with the possible exception 

of Mercury) easily located by anyone. 

Three are of more recent discovery: Uranus was found by Herscnei 
early in the nineteenth century, Neptune by Leverrier and Adams in 
1846 and Pluto in 1931. Each of the later observations, made by 
telescope, was preceded by calculation which showed that such a 
body was to be expected in about the observed position. 

Kepler’s Laws. Kepler (1609), from the observations of Tycho 
Brahe a Danish astronomer, who was the first to attempt reasonably 
precise records of the positions of the planets, stated three Ians con 

cerning the motions of the planets round the sun. 

(1) Each planet describes an ellipse, with the sun in one of its loci. 

(2) For a given planet, the radius joining the planet to the sun 
sweeps out equal areas of the orbit in equal times. 

(3 ) The squares of the periodic times of the various planets 

proportional to the cubes of the major axes of thelr or ^ . 

In the table on p. 370, the ratio of the major axis to the minor ax,^ 

of the ellipse described by each planet is sl ‘°^ “ ^f hysics. 

all close enough to unity for the purposesof miles, and the 
The radius of the orbit of each is given in millions ot mile 

j.ne rau n tio i - 3 /? 12 has been worked out tor eacn, 

periodic time in years. Th < / within the limits of this 

using four-figure tables. The agreement is, within the Him 

arithmetic, very close indeed. 
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Diagram representing the solar system (not to scale) ; 
r and T for the earth’s orbit taken as unity. 


Pluto has been excluded from this table. Its period is about 
249 years and the “ mean radius ” of its very elliptical orbit about 
3900 million miles. Present data indicate that its course will carry it 
within the orbit of Neptune in the near future. 


2 A 


N.P. 
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Planet 

Ratio of 
major to 
minor 
axis 

Radius of 
orbit in 
millions 
of miles 
(r) 

Periodic 
time in 
years 
(T) 

r 3 

T 2 

Mercury 

■n 

36 

0-24 

8-10 xlO 5 

Venus 


67-4 

0-62 

7-97 x 10 5 

Earth 

H9 

93 

1-00 

8-04 x 10 5 

Mars 

1005 

142 

1*88 

8-08 x 10 5 

Jupiter 

1-004 

485 

11-86 

8-10 x 10 5 

Saturn 

1-002 

885 

29-46 

7-98 x IO 5 

Uranus 

1-001 

1780 

83-75 

8-06 x 10 5 

Neptune 

nearly 1 

2800 

164-8 

8-10 xlO 5 


Except in the case of Mercury, and possibly Mars, the elliptical 
orbits of the planets differ very little from circles—at least they are 
near enough to circles for our present discussion. A circle is a 
particular case of the ellipse, in which the major and minor axes are 
equal and the two foci coincide at the centre. We can thus restate 
Kepler’s Laws in the following words for our purposes : 


(1) Each planet describes a circle, with the sun at the centre. 

(2) Each planet describes its circular path at uniform speed. 

(3) The squares of the periodic times of the various planets are 
proportional to the cubes of the radii of their orbits ; that is, if r 
stand for the radius, T for the period, and oj ( = 2nlT) for the angular 
velocity of the line joining a planet to the sun, 

r 3 
2 » 


or rW, 


has the same value for each planet. 

We know (p. 79) that a body moving with uniform speed in a 
circle experiences an acceleration rw 2 , or i^/r, towards the centre of 
the circle, and that this acceleration is provided by an external 
force mra> 2 , (or rnv 2 /r), absolute units towards the centre of the circle. 
Two questions now arise : How is the force which maintains the 
planets in their circular paths provided, and how does it happen that 
r 3 /T 2 , and consequently r*a> 2 , is the same for all the planets? 

Newton showed that the explanation of the origin of the pull 
towards the centre is gravitation: that is, the planets are attracted 
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towards the sun in just the same manner as a body at the earth's 
surface is attracted towards the earth ; and that Kepler s laws 
followed as a consequence of the way in which the attraction be¬ 
tween two bodies varies with their distance apart. Gravitation is a 
universal effect, operating according to the same law between every 
two particles in the universe. 

Before stating the law of Universal Gravitation formally, it will 
be instructive to follow a very simplified version of Newton's ex¬ 
position of the generality of the law. We must suppose that he 
believed in such a law for a very long time before he was able to 
establish it ; but it was no windfall from the tree of knowledge, and 
was reached only after great and mighty labours. He even explored 
in great detail an alternative view of planetary motion, that of 
Descartes, who supposed they were carried round in vortices in a 
fluid medium. Newton showed that this would be incompatible with 
Kepler’s laws ; his work on fluid motion (p. 242) was directed to that 
end. 

Universal Gravitation. All bodies at the same place fall freely 
to the earth with the same uniform acceleration. That is, the 
weight of a body, or the earth's gravitational pull on a body at its 
surface, is proportional to the mass of that body. The equal and 
opposite reaction to this, the pull of the body on the earth, should 
presumably follow the same rule, and be proportional to the mass of 
the attracted body—the earth. Thus, if there is a gravitational pull 
between any two bodies this should be proportional to the mass m, 
of the first and also to the mass m 2 of the second ; that is, pro¬ 
portional to the product, m 1 . of their masses. 

Now, suppose that the force between two bodies varies inversely 
as the wth power of the distance between them, so that the force 
between two bodies of masses m l and w 2 at distance r apart is 

F=k VhUh " 
r n 

9 

where k is a constant of proportionality, and F is in absolute units. 

Applying this to the case of a planet describing a circular orbit of 

radius r round the sun, write m , the mass of the planet, for in lt and 

S, the mass of the sun, for m 2 . The force on the planet is then 

. mS 
k — 

rn 


absolute units. 
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This force maintains the planet in its circular path ; so it must be 
equal to mrw 2 , where w is the angular velocity of the radius joining 
the planet to the sun. 

Hence mroj 2 = kmS/r n , or r n+1 cv 2 = kS. 

This fits in with Kepler's third law if (i) n = 2 —or the law of force 
is the law of inverse squares; and (ii) k is not just a constant of 
proportionality for the equations for one planet, but is a universal 
constant—the same for all of them. 

Thus it is concluded that the gravitational force between the sun 
and a planet is proportional to the product of their masses, and is 
inversely proportional to the square of the distance between them; 
and that the constant of proportionality is the same for each planet. 

It has now to be shown that the earth’s gravitational attraction 
is of the same kind, and follows the same law. If this is so, a body 
projected horizontally from the top of a high enough mountain with 
a great enough velocity would describe a circular orbit as a satellite 
of the earth, like the moon, only nearer ; and if the motion of the 
moon itself fits a calculation of this kind, the point is proved. 

Assume that the earth itself is at rest (so that the centre of the 
moon's orbit is at the centre of the earth and not at the common 
centre of gravity), and suppose the sun’s attraction on both bodies 
is negligible ; both these simplifications affect the numerical result 
very little. Also assume that the earth’s gravitation at points 
bej'ond it is the same as if the whole mass of the earth were con¬ 
centrated at its centre ; this is a very important assumption, and in 
it lies the root of the whole matter. 

Let R be the radius of the earth ; then the radius of the moon s 
orbit is known to be nearly 60/?. The moon’s angular velocity, id, 
is 2tt radians per month, and the acceleration towards the centre of 
the path is 60 Rui 2 , which, when the values of R and co are sub¬ 
stituted in the relevant units, gives 0 0089 ft. sec. -2 

The acceleration, g, of a freely-falling body at the earth s surface 
is due to the earth’s gravitational attraction at distance R from the 
centre ; assuming the inverse square law, the acceleration of the 
moon, at distance 60/?, towards the centre of the earth should be 
g j 60 2 , which works out to 0-0089 ft. sec. -2 . The agreement is con¬ 
vincing. 
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Newton first approached this problem in 1605 or 1666, using an 
accepted value of R which was about 15 per cent, too low, which 
made OOtfar about 0 0073 ft, sec.- 2 , a discrepancy too great to 
claim as rough agreement. It is often said that this result led him 
to abandon the matter for some twenty years, as the reconciled 
calculations appeared in the first edition (1687) of the Prmcipiu. 
The more accurate value of R there employed was that of Picard 
(1671), and it is also said that on hearing of this value Newton 
revised the arithmetic with great excitement. It is curious that 
Newton was not discouraged by a discrepancy of nearly the same 
order from publishing his calculation of the velocity of sound in air, 
and it is likely that he knew of determinations, in agreement with 
Picard's, which had been made before 1665. It seems more probable 
that he was engaged in wrestling with the real difficulty—that of 
proving that universal gravitation between all particles would re¬ 
quire that the earth should attract external bodies just as if the whole 
of its mass were concentrated at the centre. For if this is established, 
something much more general than planetary or terrestrial attraction 
follows ; universal gravitation is itself demonstrated by the earth 
and the planets. 

In Prop. LXXIV, Cor. II, Newton states : 

“ If a corpuscle placed without a homogenous sphere is attracted 
by a force inversely proportional to the square of its distance 
• from the centre, -and the sphere consists of attractive particles, 
the force of every particle will decrease as the square of the 
distance from each particle.” 

That is, universal gravitation between all particles can be deduced 
from the fact that a sphere such as the earth behaves in this way. 

The words “ corpuscle ”, “ homogeneous sphere ”, and “ particle ” 
should be noted ; nothing is said about nondescript “ bodies ”. 

The simple formula for gravitational attraction applies to particles, 
which are masses of very small dimensions ; to celestial bodies, since 
the distances involved are so great compared with their dimensions 
that they are treated as particles ; and to homogeneous spheres 
(see p. 378), treated as if they were massive particles located at their 
centres. But the application of the formula to attractions between 
“ bodies ” in general is mathematically rather difficult. 
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The enunciation of the Law of Universal Gravitation given in 
Thomson and Tait’s Natural Philosophy is : 

Every particle of matter in the universe attracts every other particle 
with a force whose direction is that of the line joining the two, and whose 
magnitude is directly as the product of their masses, and inversely as 
the square of their distance from each other. 

These authorities call the law a “ property of matter ” ; Newton 
did not subscribe to the view that gravitation is an innate property 
of matter, and would frame no hypothesis as to its nature. 

In symbols, Newton’s Law of Umversal Gravitation is written 

_ Gm.m, . . 

F = —absolute units, 

where F is the force of attraction between the two particles, m 1 and 
m 2 are their masses, r is the distance between them, and G is the 
Universal Gravitation Constant. 

Analogous laws of force are found in electrostatics and in magnet¬ 
ism, though in these cases the medium through which the attraction 
acts plays an important part. There is no experimental evidence for 
the existence of any gravitational property corresponding to mag¬ 
netic permeability or dielectric permittivity. 

Value of G. If m 1 and m 2 are in grams, r in centimetres, and F 
in dynes, the value of G is nearly 6-6 x 10 -8 c.g.s. units. 

Th,e dimensions of G are those of 

(force) x (distance) 2 
(mass) 2 ’ 

or MLT~ 2 xL 2 x M~ 2 , or M-'L'T- 2 . 

The very small numerical value of G makes its determination a 
matter of extreme delicacy, for the force between two “particles” 
each of mass 1 gm. separated by 1 cm. is of the order of 10 -10 gm. wt. 

This difficulty has been faced in several ways. The attraction 
due to a very large mass, such as a mountain or a deep layer of the 
earth’s crust, has been measured. Very sensitive beam balances and 
torsion balances have been designed to measure the attraction 
between masses of reasonable size ; and there are other valuable 
methods. But it is only proposed to deal in detail with one method 
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in this chapter, and the reader is referred to Poynting and Thomson’s 
Properties of Matter for a full historical survey of the experimental 
work. 

The value of G is a constant of extreme importance. Once this 
is known we can, with the help of other available information, find 
the mass of the sun, the mass of the earth, and the mass of any 
planet which possesses a satellite (as do all except Mercury, Venus, 
and, so far as is known, Pluto). 


Mass of the sun. From the previous argument, it is seen that for 
the orbit of any planet rV = GS, where G is now written instead of k. 

Thus S = rW/G. 

The table of p. 370 gives a mean value of about 8 x 10 5 for rVr, 
when r is in millions of miles and T in years. Bringing r to centi¬ 
metres and T to seconds, and remembering that a> = 'lirjT , we get for 
rW in c.g.s. units 


8 x 10 5 x 10 18 x (30-4 x 5280) 3 x 4 tt 2 


= 1-311 x 10 2fl 


So, 


(3600 x 24 x 365-3) 2 
S = 1-311 x 10 26 /6-6 x 10- 8 = 1-99 x 10 33 gm. 


Mass of the earth. While it is probably not the most convenient 
way of marshalling our information to this end, the mass of the 
earth can be found similarly by considering the motion of the moon 
round the earth. If m be the mass of the moon, E the mass of the 
earth, r the radius of the moon's orbit, and co the angular velocity of 
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the line joining moon and earth (2 t t radians per month), then, as 
before (see diagram), 

mroj 2 = GmEjr 2 y 

whence r 3 co 2 = GE y or E = r 3 oj 2 /G. 

In round figures, 

r = 240,000 miles = 240,000 x 30-4 x 5280 cm., 
w = 2-nl (27*3 x 24 x 3600) radians per second 

E _ (240,000 x 30-4 x 5280) 3 x 4 tt- 2 
(27*3 x 24 x 3600) 2 x 6*6 x 10~ 8 
= 6*1 x 10 27 gm., 

which is about 3 per cent, greater than the accepted value. 

Masses of the planets. Each of the outer planets from Mars to 
Neptune is accompanied by satellites of its own. Twelve satellites 
of Jupiter and ten of Saturn have been discovered, but for both these 
planets only four are given in the table opposite, with their names 
and the numbers by which they are usually known. The mean 
radius of the orbit of each satellite is given in centimetres, and the 
periodic time in seconds. It is seen that, for any one planet, the 
value of r^jT 2 is constant for all its satellites, showing that Kepler’s 
third law holds, and that the satellites are held in their orbits by an 
inverse-square law gravitational attraction. As w is 27t/T, the mass 
of each planet can be found by taking 47r 2 r 3 /T 2 for any of its satellites, 
and dividing by G. The figures here given have been rounded off, 
and the resulting masses expressed in terms of E differ by a few per 
cent, from those obtained by more precise arithmetic. 

Two important attraction theorems. It is not, in general, true 
that for purposes of gravitational attraction a body can be supposed 
to act as if a particle of the same mass were placed at the centre of 
mass of the body. But it can be proved that: 

(1) For a uniform solid sphere, or for a uniform hollow spherical 
shell, the attraction at points outside the sphere or shell is that which 
would result if a particle of the same mass were at the centre of the 
sphere or shell. 

(2) For a uniform hollow' spherical shell the attraction at points 
within the shell is zero. 
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Planet 

Name of 
satellite 

Mean 
Radius r 
of orbit in 
cm. 

Periodic 

time, 

T sec. 

r 3 

2*2 

Mass in 
prams, cal¬ 
culated from 
• 4 W 2 r 3 

0 ' an<l 
in terms of 
earth's mass 
E 

Mars 

Phobos 

9-7 x 10 8 

2-75 x JO 4 

119 x 10' 8 

7-0 x 10 2 ®gm. 

(2 satellites) 

Deimos 

2-4 x 1<)» 

109 x 10* 

119 x 10'* 

= 012 E 


Io (I) 

419 x ID'® 

1-51 x IO 5 

3-22 x IO 21 


Jupiter 

Europa (II) 

G OT x 10'° 

3 0G x 10* 

3*16 x lo 2 ' 

1 -9 x IO 30 gm. 

(12 satellites) 

Ganymede (111) 

10G x10“ 

GIG x10 5 

317 x IO 2 * 

= 320 E 


Callisto (IV) 

1-87 x 10“ 

1-38 x 10* 

3-39 x 10 8 > 



Mimas (I) 

1-87 x IO 10 

7-9 x 10 4 

1 04 x 10 21 


Saturn 

Enceladus (II) 

2-39 x 10 l ° 

1-15 x 10 s 

1 04 x 10 21 

5-9 x IO 29 gm. 

(10 satellites) 

Iapetus (VII) 

3-59 x 10“ 

6-8 x 10* 

0-99 x IO 21 

= 98 E 


Phoebe (VIII) 

1-30 x 10“ 

4-7G x 10 7 

0-98 x 10*' 



Ariel 

1-90 x 10'° 

2-10 x 10 s 

1-48 x lo 20 


Uranus 

Umbriel 

2G8 x 10'° 

3-56 x 10 s 

1-52 x IO 20 

8-9 x 10 28 gm. 

(4 satellites) 

Titania 

4-36 x 10'° 

7-49 x 10* 

1-49 x IO 20 

= 14 E 


Oberon 

5-82 x 10*° 

112 x 10 8 

1-56 x 10 20 

, 

Neptune 
(1 satellite) 


3-57 x 10 10 

5-06 x 10 s 

1-77 x IO 20 

1 05 x 10 29 gm. 
= 17-5 E 


Consider a uniform spherical shell of mass p per unit area. Let 
A be any external point and let AC cut the surface of the shell in D 
(see diagram, p. 378). The usual approach in this kind of problem is 
to divide the surface up into elements by means of cones ; here it is 
important to select the right point to serve as vertex for these cones, 

and this point is B, the point in AC such that . Let PQ be 

v- U C A 

a double cone of small solid angle dw, cutting out small elements of 
area at P and Q, and having its vertex at B. It follows that the 
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Attraction of uniform spherical shell at external point. 

triangles BCP, A PC, and ABQ are similar, and that the angles CPB, 
CQB, PAD, and QAD, all marked d in the diagram, are equal. 

The areas of the surface elements at P and Q are : 

BP 2 . dm . sec 6 and BQ 2 . dm . sec d ; 


their masses are 

p . BP 2 . dm . sec d and p . BQ 2 . dm . sec 6 ; 

and their attractions on a particle of unit mass placed at A are : 

G . p . BP 2 .dm .seed . AT> 

— t. -- along AP, 

, G . p . BQ 2 . dm . sec d ^ _ An 

and - AQ 2 - along AQ. 

But as the triangles BCP, APC , and ABQ are similar, 

BP BQ CP 
AP AQ AC’ 

so that the attractions due to both elements are equal, each being 

CP 2 , 


along AP, 
along AQ. 


Their resultant is 


0 ■ p ■ AC* ' dw ' Se ° 6 ' 
CP 2 

2G. P . ~rp ^2 -dm. seed, cos 6, 
AC 2 


» 


or 


Cp 2 

2G . P . • dm, along AC. 
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The sum of all the attractions for all such pairs of elements is 

CP 2 2 £ 7 „ 47 rpCP* 

~ P ' AC 2 o Ja> 6 ' AC- ' 

But 477 CP 2 p is the mass M of the shell, so the attraction on unit 
mass at A is 

a. m 

AC 2 ’ 

just as if the whole mass M had been concentrated at C\ 

The same result must be true of a uniform solid sphere, which is a 

series of such concentric shells, and also for a body such as the earth, 

which can be regarded as a series of uniform concentric shells for 

each of which the value of p depends on the radius. 

For a point A within a uniform spherical shell (see diagram), take 

A as the vertex of a double cone. Using the same notation as before, 

the attraction of the element at P on unit mass at A is 

G . p . AP 2 . doj . sec 6 . 

- -jpr z - along AP ; 

and that of the element at Q is 

G . p . AQ 2 . doj . sec 6 , 

-- along AQ. 

These are each equal to 

G . p . doj. sec 9, 

and are oppositely directed, so their resultant is zero. 
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The same is true for every other such cone. Hence the attraction 
of the shell at all points inside it is zero. This applies to any shell, 
however thick ; and also to the case when p varies with the radius in 
a thick shell. 


Variation of g with altitude above sea-level. Let R be the radius 
of the earth, E its mass, and g the value of the acceleration at sea- 
level. Then 


g = GE/R 2 . 



Supposing the earth is a uniform sphere, the 
acceleration g' at height h above sea-level is, 
since E acts from the centre of the earth, 


9 = 


GE GE /- 

(*+*)*“ jj*Y + 


h \ — 2 


s> 



Since h must always 


be small compared with R , 



and 



Velocity of escape. The weight of a body of mass m gm. at a dis¬ 
tance x cm. (#>i?) from the centre of the earth is GmE/x 2 dynes. 
The work which must be done upon it in order to raise it through a 
further bx cm. is 

GtnE ~ 

—— . bx ergs. 
x 2 


The work which must be done upon it in order to remove it to an 
infinite distance is the sum of ail the work done in all the intervening 

bx steps, from x = R to x = » , or 


® GmE 

S -^2- • er g S - 

. GmE 

This summation, evaluated by the integral calculus, gives —g- ergs. 

A body of kinetic energy greater than this would, if projected out¬ 
wards in any direction, escape completely from the earth. The critica 
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velocity v above which escape is possible is given by \mv 2 = GmE/R t 
or 



cm./sec. 


Using the values G = 6-6 x 10~ 8 c.g.s., E = 6 x 10 27 gm., R = 6*4 x 10 8 
cm., this escape velocity is about M x 10 f * cm./sec., about six times 
the root-mean-square velocity of hydrogen molecules at 0° C., 
and more than thirty times the velocity of sound in air at the same 
temperature. 


Variation of g with depth below the surface. Again, supposing 
the earth to be a uniform sphere, an observer at depth x below the 
surface, is inside a spherical shell of radius R and thickness x (see 
diagram), so that the attraction due to this part of the earth's mass 
is zero. The effective attracting mass is a sphere of radius {R -x). 

If d be the density, supposed uniform throughout, the total mass 
of the whole earth, E, is %-ttRM ; while the mass of the portion effec¬ 
tive for attraction at distance x from the surface, E\ is %tt{R -x) 3 d. 
Thus 


9 = 


GE G4nR 3 d 4 


= - 7 rRdG, 


R 2 R 2 

while at depth x the value of the acceleration of gravity is 

GE' 4 _ 4 


9 = 


(R 


—^- 7T{ R-x)dG = -nRdG(l -|) 


= g (l - J), as g = $ttR d G. 


Hence 




Thus the value of the acceleration due 
to gravity is greatest at the surface of 
the earth, and decreases both for rise 
above the surface and descent below the 
surface. 


The Harton coal-pit experiment. The 
calculation of the last section, treating 
the earth as a uniform sphere, leads to 
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an entirely false numerical value of the rate of decrease with depth 
since the mean density of the surface strata of the earth’s crust is 
about half the mean density of the earth as a whole. Let p be the 
density of the surface strata ; then the volume of the surface layer 
is 47 tR 2 x, its mass 47 jR^xp, and the effective attracting mass at 
depth x is (E -4irR 2 xp). 

Q GE 

So, as g = , 

,_ G(E- 4ttR 2 xp) G{E -4t tR 2 x p ) 

9 ( R ~ X ) 2 R 2 (l _*)* 


GE/ 2x\ / 2x\ 

= &( l + RJ- 47TXpG ( l + r) 

= {g -4rrrpG) (l + ^). 


If then the values of g and g\ at the surface and at depth x, be 
measured, together with R and the mean density of the surface 
la vers above the level of the second observation, the value of G can 
be calculated. 

Airy, in 1854, swung pendulums at the top and bottom of the 
shaft of the Harton Pit, near Sunderland, and obtained a value of 
about 6-5 gm. cm. -3 for the mean density of the earth. 


Variation of g with latitude. Apart from minor local factors, there 
are two reasons why g decreases as we move from the poles towards 
the equator. The first is that the polar radius is slightly less than 
the equatorial radius ; the second is that part of the earth s gravita¬ 
tional pull on a body at the surface is employed in maintaining the 
body in its circular path, so that only the other component is avail¬ 
able to accelerate it vertically. We shall consider only the second of 
these effects, and suppose the earth is spherical. 

First, the gravitational pull towards the centre of the earth ex¬ 
perienced by a body of mass m anywhere at its surface is 

mGE 
R 2 * 

which we will call mg. For a body at the equator, moving in a path 
of radius R with angular velocity w (which is 2 tt radians per day 
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Variation of g with latitude. 


converted to radians per second), the force experienced towards the 
centre of this path is mRuj 2 , and if g' be the acceleration of gravity 
at the equator 

mg = mg' + mRcu 2 , 

or, g = g'+Ra> 2 ; 

whence, g' = g - Rw 2 . 

For a body at latitude A, the circular path described has radius 
-ft cos A; to maintain this, a force directed towards the centre of 
this path, Q, of magnitude mR cos Aoj 2 , must be provided. 

The force mGEJR 2 , or mg, towards the centre 0 of the earth, must 
furnish this. We must therefore resolve mg into two components, 
one of which is mR cos A w 2 in the direction P Q ; the other com¬ 
ponent has to be determined, and this is mg' —but it is not directed 
towards 0. In fact, the vertical at P, as determined by plumb-line, 
is not exactly normal to the surface. 

In the accompanying diagram, PC represents mg, and the ad¬ 
jacent sides PA and PB of the parallelogram represent mR cos XoP 
and mg' respectively. Using the cosine formula, 

(mg') 2 = (mg) 2 + (mR cos A tu 2 ) 2 - 2 mg . mR cos 2 A to 2 
or, 

g' 2 =g 2 - 2gR cos 2 A cu 2 + P 2 cos 2 A ad. 
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This expression differs from that given in standard tables for the 
variation of g with A, where of course the variation of R with latitude 
is considered and the cos 2 A factors are expressed in terms of cos 2A, 
but is of the same form. 

Torsion-balance method of determining G. This experiment, first 
performed by Cavendish in 1797, was repeated in 1895 by Boys using 
apparatus very similar in principle, but affording greater accuracy 
on account of differences in design. The theory common to both 
experiments will first be given, after which we shall consider some 
of the special features of Boys’ apparatus. 

Theory. Consider two small equal spheres, each of mass m gm., 
at the ends of a long light rod of length 2a cm., suspended sym¬ 
metrically from a fine wire which requires a couple of k dyne-cm. to 
turn the lower end through one radian (see diagram). 

Two large spheres, each of mass M gm., are brought up in the same 
horizontal plane as the smaller spheres, so that the distance between 
the centres of gravity of each pair of spheres is a; cm. The rod then 
swings through a small angle 6 radians, which is observed. 
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The force between corresponding pairs of spheres is GMm/x 2 dynes, 
so the moment of the deflecting couple is 

GMm . . 

- 5 — . la dyne-cm., 

X 


and the moment of the restoring couple due to the wire is k6 dyne- 
cm. Thus, in equilibrium, 


GMm 


x 2 


.2 a=k$ 


( 1 ) 


The value of k is found by measuring the time T of oscillation of 
the suspended system about its axis ; then, if / be its moment of 
inertia about this axis, T = 2itJ I jk (p. 21)8), so k = 477-1/1 ' 2 ; 

Hence 

GMm . 4t t 2 1 

. 'la = _ (7, 


x 2 


r J'2 


and 


_ Irrlx 2 
° T*Mma 9 


( 2 ) 


As G is so very small, the angle 6 will always be small and difficult 
to measure accurately. It appears at first that the way to obtain a 
large deflection 6 is to make the whole of the apparatus as large as 
possible, bearing in mind the limitation set by the fact that the 
supporting wire has to bear the weight of the suspended system. 

Rearranging equation ( 1 ), 



it is interesting to see the result of doubling the linear dimensions of 
each part of the apparatus. 

(а) Effect of doubling the radii of the masses M. If the radius of 
each is doubled, the mass is multiplied by eight ; but now the 
distance x will have to be approximately double its previous value, 
so the factor M/x 2 is only twice its previous value. Thus if all the 
rest of the apparatus is unchanged, and the radius of the attracting 
masses is doubled, 6 should be doubled. 

( б ) Effect of doubling the radii of the suspended masses. Everything 
here depends on the torsion wire, which we will suppose initially to 
be so thin that it is carrying its maximum safe load. The maximum 
load is proportional to the area of cross-section, that is, to the square 

2B 


N.P. 
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of the radius of cross-section. But the couple required to produce 
one radian twist is proportional to the fourth power of the radius of 
cross-section, and inversely proportional to the length of the wire ; 
the formula is k = 7mr*/2/, where r is the radius, l the length, and 
n the modulus of rigidity. 

If the radius of each of the suspended spheres is doubled, the mass 
of each is increased eight times. Assuming that the weight of the 
rod is negligible, this means that the total weight to be borne by the 
wire is eight times greater, so, if it is not to break, the suspension 
must be of eight times the cross-section area, or the radius of cross- 
section must be v 8 times greater. The couple k to produce one 
radian twist must now be 64 times as great, so the factor m/k is 
one-eighth of its previous value. Doubling the radius of each of the 
suspended masses, and leaving other dimensions unaltered with the 
exception of that of the wire, which is strengthened sufficiently to 
take the greater load, thus reduces 9 to one-eighth of its previous 
value. It seems, then, that there is much to be gained by a light 
suspended system : in fact, the smaller the suspended masses are, the 

better it is. f , 

One factor has been left out of account—the length -a ot tne 

torsion arm. If this is doubled, while all other dimensions remain 
unaltered, 9 is doubled. 

Finally, if the length of the torsion wire is doubled, this halves k, 
and so, if this were the only change, would double 9. 

If, then, we double the linear dimensions of each part of the appara¬ 
tus (with the exception of the diameter of the suspension, dictated 
by its tensile strength and beyond our control to vary at will), Mjx 
is doubled ; m/k is reduced to one-eighth by altering the radius ol eacii 
of the small masses m, but if we also double the length of t e wire 
rn/k is instead reduced to one-fourth, and 2 a is doubled ; so tor 




X' 


k 


the change is 2 x i x 2 = 1 ; that is, the sensitiveness of the apparatus 

is uiiciltcrcd* . • tyia^ps * 

The ideal apparatus would then have very large attracting masse , 

a very light suspended system, with small attracted masses , 
long torsion arm. 
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Such an apparatus was used by Cavendish ; his torsion arm was 
a deal lath G ft. long. Details of the experiment will be found in 
most of the more advanced books ; for example, Poynting and 
Thomson's Properties of Matter (C. Griffin & Co.), or Cox's Mechanic# 
(Cambridge University Press). The only point we need dwell on 
here is that the size of the apparatus made it very difficult to keep 
the whole at a uniform temperature, though it was carefully en¬ 
cased, and the main sources of error were internal draughts caused 
bv convection currents. 

If this difficulty is to be overcome, the only solution is to sacrifice 
the long torsion arm, and use instead a very short one, so that the 
whole apparatus can be compressed into a space that can be main¬ 
tained at a uniform temperature. This necessarily means a decrease 
in sensitiveness—unless some material of greater tensile strength 
than the silvered copper used by Cavendish, with a comparable or 
smaller modulus of rigidity, is available. Boys found a means of 
drawing very fine fibres of fused quartz, a material with tensile 
strength about four times that of drawn copper, and slightly smaller 
modulus of rigidity. A fused quartz wire thus need only have a 
cross-section of a quarter the area of a copper wire in order to sup¬ 
port a given load safely—that is, only half the radius—and thus will 
have a value of k rather less than one-sixteenth of that of a copper 
wire which could have carried the load. The torsion arm could thus 
be a few inches long instead of some six feet, and still the apparatus 
would be as sensitive as that of Cavendish, without being subject to 
the errors due to inequality of temperature. 

Boys used a fused quartz suspension about 17 in. long and about 
0-0005 cm. diameter, with a torsion arm slightly less than one inch 
long. The attracted spheres were gold balls { in. in diameter, and 
the attracting spheres lead balls about 41 in. in diameter. The tor¬ 
sion rod was itself a mirror, and the reflection of a beam of light 
directed on it fell on a distant scale, so that very small deflections 
could be read. 

Attracted and attracting masses were arranged in pairs, at levels 
differing by about 6 in. to reduce the effect of cross-attractions, which 
in any event had of course to be allowed for. The attracted balls 
hung in an inner protecting tube. Diagram a shows the apparatus 
in elevation, and diagram b in plan. Diagram b also indicates the 
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(a) Elevation. (6) Plan. 

Boys’ Apparatus. 


way in which observations were taken ; first, the scale reading was 
noted when the attracting masses were in the position M l M it so that 
the attraction in one direction was a maximum; this is not quite 
the same as that stated on p. 384, for if the line joining the centres 
of each M and each m makes an angle <f> with the torsion arm, the 
effective arm of the couple is 2 a sin <f> and not 2 a. Next, the attract 
ing masses were moved into the positions M x 'M 2 ', and the scale again 
read. The difference between the readings gave 20. The remainder 

of the calculation is of course as on page 384. 

Boys’ value for G was 6-6576 x 10" 8 c.G.s., and the value for tne 
mean density of the earth corresponding to this is 5-5270 gm. per c.c. 


G and g ; the mass of the earth. Instead of considering the 
acceleration towards the centre of the earth of the moon in its orbit 
as a factor in determining the mass of the earth, why should we n 
take instead the acceleration of a body at the earth’s surface. . 

Such a body, of mass m gm., is acted on by its weight mg dynes 
if this is due to gravitational attraction between the body' and 
earth, of mass E gm., and radius R cm., and if the massotheearth 
acts for purposes of attraction as if all concentrated at its cen , 
then the gravitational pull on the body is GEm/R~ dynes. 



MASS OF THE EARTH 



m 


Thus mg = GEm /R-, 

or, E = gR 2 /G. 

So, measurement of g and G , together 
with the earth’s radius, enables the mass 
of the earth to be calculated. The measure- H 
rnent of R is a relatively simple surveyor's * 
problem and need not be discussed in detail 
here ; for if, with clock and sextant, the 
latitude and longitude of two stations is 
determined, measurement of their distance 
apart enables R to be calculated. 

Regarding the earth as a sphere of uniform density d gin. per c.c., 
which thus represents the mean density, we can write 

E = $irR*d, 

so $7TR*d = gR 2 IG, 

0 



whence 




4 77RG 


The problem of finding the mean density of the earth thus involves 
the same information as does finding the mass of the earth. 

Finally, the last equation can be rewritten 

G^lglrrRd, 

so that knowledge of g , R, and d enables G to be calculated. Newton, 
estimating that the mean density d was about twice that of the 
average density of the surface materials (between 2 and 3 gm. per 
c.c.), that is, d lay between about 5 and 6 gm. per c.c., was thus able 
to arrive at a rough value for G. 

It is important to realise that, while G is an essential factor in 
calculating the mass and mean density of the earth (and is by far the 
most difficult one to measure), two other quantities must also be 
determined, namely the radius of the earth, R , and the acceleration 
of gravity, g. 

Determination of g. A great number of simple dynamical experi¬ 
ments enable the value of g to be calculated roughly, but cannot 
easily be made to furnish reasonably accurate results ; either because 
conditions are not in practice quite so simple as the elementary 
theory supposes, or else because the value of g is so great that at 
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some stage in the experiment a very short interval of time has to be 
measured. Suppose, for example, we measure the distance s cm. 
fallen from rest in time t sec., and calculate g from the equation 
s = \gt 2 . To begin with, the body is not falling freely, and the effect 
of air resistance though small has to be reckoned with ; and then, 
since g is approximately 1000 cm. sec. -2 , the body covers about five 
metres in the first second, so that for any indoor experiment time 
intervals of less than one second have to be measured accurately. 

All accurate determinations are made by the use of a pendulum. 
For a simple pendulum making small oscillations, the bob describes 
a small arc ; and this is equivalent to running up and down an 
inclined plane of varying small inclination, so that the effective 
acceleration is as it were a small fraction of g. The time for a large 
number of oscillations can be determined, so that although the 
period of a single swing may be small, of the order of one second or so, 
the actual time intervals measured may be many times greater than 
this. The pendulum, in fact, helps to solve the difficulty raised by 
the size of g ; but the problem of over-simplified theory still remains 
to be attacked. 

Consider a simple pendulum making small oscillations. If 1 cm. 
be the length of the string, and T sec. the time for one complete 

small oscillation, then (p. 297) T = 2WZ/<7, 
so <7=4 tt 2 Z/T 2 . 

In deducing this relation, we assume that the bob is so small 
that its linear dimensions can be neglected ; that the string is so 
light that its mass can be neglected by comparison with that of the 
bob ; that the string is perfectly flexible and at the same time 
inextensible ; and that the support is unyielding. We also suppose 
that the effect of the surrounding air, consisting in part of viscous 
resistance and in part of a variation of the mass moved (since some 
of the air in the neighbourhood of the bob is set in motion by the bob), 
is so small that it need not be taken into account. Nothing in fact 
has been mentioned so far about any of these points, all of whic 
have to be considered if the pendulum is to be used as an a ^J ra ® 
instrument. Further difficulties also arise ; it is extremely difficult 
to measure accurately the distance from the supporting jaws to the 
centre of gravity of the bob, supposing that this is really the engt 
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required ; and the theory supposes ^ 
that the arc of swing is vanishingly < 
small, though here theory can also 
provide the correction to be applied 
to the simple formula for any ob¬ 
served small amplitude of swing. 

A further clash between theory 
and practice arises from the struc¬ 
ture of the pendulum itself. The 
bob, of mass m gm. and radius r 
cm., has a moment of inertia about 
its own centre of gravity f-mr 2 , 
and about the point of support, 
fwr 2 + ml 2 . If we suppose for this 
discussion that the string is rigid, 
we have here really a compound 
pendulum, for which the period of vibration is given (p. 299) by the 
formula T = 2nJI/nigh, where / is the moment of inertia about the 
axis of suspension, and h the distance of this axis from the centre of 
gravity of the pendulum. Substituting for I, and writing l for h , 



T 


= 277 yj 


f r a + l 2 


whence 


477 2 / 

9 = T2{ 1 + 


2 r2\ 

5 l)' 


The proportional error in the value of g resulting from neglect of the 

2 r 2 

dimensions of the bob should be - -y-y?, or 0*4 r 2 /l 2 . Thus, if r = 2 cm., 

o L 

l = 100 cm., the proportional error is 0*4 x 4 x 10 -4 = 1*6 x 10 -4 , that 
is, 1-6 parts in ten thousand. If r is 5 cm., and l is 50 cm., the 
proportional error is 0-4 x 25 x 4 x 10 -4 =4 x 10~ 3 , or 4 parts in one 
thousand. 

This is clearly then a point to be considered, though its effect is 
small for a bob of small dimensions, when presumably one would 
also have to take into account the mass of the supporting thread 
which might be an appreciable fraction of the mass of a small bob. 
But the obvious way of solving the problem, since any attempt to 
make a simple pendulum only results in a compound pendulum, is 
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i 

to start with the intention of using a compound pendulum and 
apply the compound pendulum formula (p. 300). 


T 


-2 J 1 - 


k 2 + h 2 
h 9 


where k is the radius of gyration about an axis through the centre 
of gravity parallel to that in use, and h is the distance of this axis 
from the centre of gravity. This would involve the determination 
of k and the measurement of h, neither of which could usually be 
found with high precision. 

But the compound pendulum has a remarkable property noted on 
page 301. If we can find two axes of suspension 0 and O', on oppo¬ 
site sides of the centre of gravity, for which the period of vibration is 
the same, then the distance 00' is equal to the length of a simple pen¬ 
dulum of exactly the same period. The distance between two knife- 

edge supports can be measured accurately, since both are 
well-defined and accessible. The reversible compound pen¬ 
dulum, first used for this purpose by Kater, provides the 
answer to most of the theoretical and practical difficulties 
here raised. A compound pendulum is arranged so that 
it may be swung either way up from two knife-edges; 
the mass-distribution is adjusted until the time of vibra¬ 
tion, T, is the same for each ; the distance, l, between 
the knife-edges is measured ; then g is calculated using 
the simple pendulum expression g=knH\T 7 -. 

Kater’s pendulum. The accompanying diagram shows 
the form of pendulum used by Kater. The knife-edges 
O, O' are fixed, and of the four masses indicated on the 
bar, the two outer ones by the knife-edges were of the 
same outside dimensions but of different masses ; the 
inner weights were also externally similar. This sym¬ 
metry of form reduced effects due to air buoyancy. 

Adjustment to equality of period was made by sliding 
one of the inner masses along the bar, a large number o 
patient observations being required before this was fina V 
achieved. The distance 00' was then carefully measured. 
For timing, a pendulum clock was used, and this «as 
pendulum, first checked by astronomical observations, so thatt e 



REVERSIBLE PENDULUM 


303 


period of swing of the clock-pendulum was accurately known. (Inci¬ 
dentally, one tends to take for granted the reliability of clocks and 
watches, or rather to be content in daily life with a very low standard 
of accuracy ; it is rather alarming to realise that a clock which gains 
or loses only one minute a day introduces an error of one part in 1440!) 

The clock pendulum bore a small reference mark ; the reversible 
pendulum was swung just in front of the clock pendulum, and carried 
a small index which just obscured the reference mark when both 
were in the zero position. The interval between successive “ co¬ 
incidences ” when both were swinging was determined. Then, if 
coincidences occurred at intervals of n clock-pendulum swings, the 
period of the reversible pendulum, which must have made exactly 
(a - 1) or (n + 1) swings in this time, was n/{n - 1) or n/{n + 1) that of 
the clock pendulum—the correct alternative being obvious by 
inspection. 

Alternative use of the reversible pendulum. The time needed for a 
reversible pendulum experiment is greatly reduced if instead of 
having fixed knife-edges and one movable weight, the pendulum 
is constructed so that the mass-distribution is fixed and one of 
the knife-edges is made movable. Suppose that O is movable 
while O' is fixed, and the range of travel of 0 is such as to include 
the separation that makes the two periods exactly equal. With O 
at its closest to O', the periods T x and T 2 are measured with 0 
and O as pivots ; O is then moved away about a centimetre, and 
the periods T z and T 4 found. 

The separations x 1 and x 2 of 
the knife-edges are measured 
in each case. Then, choosing 
a large scale, four points are 
plotted on graph paper. The 
line T 2 T 4 is practically parallel 
to the axis of x, since the dis¬ 
placement of 0 'will scarcely 
affect the period about O '; the 
line T\T Z is part of the curve 
of the diagram on p. 300, and 
as the interval is so small very 
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little error is made in representing the variation in period with 
change of 0 by the straight line T X T Z ; the point at which the two 
lines intersect then gives the values l and T for the separation and 
the period at which the two periods are the same, whence g=4n 2 llT~. 

Determination of g using a metre-stick as a compound pendulum: 

Method 1. A series of holes is bored at equal intervals down the 
centre-line of the stick, symmetrically arranged so that the position 
of the centre of gravity is not greatly shifted thereby. Pivoting the 
stick on a needle through a hole at distance h from the centre of 
gravity, the period T is found ; this is repeated for various values 
of h. If k is the radius of gyration about the centre of gravity, 


whence 


T 2 h= t*»+***. 

9 9 


The graph of T 2 h against h 2 is thus a straight line, of which the 
gradient gives 47 r 2 lg. 

Method 2. This is really equivalent to the above procedure, except 
that only two sets of readings are required. If these are T x and T it 
for pivots at distances h x and h 2 from the centre of gravity, 


Tj =2 


k 2 + h* 
l'\9 


and T 9 = 27r 


l^h? 

h^g 




and T 2 2 h 2 = — h 2 2 + — k 2 , 
4tt 2 

, T-u /1 n 7 0\ 


T l 2 h 1 -T i 2 h 2 = -—(h 1 2 -h 2 2 ), 

if 

477 2 {h 2 - h 2 ) 

giving ^ 

Bessel’s formula. Rearranging the expression, g - f^h^- T£h 2 ' 
by using partial fractions, 

stt 2 & gv+gy, t 2 - t 2 

g + h<£ hi — 

With a compound pendulum of the reversible Kater type, it is 
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easy to measure the separation (h x +/; 2 ) of the knife-edges accurately; 
but the measurement of h x and h. z separately means locating the 
centre of gravity first, and the individual measurements are less 
accurate. But the second term on the right-hand side is very small 
if the pendulum is adjusted so that the periods 7’, and 1\ arc very 
nearly equal, so that error in measuring h x and lu separately is 
relatively unimportant. 

Bessel’s procedure for measuring g without going through the toil 
of adjusting until T x and 7’ 2 are very closely equal is then to take 
two values of T x and T 2 for a separation of the knife-edges (//, 
which is measured dircetlv ; then to locate the centre of gravitv and 
measure h x and //., separately ; and finally to employ the formula 
above, substituting the directly measured {/i x +/< 2 ) in the first term. 


EXAMPLES OX CHAPTER 12 


1. What is the distinction between the )nass of a body and its weight? 
What evidence is there that the weights of bodies are proportional to 
their masses? 

Describe in detail one method of determining the mass of the earth. (O.) 


2. Explain what is meant by the Gravitation Constant ( Q ). Describe 
an accurate method of measuring it. 

If the acceleration due to gravity at the earth's surface is 32 ft. per 
sec. 2 , find its value at a point (o) 1 mile above the surface, (b) 1 mile 
below the surface. The earth may be assumed to be a sphere of uniform 
density and of radius 4000 miles. (C. S.) 


3. With what velocity would a shell have to be projected horizontally 
that it might (n) describe a circular orbit round the earth, (6) pass out¬ 
side of the earth's gravitational field? 


Gravitational Constant =6 06 x 10~ 8 c.c.s. 
Gravitational Acceleration =981 cm./sec. 2 
Radius of earth =6-4 x 10 8 cm. 


(C. S.) 


4. Describe a method by which the mean density of the earth has 
been determined, and show how the result is calculated from the 
measurements made. 

Assuming that the diameter of the sun is 109 times that of the eartli 
and that the mass of the sun is 330,000 times that of the earth, compare 
the values of solar gravity on the sun’s surface and terrestrial gravity on 
the earth’s surface. (O. & C ) 
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5. Describe a method of measuring the gravitational constant. 

Assuming the gravitational constant to be 6-6 x 10 -8 c.g.s., the radius 

of the earth to be 6-37 x 10 8 cm. and g to be 981 cm. per sec. 2 , calculate 
(a) the density of the earth, (6) the time of revolution of a satellite 
describing a circular orbit close to the earth’s surface. (C. S.) 

6. Describe Boys’s method of measuring the gravitation constant G, 
showing how its value is deduced from the observations. 

Two pieces of apparatus for this experiment are similar in all respects, 
but in one of them the linear dimensions of the attracting and attracted 
masses, their distance apart and the length of the torsion bar, are n 
times greater than in the other. If the suspensions are adjusted so 
that the periods of swing of the torsion bars with their attached masses 
are the same in the two instruments, find the ratio of the deflections of 
the bars. (C. S.) 


7. Calculate the speed of projection necessary to send a body right 
out of the field of the earth’s gravitational attraction. 

G = 6-66 x 10 -8 dyne cm. 2 gm. 2 

Mass of earth =5-97 x 10 27 gm. 

Radius of earth =6-37 x 10 8 cm. (C. S.) 

8. Describe and give the theory of an accurate method of determining 
the value of g y the acceleration due to gravity. 

If the earth were a sphere of uniform density, how would the observed 
value of g vary (a) with height above the surface, (6) with depth below 
the surface, in a mine, (c) with latitude? (C- k.) 


9. Derive the formula — for the acceleration towards the centre of a 

r 

particle moving with uniform velocity, v , in a circle of radius r. 

If the period of revolution of the moon about the earth is 29-5 days 
and the distance from the earth to the moon is 240,000 miles, nnd tne 
value of the gravitational constant G , given that the mass of the^ear 

is 5-9 x 10 21 tons. 

10. Describe one way in which the mass of the earth has been esti¬ 

mated. You may assume that the acceleration due to gravity is know 
and that the earth is a sphere of known radius. hits 

Show that if the planets are describing approximately circular orb 

under the attraction of a central sun, then the square of the penoa 
revolution is proportional to the cube of the radius of the orbit. L 
ment on the historical associations of this result. 

11. Prove that a uniform spherical shell of matter exerts no gravita- 
tional attraction in its interior. Give an expression for the gravita 

tional attraction due to the shell at an externa * . j Q f un j. 

Assuming that the earth is built up of concentric shells,®*™£ ionol 
form density, show that it is possible to determine the gr ‘ du]um 
constant (6') and the value of the earth s mean dens ,y( ) y 1P ghaft 
experiments carried out at the top and bottom of a d p 
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A mass of 5 kilograms is weighed on a balance at the top of a tower 
20 metres high. The mass is then suspended from the pan of tho 
balance by a line wire 20 metres long and is reweighed. Find the change 
in weight in milligrams. Assume that the radius of tho earth is 0330 
kilometres. (N.) 

12. Assuming that the planets are moving in circular orbits, apply 
Kepler's laws to show that the acceleration of a planet is inversely 
proportional to the square of its distance from the sun. Explain tho 
significance of this and show clearly how it leads to Newton's law of 
universal gravitation. 

Obtain the value of g from the motion of the moon, assuming tlvat its 
period of rotation round the earth is 27 days 8 hours and that the radius 
of its orbit is G0-1 times tho radius of the earth. 

Radius of earth =6-36 x 10 fi metres. (N.) 

13. Explain the relation between g, the acceleration due to gravity, 
and G the gravitational constant. How has the value of G been deter¬ 
mined experimentally? 

Assuming the earth to be a perfect sphere of radius 6-4 x 10 8 cm., find 
the difference due to the rotation of the earth in the value of g at the 
poles and at the equator. (N.) 

14. State Ncwton'a law of gravitation, and explain what is meant by 
• the constant of gravitation. Describe a laboratory method by which this 

constant has been determined. 

If the constant is 6-7 x 10 -8 cm. 3 per gm. sec. 2 and the radius of the 
earth is 6-4 x 10® cm., calculate the mass of the earth. (O.) 

15. Assuming the earth is at rest and the moon describes a circular 

orbit round it, find the radius of the orbit, given that the moon takes 
28 days ( =2-4 . 10® seconds) to complete the orbit, that the radius of 
the earth is 0400 kilometres and that the acceleration of gravity at the 
earth's surface is 1000 cm. per sec. per sec. ' (C. S.) 

1G. State Newton’s Law of Gravitation and explain the principle of 
one method by which the constant of gravitation can be determined. 

The value of <7=980 cm. sec. -8 , the earth's radius =6*4 x 10 3 km., the 
distance of the moon from the earth's centre =3-8G x 10 5 km. Assuming 
that the mass of the earth is much greater than that of the moon, cal¬ 
culate the time in days that the moon takes to go once round its orbit. 

(C. S.) 

17. A particle is dropped down a deep shaft which extends to the 
centre of the earth. Find its velocity when it reaches the bottom. 

[g = 1000cm./sec. 2 . Radius of earth =6-4 x 10 8 cm.] (C. S.) 

18. Describe in some detail a method of measuring the universal 
gravitational constant. Assuming the moon’s orbit to be circular, find 
the distance from the earth to the moon. 

[$r = 1000 cm./sec. 3 . Radius of earth = 6-4 x 10 8 cm. 

Period of moon’s revolution =27 days.] 


(C. S.) 
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19. Explain what is meant by the gravitation constant ( G ), and 
describe an accurate laboratory method of measuring it. Give an out¬ 
line of the theory of your method. 

Assuming that the earth is a sphere of radius 6370 kilometres 
and that G = 0 66 x 10 -8 c.g.s. units, calculate the mean density of the 
earth. (6. & C.) 

20. Explain what is meant by the gravitation constant ((?). Describe 
a torsion-balance method of measuring it. 

Calculate the periodic time of an infinitesimal satellite which is 
describing a circular orbit about a spherical planet of unit density, the 
radius of the orbit being just greater than the radius of the planet. 
((7=6-6 x 10 -8 c.g.s. units.) (O. & C.) 

21. Describe an accurate method of measuring the value of the 
universal gravitational constant, and give the theory of the experiment. 

The planet Neptune travels round the sun with a period of 165 years. 
Show that the radius of its orbit is approximately thirty times that of 
the earth's orbit, both being considered as circular. (O.) 
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Acceleration, 4, 13, 35 
angular, 153 
due to gravity, 5, 380 
Adiabatic change, 222 
Adiabatic elasticity, 234 
Adhesion, 202 
Adhesion of plates, 272 
Air buoyancy, 18S, 200 
Air compressor, 223 
Airy. 382 

Amontons' Law, 120 
Angle of contact, 258 
Angles, 11 

Angular acceleration, 153 
Angular momentum, 104 
Angular s.H.M., 298 
Angular velocity, 153 
Antinodes, 342 

Archimedes’ principle, 158, 182 
Area. 3, 13 

Attraction due to spherical shell, 370 
Attwood's machine, 77 

Balance, 14, 10 
Ballistic balance, 83 
Balloons, 188 
Barometer, 180, 181 
Barton’s pendulums, 311 
Beats, 304, 310. 354 
Bessel’s formula, 395 
Bifilar suspension, 301 
Bowden, experiments on friction, 127 
Boyle’s law, 222 
Boys’ measurement of (}, 388 
Bubble model of crystal, 289 
Bulk modulus, 200 
Buoyancy, air, 188 

correction in weighing, 200 

Capillarity, 275 
Capillary-flow method for vii 
2o0 

Capillary rise, 275 
Cavendish experiment, 384 
Centre of gravity, 45, 94 
Centre of oscillation, 301, 394 
Centrifuge, 158 


C.G.S. system, 2 
Circular motion, 53, 153 
as two s.h.m.s., 292 
Closed tube, 354 
Coefficient of friction, 125 
Coefficient of restitution, 134 
Composition of vectors, 30 
of s.h.m.s., 303, 306 
Compound pendulum, 299, 394 
Compressibility, 201 
Condensation pumps, 230 
Conical pendulum, 159 
Conservation of energy, 120 
Conservation of momentum, 72, 80 
Coriolis forces, 157 
Cornering, 160 
Coulomb, 126 
Couple, 48, 1 15 
Crystal structure, 209 

Damped vibrations, 308 
Decrement, 309 
Density, 3 
Derived units, 2 
Dimensions, 12, 243, 252 
Displacement-time graph, 28 
Displacement-graph for wave, 326 
Doppler effect, 357 
Dynamical equations, 66 
Dyne, 5 


scosity. 


Earth, 375 
Elastic impact, 131 
Elasticity, 198 

of gases, 217, 231, 234 
of liquids, 216 
of rubber, 210 
Elastic limit, 205 
Energy, 7, 116, 118 
conservation of, 120 
Equilibrium, 90 

general conditions, 103 
under three forces, 95 
Erg, 7, 112 

Exchange of energy at resonance, 
314 

Exhaust pump, 224 
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ANSWERS 




Chapter 1 (p. 29) 

2. 0 0144 cm. 

3. c.g. is 0-286 cm. below knife edges which are collinear. 

4. 35-5 per cent. 5. 1-90 gm. 6. 3-23 c.c. 

10. s = 42 gm. ; A-= 2780 dyne cm. -1 . 11. Ar = 30 ; g =963 cm. sec. -2 . 

12. a =0-023 ; r = l-26. 13. a=5xl0 -6 ; n=3. 

14. a =0-2 ; n =5-1. 15. A =5-1 x 10 7 ; B = - 6-0 x 10 7 . 

17. -4 =102 ; 6=0-119. 

18. A = 1-52 x 10 -5 ; 6 = 1930 ; a poor straight line. 

19. Plot T^V 1 against T~ x ; or T 3 l 2 rj~ x against T ; A =1-52 x 10 -8 ; 2? = 117. 

20. Readings give C = 72-8 ; r = 5 ; the real index in McLeod's formula should 

be 4. 

21. 14-3 cm. sec. -2 ; 865 cm. ; 365 cm. 22. 32 ft. sec. -2 . 

Chapter 2 (p. 55) 

1. 309 yards ; 105°. 2. 0-92 kgm. wt.; 72-3 J to l\ 

3. 250 gm. wt. ; 433-0 gm. wt. 4. 7660 gm. cm. ; the same; 383 gm. wt. 

5. (a) 22 lb. wt. ; 7-5 ft. from 7 lb. wt. 

(6) 20 kgm. wt. ; 40 cm. from 12 kgm. wt. 

(c) 9 lb. wt. ; 2-J- inch from side remote from B. 

6. 1 kgin. wt. at B ; 1-732 kgm. metre. 

7. 5-83 m. sec. -1 at 36° 54' to bank. 8. 28-3 m.p.h. S.W. ; 13-9 ft. see. -2 . 
9. 87-2 ft. sec. -1 at 143° 41' to original direction. 

10. 0-0088 ft. sec. -2 . 11. 2-5 x 10 18 cm. sec. -2 . 

12. 5 inches from 1-4 ; 3 inches from 3—4. 

13. Along line of symmetry between E and BC, f inch from E. 

14. 66* lb. wt. 15. 15 cm. from heavier ond. 

16. 1-18" from centre. 17. 9* lb. x ft. 

18. 128-2 lb. wt. at 70° 54' to 80 lb. wt. 

20. 223-6 gm. wt.; 26° 34' E. of N. 21. 4800 ft. sec. -1 ; 53° 5 . 

oo 2^(6- +c 2 )u- - 6 2 c 2 22 . 4 g 0 24. 20 m.p.h. at 30° E. of S. 

Chapter 3 (p. 86) 

2. 2 ft./sec.; 3 0 sec. 3. 148-8 lb. wt.; 131 2 lb. wt. 

5. 25-6 ft. see. -2 . 6. Uniform speed. 

8. 9 min.; 1960 yards. 9. 14-0 sec. 

408 




U 2 - V 2 


1. 165 ft, 
4. 880 ft. 
7. 1440 ft. 
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10. Time, 10 0 sec. ; velocity 320 ft. sec.-' at 45° to ground. 

11. 4 ft. see." 2 . 12. 23-93 cm. sec.' 2 . 13. 37-5 cm. hoc.' 2 . 

14. 3-16 sec. ; 03-3 ft. sec.' 1 . 15. 5 sec. ; 10 sec. 

16. Consider a link of length x ft. lying on the table, raised by a uniform 
force F poundals ; this acquires velocity 4 -f>w ft. sec. 1 while being rnjsod 
x feet, so acceleration is 4-5 2 w 2 /2x ft. sec.' 2 ; and as mass is 3x lb., 

4-. r * 2 T7 2 3x 

F =—-— x — =9-3/ lb. wt. 

•lx 32 


During raising of first 20 ft., pull on top is then 69-37 lb. wt.; after this, 
a drop of 9-37 lb. wt. ; then diminishes at uniform rate to zero. 

Graph then consists of rectangle of altitude 69-37 lb. wt. and trianglo 
of altitude 60 lb. wt. 

Total energy furnished = 1387-4 + 600 = 1987-4 ft. lb. Of this, tho 
projecting rectangular strip at the top, representing 9-37 x 20 = 187-4 
ft. lb., goes in providing the k.k. of the chain. 

17. 16 ft. sec.' 2 ; 30°. 

18. Trajectory is other half of a parabola that would bo described by a body 

released from aircraft. Velocity + hjh at tan ~ x (yJ'lijhju) to hori¬ 

zontal. 


19. 120 sec. ; one mile past the station. 

20. Height 4572 ft. ; speed 312-3 ft. sec.' 1 . 


Chapter 4 (p. 108) 

1. 8 0 cm. 2. 43-3 lb. wt. 3. 0-732. 

4. 12 lb. wt. ; 10 inches. 

5. 43-3 lb. wt. at 30°, and 25 lb. wt. at 60 to vertical. 6. 1 : n/3. 

7. 4 ft. and 3 ft. ; 8-524 lb. wt. in the 4 ft., and 5-224 lb. wt. in the 3 ft. 

8. 60° to vertical ; reaction 13-23 lb. wt. at 40 54' to vertical. 

9. 10 lb. wt. 10. 1-00 lb. wt. and 3-46 lb. wt. 

11. 136-6 lb. wt. ; 36-6 lb. wt. ; 86-6 lb. wt. 

12. Least, at 90° to string, is 100 lb. wt. 

13. Wind, 68-4 lb. wt. ; upthrust, 187-9 lb. wt. 

14. 20 inches from ground. 15. About 8° N. of W. ; 0-78 hr. 


Chapter 5 (p. 147) 

1. 78-6 ft. see.'*. 

2. Velocity of mass =32 ft. sec. -1 at impact. By law of conservation of 

momentum, velocity of system after impact =32/3 ft. sec.' 1 . So k.e. 
of pile and driver =£ x 1500 x (V) 2 ft- lbal. = J x 1500 x (” ) 2 x g*-,- ft. lb. 

Resistance opposing motion is resultant of ground resistance and 
weight of system, (3360 — 1500) = 1860 lb. wt. ; so, as k.e. is exchanged 
doing work against this resistance, tho distance travelled is 1-434 feet. 
This is a typical practical problem ; note the sequence of steps ; 

(а) Apply the conservation of momentum to the impact, then, 

having found tho velocity of tho system, 

(б) find tho k.e. of the system, then 
(c) equate this to the work done. 
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3. 62*5 per cent. 

4. («) H ft. sec." 1 ; (b) f mile ; (c) 171 lb. wt, ; (d) 186,560 ft. lb. 

5. 2-5 ft. 6. 1210 ft. 7. (a) 528, (6) 67-8 per cent., (c) 396 ft. lb. 

8. 32 ft. ; 64 ft. 9. 6 ; 25 lb. wt. ; 4-8. 10. 0-4 H.P. 

11. *. 13. 1*65 x 10 s ft. lb. ; 10 h.p. 

14. wM/wj? =4 ; 64 per cent. 15. 2400 ft. sec. -1 . 

16. Calling the deflexion 8, sin0=-^j>; cos 8 =0-99875 ; so vertical height 

risen = 100 (1 - cos 8) - ()• 125 cm. 

So velocity after impact = v/2 x 981 x 0-125 = 15-66 cm. sec. -1 . Using 
law of conservation of momentum, v = 1973 cm. sec. -1 , whenco energy 
lost is 3-863 x 10° ergs. 

17. Elastic, 112 cm. sec. -1 ; rest. 

Inelastic, 56 cm. sec. -1 . 

Energy loss is 1-57 x 10 s ergs. 



m 

Jl 


V cos 8. 


19. Rest ; 10 cm. sec. -1 ; 2500 ergs. 


20. Consider limiting friction at edge about which overturning may occur: 

if this can equal the force needed to cause overturning, necessary 
couple is available. 

21. Velocities, 100 cm. see. -1 , 25 cm. sec. -1 in direction of the original velocity 

of the larger ; c is 0-5. 

22. 4200 ft. lb. 23. 5-35 lb. wt. 24. 1135 cm. sec." 1 . 


25. 15-08 h.p. ; 16-6 per cent. 

26. Approximately, rj — dVr///; 


M + m . /—; 




III 


dvr//I; ratio 


lost k.e. /initial k.k. is 


j\II(j\I+m). 

27. 34-6 ft. ; stops in 1-571 sec., needing 235 h.p. 

28. Length of escalator is immaterial ; 158-4 h.p. ; 52-8 h.p. 

29. 20 ft. sec. -1 : 750 lb. wt. 30. (p. x — /x 2 )«//x, (^t, + 1). 

32. Best attempted after reading pp. 153 and 162. Let applied force F turn 
system through a small angle <f) giving it angular velocity uj about O. 
Linear velocities of >/», and m 2 are r,cu and r 2 to; work done by 
/•’ = F cos 8 x r x <{> ; k.e. gained is £»<,r, 2 u> 2 + Jm 2 r 8 *ta 2 . 

So F cos 8 . r t <f> =i-m l r I *a» 2 + \m 2 r 2 -ur, and to* =2a<f>. where a is angu¬ 
lar acceleration. Hence a =F cos dr l /(m l r l 2 +m 2 r 2 2 ) and is thus pro¬ 
portional to the moment F cos 8r x . 

34. 2-98 x 10 9 ergs. 36. m =irr' i ps/yh. where p is density of liquid. 


Chapter 6 (p. 171) 

* 

1. 7290 gm. cm.-. 3. 104-2 ft, sec." 1 . 

5. Angular momentum is conserved, so if x is change in angular velocity per 

day, then \mr-u> - + * — ' r^j (to +x), so angular acceleration 

is -3-86 x 10 -24 rad. sec. -2 . 

6. 17°: 0-306; 61-2 lb. wt. 

7. cos -1 (-J-), = 70° 27'. 

8. (a) 89-1 cm. sec."- ; (b) 90-8 gin. wt. ; (r) 29-7 rad. see. -2 . 
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9. 0-782 sec. 11. 447 rad. sec.-'. 

13. 019 ft. lb. ; 4-41 ft. lb. 14. 00-3 

15. 385-5 ft, sec.-'. 16. 0-072. 

19. 18-98 ft. sec." 1 ; 3-125 tons wt. ; 0-025. 

21. 34° 44' to vertical. 22. 0-804. 

23. 934 cm. sec.- 2 ; 980-7 cm. see." 2 . 


12. 12-02 r.p.in. 
ft. sec. -1 . 

17. 3-098 ft. 

20. 0-13 x 10* gin. cm. 2 . 


Chapter 7 (p. 190) 


1. 72 kgm. wt. 2. 1200 gm. wt. 

3. 1000 gm. wt. ; 25 gm. wt. 4. 7200 lb. wt, 

5. 1033-0 gm. wt, cm.- 2 ; 913-0 gm. wt. cm. 2 ; 8-82 cm. 

6 . 21-4 inches. 7. 3-95 c.c. 

8. (a) 1-895, (b) 7-94 gm., (c) 4-3 gm. wt. 

9. 7-35 gm. ; 20 c.c. 10. 0-278; 20-0 gm. wt. 

11. « inch. 12. 0-5 cm. 13. 48 gin. wt. ; 4 cm. 

16. 52-23 lb. 17. 144-3 kgm. wt. 18. 93-7 per cent. 

19. This problem is harder than it appears ; if we suppose impossible “ con¬ 
stant lift” conditions, and equate this lift to the weight of cable, a 
height of 4800 metres is obtained ; in this case the stress in the cable 
due to its own weight would in any case slightly exceed the breaking 
stress! But assuming a closed balloon of constant mass and volume, 
and an isothermal atmosphere with pressure varying according to the law 
p = p 0 exp(-1-25 x 10%). which is approximately/> = p 0 ( 1 - 1-25 x 10“ 3 /*), 
where h is the altitude in metres, so that the Archimedes upthrust at 
height h is (1 - 1 -25 x 10 _3 /i) of its value at ground level, the value 
calculated is 2852 metres. Sec Example 10, Chapter 8. 


20. 2-897 gin. ; 2-50 gm. wt. 

21. Calculus is needed for the solution of this problem. 

When base of cylinder is distance x cm. below free surface, npthrust 
is Axp gm. wt. and net upward force (.4 rp - Ala)g dynes. So work 
done on cylinder in depressing a further tlx is {Axp - Ala)g dx ergs. 
Integration from initiul depth ialp to final depth l gives for the work 


Al 2 

done J — (p - a)-g ergs. 


r 

Similar argument in the second case gives 

i dilrg(i>-°>+iM<n orgs . 

p L B - A J 


22. (a) ii-; (6) 14-29 gm. 23. 24,000 kgm. wt, 

24. 2 00 cm. morcury. 


Chapter 8 (p. 236) 

1. 1-993 x 10 12 dyne cm." 2 . 

4-71 x 10 s ergs. 

2. 2-94 x 10® ergs. 3. Nearly 0-5 mm.; 1-96 x 10 5 ergs. 

5. Minimum velocity at top is 313-3 cin. sec. -1 ; velocity at bottom, 700 

cm. sec. -1 ; extension 0-15 mm. 

6. y =3-18 x 10 7 lb. wt./sq. in. ; 0-125 ft. lb. 


8. 481 ergs. 
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9. 10 12 dyne cm . -2 ; 2 x 10 s dyne cm. -2 . 

10. A difficult problem. With obvious symbols, as 

- v dp/dv — p dp/dp = 2-2 x 10 7 , 

dp =2 2 x 10 7 . dp/p. 

If dp/p is to be 10 -2 , dp =2-2 x 10 5 gm. wt. cm. -2 . Assuming variation 
of pressure with depth to be linear, as p =p 0 +hp, dp =pdh to first order 
of small quantities, whence dh = 2-2 x 10 s cm. 

In the isothermal atmosphere, the pressure in absolute units being 
p =gph dyne cm. -2 , whore p is the density of the air at height h cm. and 
pressure p, the change in pressure with altitude is dp= -gpdh. 

Now p is proportional to p if the temperature is constant; and 

actually p =^ 7 ,, where M is the effective molecular weight, R the gas 

R1 

constant for one gram molecule, and T the absolute temperature— 
supposing the air to behave as an ideal gas. 

/ / " 
dplP = 


Then 


RT 


dh. 


Mg 


Whence p = p 0 exp {( - MglRT)h), or \og e (p 0 lp) =~^ji h ‘ 

As exp x is approximately (1 + x) if x is small, the formula of Example 
19, Chapter 7, has been derived from this by substituting numerical 
values, putting h in metres, and using this approximation. 

11. Extension 1-783 mm. 

Tensions 3-57 x 10 7 dynes in steel, 2-67 x 10 7 dynes in copper. 

A 

12. 1-35 cm. 13. 8-87 x 10 4 kgm. wt. 14. A -- 


l 3 . 


15. 1-32 x 10 9 dyne cm . -2 

mgl 


16. Stress = 


y 


length is immaterial. 
2 


77-r-y 


strain =^i. 


Young’s modulus = 


2mgl 3 

nr'-y 3 


18. 7-97 kgm. wt. ; 3-97 x 10 7 ergs. 

19 'p n= p(-¥—^ ; 8 complete strokes. 

20, 21, 24 and 25. All 75-0 cm. 22. 1-4 atmospheres ; 50 strokes. 

23. 2-42 cm. mercury. 26. 749 mm. 

27. With the theory of question 10 in a little simpler form, let 

dp =gp dh. 

Now if p=Kp, as it must undor isothermal conditions, 

K = 1-3 x 10 -3 -f-(76 x 13-6 x 981) 

from the data. 

Integrating . . „ . 

dp = - Kgp dh, p=p 0 exp - Kgh, so log e (p 0 lp) - K 9 n - 

Substituting, k - tog. (£) = 101 ° m ° ,re3 - 

29. 26 strokes. 30. 1*213. 


28. 758-8 mm. 
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4. v — krp*p 2 . 


Chapter 9 (p. 279) 

5. w rkH , 

6. p=lpc 2 ; l=kpm-'a-*. ». r --kT*p~*r*. 

9. t=kr*p*T~*. 10. n=ld-'s*p~*. 11. C=kr*<f>nl *. 

12. C =kR~ x Yr~*. 13. E =f:Y x « v , whore x+y = 1. 

14. = kr . where n is any number. 15. I It = kpr*l 'g 

16. See text. 17. 15-9 cm. sec.-'. 20. M42 * 10 3 «•»». »*“•• '• 

21. v =kunf~ l r~ l . 23. («) stable, {b) unstable. 

24 4 0 cm., concave to the smaller bubble. 

26. Object distance a is given by .< =/ -/*!>/«’; "hero / is the focal length of 
the lens and the pressure excess p is positive for fonu'x bubble. 

27 2*4 cm. 28. 8-81 mm. 29. 43-4 dyne cm.- 1 . 

3o". If separation of plates is 2y cm., radii r cm., antic last ic liquid surface 

exposed to air has pressure dilfereneo p =1' . ami otTective force 

( 1 1 \ * 

---J holding them together. 

31. 26-9 dyne cm." 1 ; 699 dynes. 32. m'g =mg +2rrrT - nr-hpg. 

nA , 2T (1 IN 

33. 2-67 cm. ; convex. 34. h - — b j cm. 

35. 1 034 x 10° dyne cm." 2 . 

36. 400tt ergs plus external work done by expansion of gas within the bubble ; 
that actually expended on creating free surface energy is of course 

400w ergs. 

37. 0-583 cm. 

38. 1-38 x 10 -8 cm. ; this, incidentally, is of molecular dimensions. 


39. 0-11° C. 
43. s.o. is 0-8. 


40. 2520 dynes. 

44. 24-5 dyne cm. -3 . 


4i. r = 7 { ~r zh 

x 1 -i/ 3 + /r 


Chapter 10 (p. 314) 

2. a = 13 07. T = 2-03 sec. 

3. 4*88 cm. The p.e. lost by mass falling (10+x) cm. is 80 x 981 x(10+x)ergs; 

this equals JAx 2 , where A: =500 x 981/5 dyne cm. -1 . 

4. 6201 gm. cm. -3 . [Moments of inertia are I and (/ + 2 x 10 x 10 2 ) in the 

two cases.] 

5. T=2nJl — ; F sin 9 dynes ; p tan 9. 

V 5 g 

6. Max. velocity of surface = 200 t7<j cm. sec. -1 , where a is amplitude. Energy 

condition for particle to separate from surface is 

lit it' 2 > mga, or v- > 2 ga, 
which gives a =4-98 x 10 -3 cm. for limiting case. 

7. Treat as bifilar problem (number of cords immaterial) ; T =4n'/7/</. 

8. 8-66 gm. cm. -3 . 9. 0-635 see. 10. 9-08 x 10‘ 3 sec. -1 . 
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11. T - 2-n^J Ljg ; \Mgd-\L ergs. 

13. r=2„^/^sec. 

15. As qn. 11; T = 'lu'-JLfg. 

17. a = 5 cm. ; v = 5 cm. sec.' 1 . 

20. 99-42 cm. ; k.e. is 35520 ergs. 


12. T =0-28 sec. 

14. a = 5 cm. ; / = 2 sec. 


16. 0-453 sec. 


22. 8 = 1-108 ; log e 8 =0-1018. 


Chapter 11 (p. 363) 

1. 2-85 sec. 2. 4£ kgm. wt.; 8£ kgm. wt. 

3. 4-25 sec. -1 . 4. 56-2 kgm. wt. 

5. 4961 sec. -1 . Yovmg's modulus, the clastic constant involved, is calculated 

from the data. 

6. Also 100 cm. 7. = t ^TIm/s , Ylp =-&. 

10. Open pipe twice length of closed one. 11. 39-2 gm. wt. 

13. 171 sec. -1 , x 1, 2, 3 ... . 

14. See p. 341. Superpose y. = a sin ^ (vt -x) and y 2 = a sin ~—(vl+ x) to give 

2nx ^ ^ 

y =2a cos —j— sin 2rrnt. Amplitude at distance x is 2a cos 2irxj\, giving 

0-00317 cm. 

15. Brass, 131-6 sec. -1 ; steel, 136-6 sec. -1 . 16., 300 sec. -1 . 

17. 4-4 sec. -1 . 18. 4-6 sec. -1 . 

19. Taking the simplest possible situation, with observer directly between 

siren and cliff at distance x from cliff, x/l 1 beats/sec. during waxing and 
waning, and any number between 0 and x /11 during change from ono 
condition to another. Maximum frequency when x as large as possible, 
and maximum clearness when x as small as possible, since amplitudes 
then most nearly equal. 

20. 74f ft. sec.' 1 . 21. 50-63 sec. ; 262-5 sec.' 1 . 

22. 14-64 sec. -1 ; altitude is not given and is not needed. 

23. 4-27 x 10' 11 cm. to red. 

24. For rate of change of observed frequency with time, 

dn ncv sin 9 dO 
dt ~ (c - v cos 0) 2 dt 

If close to line, sin 0~O and ^ very small ; except while passing, 

when sin 9 changes very rapidly from 0 to 1 to 0, and cos 9 from 1 to 0 
to — 1. 

25. 2-34 x 10 6 sec., or 27-07 days. 26. 55 ft. sec.' 1 . 

V-v , (V+v) 2 

27. Aj/Az,=-p— ; n A ln B =jy—jk- 

28. 960 sec.' 1 . (Change in frequency from a moving re/lector is as lf due to a 

source moving at twice the rate of the reflector, since virtual imag 
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29. 


of source moves twice as fast as reflector; 

S» 2c\ 
n V ) ' 

1UU ft. sec." 1 . 30. 2-5 kin. see. 


SA 

hence - = 


21 * 

- ,, • «• 


Chapter 12 (p. 395) 

2. (n) 31-984; (/>) 31-992 ft. see. -2 . 

3. (o) 7-9 x 1 U r * cm. sec.--, as i»*//? -g ; 

V .)/ ' L y _ 

L = v'2% = 112 x 10* cm. sec." 2 . 

4. f/sun : J/cartli =330,000 : lull- = 27-8 : 1. 

5. («) 5-57 ; ( b) 5002 sec. 

6 . Both numerator and denominator affected by factor »r, so 0 same. 

7. M2 x 10« cm. sec.- 2 . 9. 2-42 x 10-'° lb. ft. sec. units. 

11 . 31-0 milligrams weight. 12. 1000 cm. sec. -. 

13. 7f<u 2 = 3-38 cm. sec.- 2 . 14. 0 x 10 27 * gin. 

15. 3-91 x 10 10 cm. . 16. 2-378 x lo 6 7 sec. ; or 27-52 days. 

17. Acceleration at distance j- is gx/lt , whence s.il.M. with max. velocity 
s'gR = 8 x 10 s cm. sec. -1 . 

18. 3-83 x 10 l ° cm. 19. (Take g as 1)81 cm. see." 2 ) ; 5-52 gm. cm." 3 . 

20 . 081)8 sec. 21. r*a> 2 constant. 


